Fuzzy Complement, t-norms & co-norms,
from Klir & Yuan

An example ol 4 fweey complement that is conlinuous (Axiom ¢3) but oot involulive
{Axiom cd} is the funclion
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which is illustrated in lig. 3.3h. The failure of this function w satisfy the property ol
involution can be seen by noting, for example, that o33} = .75 but 0(.75) = .15 £ .33,
One class of involutive fuzey complements is the Sugeno cfess defined by
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where & £ (—1, 2¢). For cach value of the parameter A, we obiain ane particular imvolutive
fuzzy complement. This class is illustrated in Vig. 3.4a for severnl different values of A, Note

that the shape of the function is alfected as the value of A is changed. For i = (), the function
hecomes the classical furzy complement defined by (3.1).
Another example of a class of invalutive fuzzy complements is defined by

e la) = (1 —a" )", 3.6)

where w £ (0, oo); let us refer to it as the Yager clasy of fuzzy complements. Figure 3.4b
ilustrates this class of lunctions for various values of w. Here again, changing the value of
the parameter w results in a deformation of the shape of the function. When w = 1, this
function becomes the classical fuzzy complement of ¢(a) = 1 — a.

Several important properties are shared by all fuzey complements. These concern the
equilibiriuem of a fuzzy complement ¢, which is defined as any value o for which cla) = a. In
other wards, the equilibrium of a complement ¢ is that degree of membership in a fuzzy set 4
which equals the degree of membership in the complement ¢4, For instance, the equilibrium
valoe for the classical fuzzy complement given by (2.1) is .5, which is the solution of the
equation 1 — a = a,
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Figure 34 Examples from two classes of invalutive fuzzy complements: (a) Svgeno class; (b)
Yager class.



TABLE 32 SOME CLASSES OF FUZZY INTERSECTIONMS (f-NORMS)
Formuda Decreasing Parameier Ag porameler As parEmeist CONVErges As parameser
Reference e, b gereratar fial TangEeE comvares bo wlor—1 COTVETZES 10 00 O =50
gyl ;
: 1 R i | 2 b 1 i . ; b ;
Dok [1963] | ‘1 | |:(;—1) 7‘[5—'[) ] ] (; - l) A= Frnim 4, 8 :ﬁ-:igwhen.l.:i minga, b}
e = e

Frank [1979] ]ng,[l 1 %ﬁ:ij] —ln (Z_ :') s=ls#1 miniz, f) abass =+ 1 maxi{l, a + b—1})
Hamacher [1974] i e h(; il o 3 bwhenr =1 i asin (. B

cheg T FTll—riatb—ab) PN e a+b—ab i Tesin G2, £

5 max['llﬂ+b—1'_-l, when p o= 1; s 3
Schweirer 3 izmin (@, B) 85 p == o0
0, aF +bF -1 1—af i} i
& Sklar 1[1963] sl " < nE 2 e e (e B) 4 p—s o0,
atb—ab
Schweizer & Sklar 2 b tn[1 = (1 - )] 0 iminta, B) bwhea p =1 minfa, B)
—{l—a]f‘[l—b:lj‘]% n[ a) B> imin (4, a pP= i,
Schweizer & Sklar 3 expi—(llnal® + | lbjP1#) Hnal? p=0 ionin (i, B abwhen p o 1 min{z, B
ab ak
Schwelzer & Sklar 4 —_— a™f—1 p=0 b —— whenp=1 minla, &)
la® + Bbr _npb,u]ir o+ & —akb

Yager [10B] 1-miu{1,u:—a}-+{1-b}*|ir} 1 —a)® wni bimla, B mazill, a + & — Ty whenw = 1 minia, b)

: ah s o
Tabois & Praude [1950] s x & [0,1] minia, 5} abwhena =1

fminla, by &l — —1;
Weber [1983] nux(l]. %"f_”:—l) L to[i 401 —a)] am -1 | maxiOa+b—1) |  maxf0, ta+b+ab—1)/2] ab
&
when L = 1.
abash = =1

i [19835] max[0, {1 4 L)z + & — 1) — aab] % in 11:; A= =] maxill, o + & — 1} max[l), 2(a +&—ab/2 - 1}] tminta, B)

when 4 = 1.




TABLE 3.3 SOME CLASSES OF FUZZY UNIONS ¢-CONDRMS)

Farmuls Increasing Parameter Ak paramelier As PETAMEIED CONVCTRCS A parameler
Relerence wia, b generatar gl) range copverges o 0 tolor—1 COIVERges 1D oo of —o0
f & 'i = i
= =
Dombd [ 1952 1+ l—1] + -If- -1 —l—1 Aol Emaxle. B) ol S, whena =1 maxia, )
a b a 1—ab
l:_sl"“—l][a'l-‘h-- 1} :l-_' 1 =
Frank {1975] 1 — Lo, '!-:——-ml-— —lo T s=lrFEl mazxia, &) atb—abass -1 min(l, @ - &}
o £
o+ b+ ir — Zab 1—a a+ b —2ah ;
VS L e - St e T 0 Bl S s b — 1 :
Hamacher [1975] g e I | — A= ro= T a+b—ebwhenr Wmex b, B
min(l. & + &), when p = 13 (5 ;
Schweizat 3 # ugipgla, B as p—- o000
1 — fmaxi, (1 —a) + (1 — & —13] 1—(1—a)® r#El @4 b= o
& Sklar 1 [1963] : E %. when p = —1. minig, B 25 p —+ —0o0.
Sebweizer & Skiar 2 |aP+bP—aPh§]i = lnll_gﬂjﬁ p=0 Umay e, 1] a+b—pbwhen p=1 aaxle, &
Schweizer & Skiar 3 1 —expi{—{|ln{l — a)iF 4 |in(l —b!-')*“.l | {1 — a)f? p=1 s (0, B} a+h—abwhenp=1 maxfa, B
- s + b
Schweieer & Sklar 4 1= Gl 6 - (1 —a)*P -1 ol a+b—ab miin (!. lﬁ_“) when p=1 max(a, by
[[1—@)F 4 {1=EF = (I —apF (1 =8P 7
Yager |15 mi.u[l. {a® + b¥) E.‘] av ] Waxid, b) min(l, @ + &) wheaw = 1 maxia, i}
{1—ail -5}
i ir, 0,1 LB h—abwh =
Dubwds & Prade [1980] ) =8 o & [0,1] maxie, By a+ a ene =1
Umexla, bhas i — —1;
Web sl b b it 21 | st asn) min(1, (a +b — aby2 b=ab
.:;{[933-; min .l‘.l'—.l—l_.‘hﬂ .i.nl:-i:l[l—a} A= a4 i1, —ahy2) @ @
when = 1.
g+b—abasd — —1;
1
W[IQ‘RH] minil, & + b4 Lol = Infl + &a) A==l mini 1,8 + &) minil, a + b4 ab) gy (a1, )

when & = 1.




