Calculus & D.E.

R.J. Marks Il Notes
(1967-1970)



FRESHMAN PLACEMENT EXAMINATION 1967

CARD I
1. The value of a2 + 2ab + b2, when a = -5 and b = 3, is:
a) =32 b) 19 c) =46 d) 4 e) =17

2. a" divided by a =

a) an/n b) am " ¢) (m-n)log a d) % loga e)1

3. The product of (5)2.(-3)%.(-4)-(-2)3 =

a) 800 b) -2400  ¢) 240 d) 120° e) -120°
4. (-333)3 =
a) —336 b) 339 c) ~2739 c) 27a6 e) 933
5. Express ,0825 as a percent:
a) 8.25% b) 82 1/2% «¢) 825% d) .82 1/2% e) .08 1/4%

6., If the dimensions of a rectangle are 3a and 4b, the area is:

3a a4b3
a) 12ab b) 3a + 4b ¢) a5 d) Tab e) e
7. Simplify:

1, 1

a + b -

1

a2 b2

1 1 ab a - b

a) 2 " T b) — ¢c) a-»b d) ~ e) 1

8. 1If 5y2 is the quotient and 2xy the divisor, the dividend is:

5y .
a) 2x b) y2 - 2% c) 5y + 2x d) ley3 e) none of these



10,

11.

12,

13.

14,

].5‘

16,

l7¢

Simplify éﬂg%glgg :

2 2 2ab
¢) 12a®b + 20 ab d) Za + 105

w fen

ad3+s5 w4
e) none of these
e e 3 3 .
Dividing x~ -y by x - y gives

a) x> + y% b)) (4% o) x% 4 xy + g2 d) (Bx-3y)  e) (x-y)°

If 3 y is an even integer, the next larger consecutive even
integer is:

a) A4y b) 6y c) 3y + 2 d) 3(y+1) e) y+ 3

How many cubic yards of concrete are needed to build a sidewalk
x feet long and y feet wide and 4 inches deep?

4 ‘ 4 1
a) 4dxy b) "%% ¢) 36xy d) XY e) BI XY
3n is what percent of 12n?
a) 4 ) 4 ¢) 400  d) 9n e) 25

In 3xn, n is called the

a) exponent b) quotient c¢) logarithm d) dividend e) square

If the radius of a circle is doubled, the area is multiplied by:

3
a) 1 b) 5 ¢) J32 d) 4 e) 2

a) a2 + 4 b) a4 + 4 ¢) a4 + 432 + 4 d) a4 + 4a + 2

e) a” + 2a + 4

a) 3+3 b) 3 ¢) 4x + 4 d)3x+-?—(- e) x + 3



18, If 3 a+ b=25, b=
a) 2 by 22 2-a 222 o) 5. 3

19, If a = -3, the value of —2(-3a)2 =
;a) ~162 b)) -T2 ¢) -18° a) 122 e) 182

20, Sdlve for x: ﬁ% = 25§i~i -'T%
a) - % b) % c) % d) 3 e) none of these

CARD I1I
21. A house sold for $13,200, which was 25% more than the original

cost, The cost was:

a) 11,000 b) 13,000 ¢) 15,840 d) 9,900 e) 10,560

22, Factor completely: x2 - y2 + 2x + 1

8)  (x-y) (x+y) (2x+1) b))  x(x+2) + (14y)(1-y) ¢) (x+1)? - y°

d)  (x-y)2(2x+1) e)  (x+y+1)(x-y+1)

23, If the perimeter of a square is p. The area is

| 2 2 2 2 2
a) &) b) L ¢) nd- d) p e) Tp
4 4 4
2
24, x +2y O X=y
x2y+xy2 Xy
e T iy -l Shi
Xyt xy - Xy y y y
2
2 2y + vy
d) 2y + y e) Xy
25, X =V _
Xy

—3XY¥Y.. &) none of these

o
S
<
o
S’
et
o
S

et b
i

o fis
o
A4
»

]

(]



26, - = 9
9x% - 9% 6x% + 6x
a) 5 3 b) 213
Ix” - 15x Ix” - 3Ix
3x2 - 3%
18x° - x

27,

make in travelling x feet?
X X X
a) 3 b) ot c) 1
28. Solve for x: x2 - 5% = 6.

Solve the following inequalities:

20, Tx + 3> 5x + 6
3
a) x < 5 b) x> 5 c) x < =1
3x + 4 5 - 6
30, 5 '4 5
3
a) x > o) b) x < -5 ¢) x < =1
2 - 3x 6 - x
31. E > -
a) x >'% b) x> 5 ¢) x < -5

How many revolutions will a bicycle wheel d

3
c) —5
15~ - 3x
x + 31

18(x3 - X)

e)

feet in diameter

X

d) 2nd e) ZZX
a) JEXT 6 o) oL X

‘ 3
d) x > 5 e) x < -5

3

) x<F o) x> 5
d) x < 5 e) x < =1



- 5 - !
{
v .
Given the reference triangle (PR, . t
with the angle PQR denoted by 0, ‘,~
and the angle QPR being a right Q._wﬁi,wwgwm”me p
angle.,
32, sin 0§ =
S Y X Y S
a) T b) S c) - d) ry e) -
33, sec B =
S 'l 1 Y S
a) s b) S ¢) - d) t e) ”
34, cot B =
S X x Y S
a) 1 b) S c) . d) T e) -
1 _ . -1,1 -
35, arc cos 5 = (also written cos (3) ) = 7
m T n T
a) 5 b) 3 c) 6 d) 7 e) O
36. The function which may be expressed tan[2 tan-lx] =
(or tan[2 arc tan x]) = ?
2 2
X = 1 X~ + 1 1l = x

37. Which of the following is not a "fundamental identity"?

. 2 2N _ sinB _ _ 1
a) sin“Q + cos O =1 b) oSt = tanb ¢) sechH = <55t
d) cotB = £s5cB e) cot29 + 1 = cscze

secH



-6 -

Solve the following two equations for values of the variable which
are positive and not greater than 1809,

38, 2 sin2x - 3sin x = -1, x =

a) %,'% b) %, 0 c) %, 0 d) %,-% e) none of these
39, If 2sin%0 = cosd + 2, O =
T 21 1 27 m oo
a) 5,5 b)) 0,3 ¢c) 0, 5 d) 55 3 e) none of these
40. Evaluate without using tables: .
sin(arc tan = + arc tan-i)
2 3
a) L b) 2 c) 2 d) 413 e) %
W2 J5 V10 50




FRESHMAN PLACEMENT EXAMINATION
CARD IIX

1. log-i-:?

N log a a log a
a) log a log b b) Tog b ¢) b d) D
e) %G
_ -
Newr
A
2, The “law of sines" or "sine law" is: PR
,:),"( ! \ &
a h - i
a) sin A = 5 b) sin A = N // g
ACTIIIITETI
¢) sind _ sin B  d) sin A=
a b
sin A sin B
7) T = TS
A.',.&RT:-
/N ,-‘\\ \
. e . v t.. / f i \\ ;\
3. In the figure at the right there 7 ol
is an angle 0, a right triangle OAB, e N \
and a segment of a circle OCBH, e /
The radian measure of the angle O T — \ﬂﬁ ’?
may be found by dividing:
a) ybyr b) s byx ¢) rbys d) xbyy e) sbyr
4. An angle of 30° has a radian measure of
i 1 6 o
a) 5 b) /3 c) 5 d) - ie) 7
-
5. The complex number a + ib can be P
expressed in trigonometric form as:
',//A‘J
a) cosP + i sinb b) sinb + i cosO 3
¢) r(cosO® + i sinb) d) r(sind + i cosf)

e) cos29 + sihze = ]




10,

11.

~a

The three solutions of the equation
two complex numbers:

a) =31 b)
4) -2./3 3
sin(a+p) =

a) sin a cos B + cos

¢) cos o cos P + sin

e) cos o cos B - sin

cos(c+p) =

a) sin o cos P + cos

¢) cos o cos P + sin

e) cos ¢ cos B - sin

(16 + 3?4 11295

a) o0 b) i

(cos a + i sin a)z =

a)
c)
e)

The equation of the circle with radius

u—%,

a)

¢)

e)

cos 20 + i sin 20

cos 20 - 1 sin 2a

tanza

1 .
2) is

2 2

x" 4+ y" +3x + y

x2 + y2

none of these

- 3x =y

i}

2% 0. /3

2i

sin B
sin B

sin P

sin B
sin B

sin B

c)

e)

b)
d)

b)
d)

b)
d)

b)

d)

—
=

c)

sin

sin

sin

sin

d)

8 are

x = 2 and the

Y3

none of these

o cos B

CoSs

0 sin B = cos

0 coS P = cOS
¢ sin B - cos
-1 e) =1

sin B

coS

sin

cos

sin o cos O = CcoS G Sin «

(]

1

Za -

and center at

2x2 + 2y

2x2

.2
sin“a

2

+ 2y2

+ 6x - 2y + 3

- 6x + 2y + 3

i

1




12,

13.

14.

15,

16.

The slope of the line

cofro

a) 1 . b)

The distance from (2,2)

to the midpoint of the

-X — 3 .
3 1 is:
3
c) -5 d)

3
e) 5

segment joining

(2,3) with (=4,-1) is:
a) 2./2 b) /3 c) 3.2 d) 10 e) 413
The value of k that makes the lines {6x -9y =5 erpendicular
kx - 4y = 8 perp
iss
8 3 8
a) =6 b) ~3 c) 5 d) 3 e) 6
The parabola whose directrix is the line y = -1 and whose focus
is (-1,3) is:
q

a) x“ + 2x = 8y x2 + 4x - y = =6 c) X2 = 8y

2 - 2 —

d) 2x° + 5y = 17 e) x“ +2x -8y49 =20

The shortest distance between the circles x2 - b6x + y2 + 5=0,
and x2 - 8y + y2 + 15 =0 is
a) 0 b) 2 c) 1 d) /5 e) 5

In. questions 17 and 18 assume the equation of the curve to be

17,

18,

4x% + 9y% + 24x - 18y = 36

The curve represented is a

a) circle

e)

b) parabola

c¢) hyperbola

higher plane curve

The curve has its center at

b)

a) (].2,"'9)

(-12,9)

e)

c) (3,-1)

(6,~2)

d) ellipse

d) (-3,1)




In questions 19 and 20, assume the equation of the curve to be

19, The
a)

20. As
a)

4x% - 9y2 + 36 =0
curve represented is a

circle b) hyperbola ¢) parabola d) ellipse

e) higher plane curve

X increases without limit, y becomes

zero  b) negative c¢) infinite d) ¥ 4 e) I
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ANALYTTIC GEOMETRY
FINAL EXAMINATION

Rose Polytechnic Institute

2 Nacember 1968

NAME _ Jl.n A0 _ Box No _s¢ .
INSTRUCTOR___ 7 o/ oo oo Section__ (. _

THSTRUCTIONS

1o Work ALL EIGHT (8) problems of Part I (i.e., problems
1 through 8).

20 Work ANY TWO (2) problems of Part II (i.e., problems
A through G). N

—t 0 b
3. Cross out (<) any problem which is not/be graded even
if you did not try ite. If you work more than two pro-
blems of Part II and fail to cross out those to be left
ungraded, then the [irst two you worked (in alphabetical

order) will be the only ones graded.

PART I 1 PART II A o (10)
o B e (10)
3a Ca _%__ (&)

b b | (2)
4 c _ 4 _ ()
5a Da _.—  (5)
b _4 , b~ (9)
6 _z. (10) E - (10)
7a 4 (4) Foo__ (10)
b (3) G ___ (10)
c i (3)
8a 4 (B)
bt (5) TOTAL Yo (100)







Name (% ., A0 e i 4 Box No /i

lo Find the equation of the circle which has as a diameter the

A
p

line segment AB, where A is (3,5) and B is (-1,7)o / N
/,,»/

2, Find the point on the line x = 2 which is equidistant from
the points (3,4) and (-2,7),

w’






Name Fr Box No

3¢ Given the three lines 2x - 3y + 7 =0, 3x + 2y + 4 =0,
and x - 8y + 36 = 0O
as Prove that these three lines form a right triangleo

]

be Write the equation of the lihé through the vertex of the

right angle and perpendicular to the hypotenuseo

4, Find the equation of the line parall@l to the line Ik +y - 17=0
which passes through the intersection of the two lines

Ax = %5y + 6 =0 and 2x + y = 9 = O,






Name PBox NO

5. Discuss and sketch each of the following:

xzml
2+ %

[
o b

CET N e
An overpass is to be built on an SN r 7
elliptic arch having a span of o \jpf' ,////;
100 ft and a clearance of 20 ft .~ T z
at the center (see sketch)eo In e ,*”<lgf
order to pour the concrete to cast > r /// .
this arch, it iz necessary to & o [ T~
build the forms by knowing the b ; _
height at various points along the — S
span. Write an equation which I e
could be used for this purpose ~

and determine the height at a point 25 ft from one end.






7o

8o ao. Discuss and sketch the polar curve r

Name_| | L _ Box No

Determine the solution set (i.es, solve for x) for each of
the following inequalities:

2 g
Ao X + 2% - 15 > 0

.
F
&

A% oy e
o Ay S

Co x+2 < | 2x+3| .
% W . [ .
- P %
e - L |
kk > LY
oy ¥ &
k. /

s

P .
Ltevrecl” B o eh

= 4 + cos 20.

be Transform the polar equation r = 2x£9§§i into rectangular
sin”®
coordinates, identify the curve, and sketch it

X
B






Name ; | r Box No

PART II [Cross out all problems of this part which are not to be
gradeds, |
Ao A point, whose path in the xy-plane is a straight line, comes
closest to the origin at P(“%g?)o Write the equation of the
path, . o ¢

Bs Find the equation(s) of the line(s) through the point (-3,-5)
making with the line 3x - yv - 5 = 0 an angleée whos2 tangent is

. -~ tan (
20 [Hint: tan(e -() = %%%§%2$%§£7%w o]






Name , ; : Box No

Cse Given the conic y2 - 4x - 4y + 16 = O:

8. Sketch the curve, showing both the original and translated
axes (properly labeled!), and indicate the important

points and/or lincs,

be Find the equation of the tangent line at the point (4,4),
[You may use calculus methods here if you chooses |

Co Find the equation(s) of the tangent line(s) passing through
the point (-5,4)

%






Ee

Name Box No

De ac Write the equation of

the family of circles which have

their centers (h,k) on the curve y = x2 and which are
tangent to the x-axis,

bo

For what values of h (if any) will these ¢ircles intersect
the y-axis?

Using rotation of axes to reduce xy = 4 to the standard form
of some conic sect - cetermine from the rotated equation
the vertices, foci, exciuded areas, directrices, asymptotes

(if any), and sketch the curve showing both pairs of axes
properly labeledc






Name Box No__
Fo Given that A = 2ex, B = 3ey, and Ae¢B = j% , describe completely
e
the locus in the xy-plane of y as a function of xo [Ioces,

s o v s b

determine the function and sketch it. ]

Ge Given the simultaneous equations X - 3y + 2z = 1
2X - y + 3z = 0O
X+ y+ z=6

use Cramer's rule to find the values of x, y, and z, and
check your results by substitulion,
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1.

ASSORTED PROBLEMS FOR YOUR CONSIDERATION

A man with 300 yards of fencing wishes

e et o0

to enclose a reclangular area as large !
R —

as possible along the bank of a straight

river. What dimensions should he use? [75 x 150 ]

What positive number plus its reciprocal gives the least sum?

[1]
Two houses are 300 and 500 yards from a //4
straight power line. Where should they ﬁnﬁgik\\ f/” [5?M?
attach to the power line to make the - ! e “L
total length of cable a minimum? /4 jg

A cylindrical boiler is to contain 1000 c¢cu., ft, What arve the most

. . ® 2 i 3 e
economical dimensions? [vadius = 10/ JEW ]
Find the narrowest widih for b in i

. ", !
order that the beam of length ¢ can LA é}ﬁ\\ |
R e e N {
be gotten round the corner, Neglect q \ N
S 1
the thickness of tho T . .a, ; N
! \\l
! - |
2 2 7

[b = (03 _ 38)3/2 ]

Radiant heat from a point source {4, e
varies inversely as the square of &”M“%“:§“““~MMJH£

the distance and directly as the
intensity of the source. If two sources at 0l and 02 a distance
a apart, have intensiiies y and Co s what point between them is

coolest? 1

i

3013
[at a distance from 0, = 01/3 173 ]

1 T ¢

Find the cylindrical can with open top that has least total

survace for a given volume. [radius = height]
D]



1,

[InN

ASSORTED PBOBLEMS FOR YOUR CONSIDERATION

A man with 300 yards of fencing wishes
to enclose a vrectangular area as large
as possible along the bank of a straight

river, What dimensions should he use? [75 x 150]

What positive number plus its reciprocal gives the least sum?

[1]
Two houses are 300 and 500 yards from a '/Y
straight power line, Where should they ?725'\\\ ’/f ;iﬁﬁﬁ
attach to the power line to make the J;é { T f
total lengih of cable a minimum? /A i

A cylindrical boiler is to contain 1000 cu., ft. What are the most

i i i ‘() . ’ o
economical dimensions? [vadius = 10/3J§ﬂ ]
Find the narvowesti widih for b in 4

N i
order that the beam of length ¢ can Ch e |
g e O .
be goiten round the corner, Neglect 20 s ”{R !
the thickness of tho 7 ..m. E '\\i
f’ ;hwwutl
2 2 7

[b = (c3 - 33)3/2 ]

Radiant heat from a point source ) .
S o
varies inversely as the square of W:f”“wwwMWnta

the distance and directly as the
intensity of the source. If two sources at O1 and 02 a distance
a apart, have intensities ¢y and Cg s what point between them is

coolest? 1

iy

3013
[at a distance from 0, = 01/3 173 ]

1 T ooy

Find the cylindrical can with open top that has least total

survace for a given volume. [radius = height]
s =



9

11,

J/‘ 1 2 e

- 2 =

& gas tank of volume V is to be made

in the shape of a cylinder surmounted

Sy /”

by a hemisphere, What should be its ]
§
4

,uw«¢

proporiions for minimum material? R
[radius = height]
A wire of length ¢ is cut in two, One piece is bent to form a
square and the other piece to form a circle., (a) How should it
be cut to enclose the minimum area? (b) Maximum?
(a) perimeter of square = %c )
Lew only the circle, ~@fﬁﬂj

A water tank is to have a square base and open top and contain

1000 gallons, If the base is twice as costly as the sides what

proportions give minimum material cost? [depth = side of base]
i oo e e
At what point P does the rectangle ! o mwuw\\wﬁ‘gggﬁ
with a vertex at P have maximum arvea? :,/ g
. ’i}j ] l“(
¥ " I «%
_‘_ ,\/ H ! N i lk =y h/{‘,
a 9 M +3

%
A Norman window has the shape of a rectangle surmounted by a
semicircle, For a given perimeter what proportions give
greatest area? [radius = height rectangle]

What is the minimum area of the

triangle formed by the axes and

the tangent line to the ellipse s
with semi-axes a and b, )
[area = 2ab]

3

A ball is thrown vertically upward and reaches a height of 100 fi.
If the angle of elevation of the sun is 60° how fast is the
shadow of the ball we ing 2 seconds after it begins to fall?

&%% ft/sec]



(16.

17.

18,

19,

- 3

Find the dimensions of the rectangle of maximum area than can

be inscribed in a semi-circle of vadius 71,

A 24 foot ladder leans against a high wall., If the foot of the
ladder is pulled away from the base od the wall at the rate of
6 fi/min., how fast is the top moving when the foot is 8 feet

from the base of the wall?
2

A man on a pier pulls in a rope attached to a small boat at the

[ descending 3 ft/min]
73

raie of 1 foot per second, If his hands are 10 feet above the
place where the rope is attached, how fast is the boat approach-

ing the pier when there is 20 feet of rope out?

[1.2 ft/sec]

A cylindrical tank with axis horizontal has a diameter of 6 feet
and a length of 15 feet., It is pavily full of oil to a depth of
4 feet when a leak starts to drain off the oil at the rate of

10 cu fi/min, How fast is the level falling?
[1.4 in/min]

A ball of radius a rests in a hemispherical bowl of vadius 2a

containing water. Show that V = 4w a h h
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CALCULUS

FINAL EXAMINATION

March 19, 1969

NAME _ /00 /] S g ] S

N

INSTRUCTOR _/ )0/

INSTRUCTIONS: WORK ALL PROBLEMS

e cmn g Gn | emm | G amse e esws oSS s | decn s S geds  @nme | em

" TOTAL

I

SECTION .

G GEEd  GSD w0 WD mew  wm onsd s




1. Find e for each of the following:

(a) y= 2 sin”(ax)

-7
;
H /£ (//} (v/ | &
Ay T \
A

B,




™

24

Integrate each of the following:

(a) y = tan’x seczx dx

i

(a) =2 = y + 1




3. Integrate each of the following:

(o g;é) y = f Ja - x2 dx ﬁ ' L}

£




4.Ca) Integrate the following

1 L
<
s
Lo
j !
o
¢ Fog / :
& :‘/ F ;%% i ¢
;
b.s
dx

«
i
e

(1+x)(1+x2)

s
s
r) ;*/
e -
b=

(b) A particle moves along a straight line in accordance
with the equation s x‘% 3 - 20 + 3 where t is 5
measured in seconds and s in feet., Using differentials,
find approximately the distance covered in the interval
from t =2 to t = 2,1 seconds,

I I “ Ay
o od . p




5. (a) (i) Sketch the curve;”y = log x

S

(ii) Find the total area bounded by the curve y = log x and

\ i
the x-axis between X ﬁ'§ and x = e,

p o
& Py

(b) Use the Mean Value Theovrem to prove that

e® > 1 4+ x for all x > 0,

Pt



6, Find the limits of each of the following:

(a) Lim log(x-1) .
x4l cot(x-1) o

2
lim - 1/x%
(b) g0 © | 5

x

(¢) lim x(e 1)

X =ptoo

(d)  lim (eX + 3x) 1/

x-=0



7, (a) A 1/4 pound mass attached to the free end of a spring

is in equilibrium position when the spring is stretched
4 inches, Determine the spring constant, k.

I 4

/

i

(b) The mass of pari (a) is vaised 2 inches above its
equilibrium position and then released, Find the dis-

placement of the mass t seconds after the start of
the motion,

(c) What is the period of the displacement of part (b)?




8.

A heated ball is dropped inio a tank of waier 200 feet deep.
While the ball is descending, ihe tempevature of the ball
decreases at a rate (degrees per second) inversely proportiongl

to its depth. The ball drops at a constant vertical velocity
of 10 feet per second. If the temperature at a depth of 1 foot
is 100°C and the temperature at a depth of 10 feet is 80°C,

what is the temperature at a depth of 100 feet?
... d(temp) _ d(temp) _ dh f
(Hint: =33 = di |




"9, Consider the region bounded by the curve y = 1 + x,
the lines x = 0 and x = 1, and the x-axis.

(a) Divide the interval from O to 1 into n equal partis
and approximaie the area by summing rectangular areas,

(1 + 24+ 3 + o0 + k ='Ki%iiie

(b) Take the limit of the expression in (a) as the number of
- intervals becomes infinite (and ezch subinterval goes to
zero in length) to obtain the exact area,

#

(¢) Use the definite integral (i.e., the Fundamental Theorem
of Caleculus) to obtain the same area.




C

FINAL

ALCULUS I

EXAMINATTION

yA Box No.

Instructor

, /; (@ Section

Instruciions: Wo

rk All 10 Pg;blems.

1 [
2, A
3. Ty
a. _J0O
s. (1
6. _ D
7. 7
8. _
9. Y,
10, 4

TOTAL 43/‘75 2 6l




1, Differentiate each of the following expressions,

(a) y = ==




2,

Integrate (i.e, antidifferentiate) each of the following

expressions,

", (( ) d}{ X

—+

y

—



3, (a) Using only the definition of the derivative (i.e. method of

increments, four step method, etc.) compute the first
dervivative of
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(b) Let w and v be continuous, differentiable functions of
Prove that if y = uv that
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4, (a) A ball is thvown upward from the surface of Planet X with

an initial velocity of 100 ft/sec, What is the maximum
height the ball will reach if ithe accelevation duezto
gravitational attvaction on Planet X is 25 ft/sec“?

(b) The landing speed of an airplane (i.e, the speed at which it
touches the ground) is 100 miles/hour, The airplane decelerates
at a constant vate and comes to a rest after traveling 1/4 mile
along a straight landing strip. Find the decelevation in ¢

) kPR : i
miles/{hour)“, e

Vi







{4
°

Sketch the curves
3y = 2x + 5
_ 2 .
dJy = 4x7 = 2% = 3

and find the area contain

ed beiween them,

]







2

. o X
6, You are given the function y = =TT

(a) What ave the raunge and domain of the function? (Hint:
determine range by finding the y values which yield

real valuex\gf %) ,

YMor what values of x is the function continuous? For
“Awhat values does its derivative exist?

& !
& . . o <

A e a
(¢) Sketch the function., Be sure to indicate the‘coordinates
of intersections with the coordinaie axes and rvelative
maxima and minima if they exist., Also indicate ithe regions
where the curve is concave up and those for which it is

concave down., a ot ]

. y
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7. Consider the curve represented by the function

y = x + X

(a) What is the smallest value that the slope of this curve
can have? At what point on the curve does it occux?

vy d 2
[

v kA I ‘

(b) Write the equation(s) of the line(s) tangent to ithe curve
at the point(s) where the slope is equal to 4.
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8., A water tank is to have a square base and an open top and hold
1000 gallons, If the base is twice as costly as the sides,
what proportions give the minimum material cost? (Hint: to

convert galloas to cubic feet multiply by 0,134 » cu ft/gallon)
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_ ,.--\ﬂwfkyay cup of vadius 2 inches and height 6 inches is
Jeaklng water at the rate of one cubic inch/minute. At what

trﬁ%@-&ﬁuiﬁ@r%' vel of the water be;ng lowered when the height
of the water is one

| ) oy Do fires
g
|
K N
Y |
(b) The height of a circular cylinder is being increased at

the vate of 4 inches/min, If the volume of the cylinderx

vemains copnstant, at what rate must the radius be
decreasing?
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10, (a) Using the fact that

Lim (8in 6) -

0 -0 o L
Determine lim ,sin 5x . . Lim ,sin 5%
( ). (Hint: First express XQ%O(szwg;)

X0 "sin 3x
as a product of quotient of two limits,

. i

(b) Find 4y when

dx
1)y = x%sin 3x
)
. 2) y=,/2F cos x £ 1
; / ;i
3) y = 30052 9% - 3sin2 9y
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4. (a) A ball.is thrown upward from the surface of Planet X with
an initial velocity of 100 ft/sec, What is the maximum
height the ball will reach if the accelevation due, to
gravitaitional attraction on Planet X is 295

5 ft/sec”t
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(b) The landing speed of an airplane (i.,e., the speed at which it
touches the ground) is 100 miles/hour,

The airplane decclerates
at a econstant rate and comes Lo a rest after traveling 1/4 mile
along a straight landing strip,

Find the deceleraiion in
miles/{hour)”, -
v e ;' - : ‘
~ . !
") ‘ \‘ .
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5, ©Sketch the curves

il

2% + 5

dy = 4x2 - 2K - 3

dy

and find the area contained beiween them,
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Answers to Integration Problems

12,

13,

14,
15.
16.
17.
18,
19.
20,
21,

22,

23.

24,

23.

y = = (1+x)e™™ + ¢

y = x2/2 tan~ ! + 1/2 tan~1x - x/2 + ¢

y = - xPe™* _ 2(1+x)e”¥ + ¢

y = x3/3 sin”ix + x2/3 (1=X2}§/2 + 2/9(i—x2}3/2

2 .
- x/n cos n x + 1/n” sinn x + ¢

~d
Il

t = t2/2 (log t = 1/4) + ¢

. 2
z = 2z sin 2z + 2 ¢c08 Z = ¥ COS ZT + ¢

y = - e/B-BX (x2 + 2/3 u + 2/9) + ¢
y = €2=x2) cos x + 2x sin x + ¢
y = 1/4 e2x + 1/8 ezx (cos 2x + sin 2x) + ¢

log cot [x]

N ;‘ 1
log ix-1} - 255 + ¢

"»\/(32 = Xg}

+
2 C
a X

tan X = sec ¥ + ¢

3/2

2/3x% + ¢

1/2 1log {1 + sin 2t! + ¢

2 )
2/3:&3/2 - x + 2x1/“ - 2 log(l + xl/gé +.¢

1/15 (3x -1)(2x + 1)°72% + ¢

tan~ L (e*)

sin x - 1/3 singx + ¢

1/a loegi ? I+ ¢
a + Jég + %2

1/6 log §(x+5)5€x=1}§ + ¢

n+1 Xn+1

) log ax - E;:;;E + ¢

x/2 [sin(ldg x) - cos(log x)] + ¢
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Ezample. Evaluate L {J&SSZ}

Let L {f(s)} = F(0). Since L {%} =1, weuse T};eorem 16 to conclude
that . ‘
L {f—(:—)} — [rig) ce.

0

14. Partial Fractions

In using the Laplace transform to solve differential equations, we often
need to obtain the inverse transform of a rational fraction

N(s)
o _ D)’
The numerator and denominator in (1) are polynomials in s and the degree
of D(s) is larger than the degree of N(s). The fraction (1) has the partial
fractions expansion used in caleulus.*  Because of the lincarity of the inverse
operator L™, the partial fractions expansion of (1) permits us to replace a
complicated problem in obtaining an inverse transform by a set of simpler
problems.

g1l S __6__}
Example (a). Obtain L {53 TS
Since the denominator is a product of distinet lincar factors, we know that
constants A, B, C exist such that

$-6 _ -6 A, B, C
S4+4s2+3s s(s+D(+3) s "s+1"s5+3

Multiplying each term by the lowest common denominator, we obtain the
identity

@ € =6= A6+ +3) + Bsls +3) + Co(s + 1),

from which we nced to determine A, B, and C. Using the values s = 0,
—1, —3 successively in (2), we get

§=0: —6=A1)@3),
s=—1: =5 = B(-1)(2),
s = —3: 3 =C(-3)(-2),
from which A = —2, B= 3, C =1 Therefore
_$£=6 _ -2 3 3
s+ 4524 35 s+s+1+s+3

*See, for example, E. D. Rainville, Unified Calculus and Analylic Geomelry, New York,
Macmillan, 1961, pp. 357-364.
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2

Since L {l} = 1and L {F}l-—a} = g, we get the desired result,

s

y 588 — 6s — 3
Ezxample (b). Obtain L {3;3—(;—_—*_——1)-2—‘}

_ Since the denominator contains repeated linear factors, we must assume. ‘
partial fractions of the form shown:
58 —6s—3 A, A A B B
@  ELSA e GGt e
s+ 1) s s s s+1 " (s+1
Corresponding to a denominator factor (z — )" we must in general, assume
r partial fractions of the form

A, A A
pmpvi i ey SN e L

From (3) we get

(1) 58 —6s—3 = A+ 1)+ Aas(s + 1)2
+ Ais + 1)* + Bis’(s + 1) + Bas’,

which must be an identity in s. To get the necessary five equations for the
determination of Ay, As, As; By, B, two elementary methods are popular.
Specific values of s can be used in (1), or the cocflicients of like powers of s
in the two members of (1) may be equated.  We employ whatever combina-
tion of these methods yields simple equations to be solved for Ay, As, =eey
B.. TFrom (1) we obtain

s= 0z -3 = A;(l),

s=—1: —2 = Bx(-1),

cocff. of st: 0= A, + By, v
coefl. of s*: 5 =24, + 4,4 Bi + By,
coefl. of s: —6 = A, -+ 24; -

The above equations yicld A; =3, A, =0, A;= -3, Bi= -3, B.=2.
Therefore we find that

afroteosl 8 33y 2l
Ll{ (s + 1)? }"Ll e R R
=3 — 32— 3+ 20
Example (¢). Obtain L {__lG____ :
’ s(s? 4 4)?

Since quadratic factors require the corresponding partial fractions to have
linear numerators, we start with an expansion of the form
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—-3, Bz =2,

5

cti .0 have

(14]

From the identity

Cz=0.

__16
s(s2+4)2 s

PARTIAL FRACTIONS 33

- _4 B1S + C],ﬁ BzS + Cz.
sT+4 (s ae

+

16 = A(s* + 4)? + (Bis + Ci)s(s? + 4) + (Bws + Cy)s

it is not difficult to find the values A =1, B, = =1, B, = —4, C, = 0,
We thus obtain

__“_____l_s_4s
Ll{s(sz+4)2}~Ll{s s+ 4 (s”+4)2}

=1-——cos 2t —tsin 2L

It is possible to obtain formulas for the partial fractions expansion of the

Such formulas are useful in

rational [ractions being treated in this section.
theory and not particularly ineflicient in practice. The elementary tech-
niques above, if used intelligently, are efficient in numerical problems and

the subject.

EXERCISES

are the only partial fractions methods presented in this short treatment of

In Exs. 1-10, find an inverse transform of the given f(s).

/ 1 1 —aiY.
1. BEa Al.'ls.a'(l—-e )
2. ;._,—_3——6*—5—2;§' Ans. 3ett — 2¢2,
3. 2_5_:{_‘?_;_2; Ans. 2 et — e,

o2

4. }_(—:T::Tl); Ans. 1+ et — 3tet.
5. E%J:_é) Ans. 3¢ — 3 — 2.
6. §(821+_1). Ans. 3 — 1+ cos .
7____5i:'i__. Ans. t — 2+ et + g2

TG F96=D s. et - e,
1 : 5
8 VT, FEBab0. bsinat — asin bt
(S + a )(S + b) A S —‘m
s 5 , cos at — cos bt
9. m, a® # b‘, ab > 0. Ans T-ag—-
s il T a sin af — b sin bt
10- @ﬂ—?)—(?-m, a* # b y ab # 0. Ans p oy

11. Obtain the answers to Exs. 9 and 10 from that for Ex. 8.
12. Use equation (8), page 15 and the convolution. Theorem 16, to obtain

t
11 {Rs%)—} = j{:(sin 28 — 28 cos 2B8)dB,

and then perform the integration to check the answer to Example (c), page 32.
G
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DIFFERENTTIAL EQUATTIONS 11

FINAL EXAMINATTION

March 18, 1970

NAME: MARKS ot RT BOX NO., et -2

INSTRUCTOR Lo flepm e p
vy /,

Work all questions of Pari I and two questions of

INSTRUCTIONS:
Part IXI. Indicate which in Part II are to be graded.

DO NOT WRITE BELOW THIS LINE,

1 e (10) 8 a i (4)
b  (10) ii (4)
/ iii (&)
2 a -“wl“““ (10) iv (4)
5 (10)
(9 )0 (20)
3 i (6)
ii : (6) e (20)
iii 4 (8) ,
) M a i e (3)
4 i b (6 i e (D)
ii 5" (1) b i e (3)
iii - (7) i e (T)
5 1 (20) 12 a i " (2)
6 ai 5 (5) it = (2
it 4 (5) i (@
b i (5) v _ - @
ii { (5) v : (2)
T L ii _ (
o4 iii 3 (2)
iii ¥ (3) iv 7 (2)
b i B (2) v 3 (2)
ii / (4) %
iii L4 4) e ~




< c - N . <

< T

c ,: . e . -

< =

: e . < .

cos kx dx = k!

il

sin kx dx - k

k-

i

x cos kx dx

x sin kx dx = &k

x?cos kx dx = k

x?sin kx dx k™

o

k

1l

x3cos kx dx

=

x¥®sin kx dx = k

ax
e cos kx dx =

ax .
e sin kx dx =

co0s ax c¢cos bx dx =

sin ax sin bx dx

sin ax cos bx dx

cos® ax dx =

i
nex ol

sin® ax dx =

sin ax cos ax dx

e@X d4x = 3”1 %%
xe®® dx = a~2 (a
x2e®® gx = a”3 (
x3e®® dx = a~% (

x4eax dx = a“5 (

SHORT TABLE OF INTEGBALS

sin kx k # 0
"1 cos kx kK # 0
2 [cos kx + kx sin kx] k # 0
2 [sin kx - kx cos kx] k # 0
3 [2kx cos kx + (k2x® - 2)sin kx] k # 0O
3 [2kx sin kx - (k®x® - 2)cos kx] k # 0
4 [(3k2x® - 6)cos kx + (k®x® - 6kx)sin kx]

4 [(3k®x® - 6)sin kx - (k®x® - 6kx)cos kx]

A%
+(a cos kx + k sin kx)
a® + k®
Q8%
(a sin kx - k cos kx)
a® + k®
sin(atb)x sin(a=b)x A o
5(atb) T " 2(a-b) a? # b
_ sin(a+b)x sin(a-b)x 2 4 na
= T oGty T 2(asb) a% # b
- cos(ath)x cos(a-blx a2 # b2
2(Ca+b) 7 2(a~b)
sin 2ax
* 4a
- 4a
_  Cos 2ax
- 4a

x - 1)e?*
a®x2 - 2ax + 2)e’%

a
a8x3 -~ 3a%x® + bax - b)e° ™

a4x4 - 433x3 + 12a%x® - 24ax + 24)e2%

k # 0

k # 0



PART I Worxrk all 8 problems of this part.

1. Find the interval of absoluie convergence for the following

power series., If the interval is finite, determine whether the

series converges or diverges at the endpoinits of the interval,
Show the work leading to your answers,

(a)

[2+]

(-1)" 2n + 1
b)) o &)

n=o0




about
X o= 2)n

2.a)Determine the Taylor series expansion of f(x) =

~ 3¢ o

the point a = 2, including the general term in

b) Find an expression for the remainder Rn(x,2) for the

above series.




Find the Laplace transforms of

(i) F(t)

fr”




b

=8

inverse Laplace transforms of

ind the

F

4,

e
s(s + 1)

f(g) =

)

o]
A
opad

(




9. Use the Laplace transform method to solve the D.E,

y"(t) + y(t) = 3 sin 2t , 0 , y'(+0) =1




6.

a) The D.E. (2 + xz)y" + xy* + 4y = 0 has an ordinary point
at x =0 o
(i) Substitute y = > anx" and collect similar terms

n=o

(ii) Obtain the recurrence relation between the

coefficients a,

{(You are NOT asked to determine the series solutions)

L e g

(54
b) Substitution of the series y = E}a x" in a certain D.E,
gives the following results; =

(n+2)(n+l)a - 4n(2n-1)a _, =0 forn> 1, a, =0

n+2 =1

(i) Find the first two non-zero terms in the solution yl(x)
for which y,(0) =1, yi(O) = 0 and also the first two
non-zero terms in the solution yz(x) for which y,(0) = 0,
yé(O) =1,

(ii) Find the interval of convergence for the series yl(x) and
Yo(x) by means of the ratio test, using the recurrence

relation (investigation of the endpoints of the interval
is not required).
/

(ne2Y(nviyd,,, = 4y

(I




7. a) Given the D.E, 4x2y" + 4dxy' + (x2 - Dy =

(i) Show that the origin is a regular singular point

w

(ii) Substitute y = >janxn+c and collect similar terms.

n=o
(iii) Find the indicial equation and the recurrence relation(s)

for the coefficients a,

(You are NOT asked to determlne the series solutions)

: areT 2
- - S/

2x(1- x)y" has a réguf%r

b) The D.E.
singular point at x itution of
y = E; anxn+c and collecting similar terms gives
n=o
0
c(zc--naox""'1 +§ (20+2¢-1)[(nte)a - (n+c~2)anm1]xn+c-l =0

n=1

(i) Find the indicial equation and obtain its roots,

ii) Find the recurrence relation between coefficients a, for
both roois of the indicial equation.

(iii) Show that one of the roots gives rise to a terminating
series and obtain that series,

) el
gﬁ;44

Ay EOR. Cy =0 i
mw,}m% (- M% NECENTTS
@ﬂ”” }@?j




8. Given the function (A): f(x) = ﬂ2 - x2 for « m < xm,
f(x +2n) = f(x)
(i) Sketch the function in the interval - 3n < x < 3n

(ii) Write a formula similar to (A) that represents the function
in the interval = < x < 3m

(iii) Expand f(x) in a Fourier series.
(iv) By considering f£(0) show that

Z-(.:_u":_lhinz
n2 12

n=1



PART II - Optional problems. Work any 2 problems of this part,

If you work more than 2 and do not indicate which are to
be graded, then the first 2 will be graded.

9., Find the best fitting straight line in the least squares sense
to the points A(0,0) , B(1,0), C(2,2) and D(=1,4=1)., Plot
the points and the line you found in a diagram,

a
e ;
@
0

A) e‘”}g“ﬁ \\E//%“’“?’Hﬁ,% b= %‘g)
@)= b*
B)dy= ¥t b)

@%@g}%‘* } ‘%ﬁbﬂb%k?
=2 20 éz




10. The Bessel function of order 1 1is defined by the series
o

v (="
JI(X) - EJ nt(n+l)? (2)
n=o0

2n+1

Compute Jl(l) with an error less than ,001



11. a. Given ithe function F(t) = i

VA A
- ot O
[N
—

(i) sketch the function
(ii) Express F(t) in terms of the unit step function.

be Given the function
F(6) = t(2-t)at) + (t=-1)%a(t-1) + Gt = Da(t-2)

(i) Sketch this function
(ii) Find its Laplace transform,




12, a) Determine whether the following functions are even, odd, or
neither,

¢ o )= ‘ )
g wl) VR P TEE A
5 NEMTRER |
ii) X @@@@ v

iii) 1nj<2;os x|-even -
iv) e F-pyen ¢

V) sin(l - x)-MEITHER Y
) ‘rwé‘wf)éﬁ (me;

b) Determine whether the following functions are periodic or
not., If so, find their fundamental (lowest) per1od

(ene Fukc

i) sin Sx-pERiomng T= 5

sepd F IS §M§}3
ii) 00823( PEEVODI - - T e %ﬁ” (fpwEn FOMOTIC

iv) 1n|cos x!W%@g

v) SLLE -saoT






