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FRESHMAN PLACEMENT EXAMINATION 1967 

CARD I 

1 • The value of a2 + 2ab + b2, when a = -5 and b = 3, is: 

a) -32 b) 19 c) -46 d) 4 e) -17 

2. m divided by n a a = 

a) am/n b) m-n c) (m-n)log d) .!!1 log e) 1 a a a n 

3. The product of 2 0 3 {5) •(-3) o(-4)•(-2) 

a) 800 b) -2400 c) 240 d) 

4. (-3a3)3 = 

a) -3a 6 b) 3a9 c) -27a 9 c) 

5. Express .0825 as a percent: 

a) 8.25% b) 82 1/2% c) 825% d) 

6. If the dimensions of a rectangle are 

a) 12ab b) 3a + 4b 3a 
c) 4b d) 

7. Simplify: 

8. 

.!+.! 
a b __;;;_......:;;;. __ = 
1 1 
a2 b2 

a) 1 1 b) ab 
- b b -a a 

If 5y2 is the guotient 

)..u 2 2x a 2x b) y -sy 

c) a - b d) 

and 2xy the 

c) 5y + 2x d) 

= 

120 6 e) -120 5 

27a 6 e) 9 a 3 

.82 1/2% e) .08 1/ 41; 

3a and 4b, the area is: 

7ab e) 
a4~ 

7 

a - b e) 1 ab 

divisor, the dividend is: 

3 e) 10xy none of these 



9 • Simplify 

a) 3 + 5 

10. Dividing 

6a + 10 b 
2ab 

b) .2 + ..§. 
b a 

- 2 -

e) none of these 

3 3 x - y by x - y gives 

2 2 
C) X + X y + y d) ( 3 X- 3 y) 2 e) ( x- y) 

11. If 3 y is an even integer, the next larger consecutive even 
integer is: 

a) 4y b) 6y c) 3y + 2 d) 3(y+l) e) y + 3 

12. How many cubic yards of concrete are needed to build a sidewalk 
x feet long and y feet wide and 4 inches deep? 

a) 4xy b)~ 
27 

c) 36xy d) 
1 

e) 81 xy 

13. 3n is what percent of 12n? 

14. 

a) 

In 

4 

n 3x , 

b) 1. 
4 

c) 

n is called the 

400 d) 9n e) 25 

a) exponent b) quotient c) logarithm d) dividend e) square 

15. If the radius of a circle is doubled, the area is multiplied by: 

17. 

a) 1 b) .2 
2 c) J2 d) 4 e) 2 

a) a2 + 4 b) a4 + 4 c) a4 + 4a 2 + 4 

e) a 
2 + 2a + 4 

d) a 4 + 4a + 2 

6x + 6 = 2x + 2 

a) 3 + 3 b) 3 c) 4x + 4 d) 3x + 1 
X 

e) x + 3 



- 3 -

18. If 3 a + b = 5, b = 

a) 5 
3a b) 3a 

5 c) 2 - a 

19. If a = -3, the value of 2 -2(-3a) = 

a) -162 

20. Solve for x: 

3 
a) - 2 

CARD II 

b) -72 

b) 

4x 2x + 1 4 = 5 3 T5 

..! 
2 

c) 4 
3 

d) 5 - a 
3 

d) 3 

e) 5 - 3a 

e) none of these 

21. A house sold for $13,200, which was 25% more than the original 
cost. The cost was: 

a) 11,000 b) 13,000 c) 15,840 d) 9,900 e) 10,560 

22. Factor completely: 2 2 x - y + 2x + 1 

a) (x-y)(x+y)(2x+l) b) x(x+2) + (1+y)(l-y) c) (x+l) 2 - y2 

d) (x-y) 2 (2x+l) e) (x+y+l)(x-y+l) 

23. If the perimeter of a square is p. The area is 

24. 

25. 

a) 

2 
X +2y 
2 2 x y+xy 

b) 

..&:JL 
xy 

2 
) X - X + V 

a 2 2 
x y + xy - xy 

2 
JL. 
4 

= 

d) 2 y + y
2 

X - V = 
xy 

a) 0 b) 1 

c) 

b) 

c) 

2 
Y + xy 

..! 
y 

..! 
X 

d) 

- 1 

e) 

d) 

c) 

2 2y + y 
X + y 

xy 
X - y 

e) 2 Tip 

y + 2 
2 x + xy 

e) none of these 
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26. 8 5 ? 2 -
6x2 + 

= 
9x - 9x 6x 

a) 3 b) 13 c) 3 
2 2 2 3x - 15x 3x - 3x 15x - 3x 

3x 2 3x X + 31 d) - e) 3 3 18x - X 18(x - x) 

27. How many revolutions Will a bicycle wheel d feet in diameter 
make in travelling X feet? 

a) 2f b) 1L c) ~ d) _L ill d TTd d 2TT d e) d 

28. Solve for 2 5x = +6. x: X -
-t-6 + 5x a) 1, -5 b) 5, -6 c) 6, -1 d) J5x + 6 e) 

X 

So 1 ve the following in e qua 1 it i e s: 

29. 7x + 3 > 5x + 6 

a) 3 b) X ) 5 c) X ( -1 d) 3 e) X ( -5 X (- X)-
2 2 

30. 3x + 4 < 5x - 6 
2 2 

a) 3 b) X ( -5 c) X ( -1 d) 3 
X)- x<- e) X ) 5 2 2 

31. 2 - 3x > 6 - X 

5 7 

a) 3 b) X ) 5 c) X ( -5 d) 3 e) X ( -1 X)- x<-2 2 



- 5 -

Given the reference triangle QPR, 
with the angle PQR denoted by 8, 
and the angle QPR being a right 
angle. 

32. sin e :::: 

s b) J! c) t a) -t s v 

33. sec e = 

a) s b) J! c) t 
t s v 

34. cot e = 

a) s b) v c) t 
t s v 

Q ·-

d) 

d) 

d) 

35. 1 (also written cos~ 1 (~) arc cos 2 = 

a) '11 b) '11 c) '11 d) 2 3 6 

R 

v / 
t 

J! e) s 
t v 

J! e) ..[ 
t v 

J! e) s 
t v 

) = ? 

'11 e) 0 
4 

36. The function which may be expressed tan[ 2 tan -1 x] = 
(or tan[ 2 arc tan x]) = ? 

2x 2 
1 2x x2 + 1 2x a) b) X - c) d) e) 2 2x 2 2x 

X - 1 X + 1 1 -
37. Which of the following is .!!.2.1 a "fundamental i den t i t y "? 

a) . 2e 2 b) s i n8 tane c) sece s1n + co i:l e = 1 co se = = 

2 
X 

1 
cos8 

d) cote csc8 e) 2 csc 28 = seeS cot 8 + 1 = 
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Solve the following two equations for values of the variable which 
are positive and not greater than 180°. 

38. 2 sin 2 3sin -1, X X ::;: X ::: 

a) 11 11 b) 11 0 c) 11 
3' 2 S' 6' 

39. If 2sin 28 ::: co se + 2, e = 

a) 11 211 b) o, 11 c) o, 2' 3 3 

40. Evaluate without using tables: 

sin( arc tan~ + arc 

a) J_ b) c) 
j2 

0 d) 11 
6' 

211 d) 11 
3 2' 

1 
tan 3> 

d) 

11 e) 2 

11 e) 3 

e) 

none 

none 

2 
3 

of these 

of these 



FRESHMAN PLACEMENT EXAMINATION 

CARD III 

1. 
a log- = ? 
b 

a) log a - log b 

e) Jya 

b) log f! 
log b 

2. The "law of sines" or "sine law" is: 

a) 

c) 

'3) 

a 
sin A = b 

sin A 
a = sin B 

b 

b) sin A =.1! 
b 

d) sin A = .h 
a 

3. In the figure at the right there 
is an angle 8, a right triangle OAB, 
and a segment of a circle OCB. 
The radian measure of the angle 8 
may be found by dividing: 

c) 
a -b 

d) L~ 
b 

a) y by r b) s by x c) r by s d) x by y e) s by r 

4. An angle of 30° has a radian measure of 

5. 

a) 
TT 

6 b) c) 1. 
2 

The complex number a + ib can be 
expressed in trigonometric form as: 

a) cose + i sine 

d) 

c) r(cose + i sin8) d) r(sine + i cose> 
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6. The three solutions of the equation 3 
8 2 and the X = are X = 

two complex numbers: 

a) -J3 + i b) -2 
+ 

2i J3 c) -1 
+ i/3 - - -

d) -2 J3 :!: 2i e) none of these 

7. sin ( a+p) = 

a) sin a. cos p + cos a. sin p b) sin a cos p - cos a sin p 

c) cos a. cos p + sin a. sin p d) sin a sin p - cos a cos p 

e) cos a. cos p - sin a. sin p 

8. cos(c:+p) = 
a) sin a cos p + cos a. sin p b) sin a cos p - cos a. sin p 

c) cos a cos p + sin a sin p d) sin a sin p ... cos a cos p 

e) cos a. cos p - sin a sin p 

9. (i6 + .9 + i12)5 = 1 

a) 0 b) i c) 1 d) -i e) -1 

10. (cos a + i sin a)2 = 

a) cos 2a + i sin 2a b) sin a. cos a .. cos a sin a 

c) cos 2.a - i sin 2a d) 2 cos a ... . 2 s1n a 

e) 2 tan a 

1 1 • The equation of the circle with radius 1 and center at 
3 1.) is (-2, 2 

a) 2 + 2 + 3x + 1 b) 2x2 + 2y 2 + 6x 2y + 3 ::::: 0 X y y ::::: 

(,}) 2 + 2 3x 1 d) 2x2 + 2y2 6x + 2y + 3 = 0 X y - y = 
e) none of these 



,. 

12. X The slope of the line ~ 

a) 1 ' 'b) 
2 
3 

- 3 -

.l = 1 
3 

c) 

is: 

d) 2 
-3 e) 3 

2 

13. The distance from (2,2) to the midpoint of the segment joining 
(2,3) with (-4,-1) is: 

a) 2/2 b) ,J3 c) 3 ./2 

14. The ~alue of k that makes the lines 

is: 

a) -6 b) c) 3 
8 

d) ,ffO e) JT3 

( 6x - 9 y = 5 kx _ 4 y = B perpendicular 

d) B 
3 e) 6 

15. The parabola whose directrix is the line y = -1 and whose focus 
is (-1,3) is: 

a) 
2 

X + 2x = By b) x2 + 4x - y = ... 6 c) 
2 

·x = By 

d) 2x2 + 5y = 17 e) x
2 + 2x - By f 9 = 0 

16. The shortest distance between the circles x2 - 6x + y2 + 5 = o, 
and x2 

- By + y
2 + 15 = 0 is 

a) 0 b) 2 c) 1 d) J5 e) 5 

In.questions 17 and lB assume the equation of the curve to be 

4x2 + 9y2 + 24x - 18y = 36 

17. The curve represented is a 

a) circle b) parabola c) hyperbola d) ellipse 

e) higher plane curve 

18. The curve has its center at 

a) (12,-9) b) (-12,9) c) {3,-1) d) (-3,1) 

e) (6,-2) 



I' 

- 4 ... 

In questions 19 and 20, assume the equation of the curve to be 

4x2 - 9y2 + 36 = 0 

19. The curve represented is a 

a) circle b) hyperbola c) parabola d) ellipse 

e) higher plane curve 

20. As x increases without limit, y becomes 

a) ,zero b) negative c) infinite d) ! 4 e) !1 
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A N A L y T I c G E 0 M E T R y 

F I N A L E X A M I N A T I 0 N 

Hose Polytechnic Institute 
0 nr::'cember 1968 

NAME Box No 

INS Section 

J :\r.s I'HUCTI O!'lS 

lo Work ALL EIGHT (8) problems of Part I (ioeo, problems 
1 through 8), 

Work ANY TWO (2) problems of Part II (ioea, problems 
A through G)o 

to 
Cross out C><) any problem which is not/be gTaded even 
if you did not try ito If you wor~ more than two pro­
blems of Part II and fail to cross out those to be left 
ungraded, th c.n the f c :, .1:~2 you worked (in alphabeti ca 1 
order) ~Ll.l be the on'/ ones gradedo 

- = = = = = = = = - - - - - - - - - - - - - - - -- - - - - - - - - - - - - - - - - = = = = 
(Please Do Not Write Below This Line) 

PAET I 1 
~~=~~--

(10) PART II A (10) 
2 (J.O) B --=--.... ~~ (10) 
3a ( 5) Ca ( lt) 

b ( 5) b ( 2) 

4 (10) c ( ~) 
Sa ( 5) Da ( 5) 

-~~~~~~ 

b b ( 5) .. -~·~-~ 
6 (10) E (lo) 

--~·-==-

7a ( 4) F (10) 
=~~~o-==mo 

b ( 3 ) G (10) 
""""""~~~-·--

c ( 3) 
8a ( 5) 

b ( 5) 
---~~~ TOTAL (100) 





Box 

lo Find the equation of the circle which has as a diameter the 

line segment AB, wh''"'~"" A is (3 1 5) and B is (-·1,7)o 

2o Find the point on the line x = 2 which is equjdistant from 

the points (3,4) and (~2,7)o 





Name Box No 

3o Given the three lines 2x - 3y + 7 = 0, 3x + 2y + 4 = 0, 

and x - By + 36 = 0: 

a., Prove that these three lines form a right tr:Langleo 

ba Write the equation of the line through the vertex of the 

right angle and perpendicular to the hypotenuseo 

4o Find the equation of the line parallel to tlli:o line~ Jx + y - 17= 0 

which passes through the intersection of the two lines 

3x - 5y + 6 = 0 and 2x + y - 9 = Oc 



I 



Name Box NO 

5o Discuss and sketch each of the following: 

x 2 ~4 
a(; y = -2~-

x -1 

I I 
;" " 

~·· /~ ., •.. " ""'·::·~ 

An overpass is to be built on an ,, ""'- / _/,.,./ /-; 
elliptic arch havin<J a span of 

1
. / 1 

100 ft and a clearance of 20 ft c_,_ .//" // ___ 1 
at the center (see sketch) o In \:::.. / // / ''--.j/ 
order to pour the concrete to cast_';>-/ _,.,.-'""' d/ '-,"-

this arch? it iz necessary to "~.-- // /
1 

'""-... 

build the forms by knowing the '!-,/-::-:::~~-- , 
height at various points along the ---..__.... 

"'- / .,_" _ _,--...-spanc Write an equation which 
could be used for this purpose 
§..Q.Q determine the height at a point 

' I 

25 ft from one ~~-



\ 



Box No 

7o Determine the solution set (ioeo, solve for x) for each of 
the following inequalities: 

2 
3o X + 2X - 15 ) 0 

Co x+2 < l2x+31 

Bo ao Discuss and sketch the polar 4 + COS 2Go 

cos g Transform the polar equation r = 2 ----- into rectangular . 2n s1n ~ 
coordinates, identify the curve, and sketch ita 





Nam Box No 

PART II [Cross out all problems of this part which are not to be 
gradedo] 

Ao A point, whose path in the xy-plane is a straight line, comes 

closest to the origin at P(-~,2)a Write the equation of the 

patho 

Bo Find the equation(s) of the line(s) through the point (-3,-5) 

making with the line ]x - y- 5 = 0 an angle whos2 tangent is 

2o [Hint~ tan ( G - qJ) = f~~a~1.:G_t~~-~f}-- o J 





Name Box No 

Co Given the conic y2 - 4x - 4y + 16 = 0: 

ao Sketch the curve 1 showing both the original and translated 
a XeS ( p r 0 p e .r 1 y 1 abe 1 e d J ) , and in d i Cat e the imp 0 r ran f 
points and/or ljn0s0 

bo Find the equation of the tangent line at the point (4,4)o 
[You may use calculus methods here if you choosea] 

Co Find the equation(s) of the tangent line(s) passing through 
the point (-5,4) 

j 





Name Box No 

Do ac Write the equation of the family of circles which have 
2 their centers (h,k) on the curve y = x and which are 

tangent to the x-axiso 

bo For what values of h (if any) will these tircles intersect 
the y-axis'? 

Eo Using rotation of axes to reduce xy = 4 to the standard form 
of some conic secl. netermine from the rotated equation 
the vertices, foci, c.·_, lucled areas, d:Lrectrices, asymptotes 
(if any), and sketch the curve showing both pairs of axes 
properly labeledc 





Nam Box 

Fo 
X y 6 Given that A = 2e , B = 3e , and AoB = -~ , describe completely 

e 
the locus in the xy-plane of y as a function of Xo [Ioea, 

determine the function and sketch ito] 

Go Given the simultaneous equations X - 3y + 2z ::::: 1 

2x y + 3'7 
·~ - 9 

X + y + z = 6 

use Cramer's rule to find the values of x, y, and z' and 
check your result~:> by substitution a 







'· 
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ASSORTED PROBLEMS FOR YODR CONSIDERATION 

1. A man with 300 yards of fencing wishes 

to enclose a rectangular area as large 

as possible along the bank of a straight 

river. What dimensions should he use? 

I i i . 
j ____ -~·· .. ·---,"----··: 

[ 7 5 X 150] 

2. What positive number plus its reciprocal gives the least sum? 

[ I J 
3@ Two houses are 300 and 500 yards from a 

straight power line. Where should they 

attach to the power line to make the 

total length of cable a minimum? 
:·,,· • . . ' . ~· ~- .. ·~· .. ~:!' 

4. A cylindrical boiler is to contain 1000 cu. ft. What are the most 

economical dimensions? 

5. Find the narrowest width for b in 

order that the beam of length c can 

be gotten round the corner. Neglect 

the thickness of U,:: ~ .. ra. 

6. Radiant heat from a point source 

varies inversely as the square of 

the distance and directly as the 

[radius= I0/ 3~2; J 

2 

[b = (c
3 

intensity of the source. If two sources at 0 1 and o2 a distance 

a apart, have intensities c 1 and c2 , what point between them is 

coolest? 

[at a distance from 0 1 = J 

7. Find the cylindrical can with open top that has least total 

survace for a given volume. [radius = height] 



ASSORTED PROBLEMS FOR YOUR CONSIDERATION 

1. A man with 300 yards of fencing wishes 

to enclose a rectangular area as large \ 

as possible along the bank of a straight --

river. What dimensions should he use? [ 75 X 150] 

2. What positive number plus its reciprocal gives the least sum? 

[ I J 
3. Two houses are 300 and 500 yards from a 

straight power linee Where should they 

attach to the power line to make the 

total length of cable a minimum? 
: '·' . . . . .. ~· ~· .. ·;·:~.r· .. ··:-:.. . , ........... ~ 

4- A cylindrical boiler is to contain 1000 cu. ft. What are the most 

economical dimensions? 

5. Find the narrowest width for b in 

order that the beam of length c can 

be gotten round the corner. Neglect 

the t hi c k n e s s of U;:: ~ -· ;,1 • 

6. Radiant heat from a point source 

varies inversely as the square of 

the distance and directly as the 

2 
3 

[ b = ( c 

intensity of the source. If two sources at o
1 

and o2 a distance 

a apart, have intensities c1 and c2 , what point between them is 

coolest? 
1. 
3 ac

1 
[at a distance from 0 1 = --1-;~3~+-----1 ~/~3-

cl c2 
J 

7. Find the cylindrical can with open top that has least total 

survace for a given volume. [radius = height] 



- 2 

8@ A gas tank of volume V is to be made 

in the shape of a cylinder surmounted 

by a hemisphere. What should be its 

proportions for minimum material? 

[radius= height] 

9. A wire of length c is cut in two. One piece is bent to form a 

square and the other piece to form a circle. (a) How should it 

be cut to enclose the minimum area? (b) Maximum? 

(a) perimeter of square = Ac 
5 ] 

[ ( b ) o n 1 y t h e ci r c 1 e • . -11 7r) 

A water tank is to have a square base and open top and contain 

1000 gallons. If the base is twice as costly as the sides what 

proportions give minimum material cost? [depth = side of base] 

At what point P does the rectangle 

with a vertex at P h2~e unximum area? 

t~ . 2. 
'j :-; ,/ !>' 

;12. A Norman window has the shape of a rectangle surmounted by a 

semicircle. For a given perimeter what proportions give 

greatest area? [radius = height rectangle] 

13. What is the minimum area of the 

triangle formed by the axes and 

the tangent line to the ellipse 

with semi-axes a and b. 

[area = 2ab] 

'.:) 

5. A ball is thrown vertically upward and reaches a height of 100 ft. 

If the angle of elevation of the sun is 60° how fast is the 

shadow of the ball m' .ng 2 seconds after it begins to fall? 

s}j ft/sec] 



3 -

'16. Find the dimensions of the rectangle of maximum area than can 

be inscribed in a semi-circle of radius r. 

17. A 24 foot ladder leans against a high wall. If the foot of the 

ladder is pulled away from the base od the wall at the rate of 

6 ft/min., how fast is the top moving when the foot is 8 feet 

from the base of the wall? [descending 3 ft/min] 
J2 

18. A man on a pier pulls in a rope attached to a small boat at the 

rate of l foot per second. If his hands are 10 feet above the 

place where the rope is attached, how fast is the boat approach­

ing the pier when there is 20 feet of rope out? 

[1.2 ft/sec] 

19. A cylindrical tank with axis horizontal has a diameter of 6 feet 

and a length of 15 feet. It is partly full of oil to a depth of 

4 feet when a leak starts to drain off the oil at the rate of 

10 cu ft/min. How fast is the level falling? 

[ 1.4 in/min] 

20. A ball of radius a rests in a hemispherical bowl of radius 2a 
• • 

containing water. Show that V = 4TI a h h 
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C A L C U L U S II 

FINAL EXAMINATION 

M a r c h 19 , 19 69 

INSTRUCTIONS: WORK ALL PROBLEMS 

(PLEASE-DO NOT WRITE BELOW THIS-LINEf~ 

1 • 

2. 

3. 

4 • 

5. 

6. 

7. 

8. 

9. 

TOTAL 



1 0 Find dY for each of the following: 
dx 

( ) 2 . -1( ) a y = s 1 n ax 

(b) y 5 log(x ) 

(c) y = e 2x cos(3x) 

I , 
{-, 

''> ( I ) ; 

(d) y = (x)log(x) 



c 

.r'\. 

2e Integrate each of the following: 

(b) 

(c) 

(d) 

, I 
I 

2 ax3 
y = J x e dx 

dY = 
dx 

f ~, , , 

y + l 



I 
' 

3. Integrate each of the following: 

a) y = J ,J4 

b) 

d) 

,, ! 

I I 

dY = 
dx 

'' ' 

x dx 

dx 

' I 
j J 



/ 

\ 

4efa) Integrate the following 

(I) y = J ex sin 3x dx 

) 

i ) y = s ----.-._~ 
) 

dx 

/ 

' ' 

l' 

' r 

I ( I 

(b) A particle moves along a straight line in accordance 

with the equation s = ~ t 3 - 2t + 3 where t is 

measured in seconds and s in feet. Using 

find approximately the distance covered in the interval 

from t = 2 to t = 2.1 seconds. 



5. (a) (i) Sketch the curve y log x 

(ii) Find the total area bounded by the curve y 

the x-axi between x e and x e. 

(b) Use the Mean Value Theorem to prove that 
ex> 1 + x for all x > o. 

log x and 



6. Find the limits of each of the following: 

( ) lim 
a x ~~ 

(b) lim 
X"""O 

1 o g ( x-1) 
cot ( x-1) 

2 
- 1/x e cos x 

(e) lim x(el/x - 1) 
X ~+Ol 

(d) lim (ex + 3x)l/x 
x_,O 



7~ (a) A 1/4 pound mass attached to the free end of a spring 
is in equilibrium position when the spring is stretched 
4 inches. Determine the spring constant, k. 

(b) The mass of part (a) is raised 2 inches 
equilibrium position and then released. 
placement of the mass t seconds after 
the motion. 

\ 

above its 
Find the dis­

the start of 

(c) What is the period of the displacement of part (b)? 



8@ A heated ball is dropped into a tank of water 200 feet deep. 

While the ball is descending, the temperature of the ball 

decreases at a rate (degrees per ~eco~) inversely proportional 

to its depth. The ball drops at a constant vertical velocity 

of 10 feet per second. If the temperature at a depth of 1 foot 

is 100°C and the temperature at a depth of 10 feet is 80°C, 

what is the temperature at a depth of 100 et? 
(Hint: d(temg) ,d(temg) .. _c!h 

dt dh dt 



9. Consider the region bounded by the curve y 1 + x, 

the lines x = 0 and x = 1, and the x-axis. 

(a) Divide the interval from 0 to 1 into n equal parts 
and approximate the area by summing rectangular areas. 
(1 + 2 + 3 + ••• + k = k(~+l>. 

(b) Take the limit of the expression in (a) as the number of 
intervals becomes infinite (and each subinterval goes to 
2ero in length) to obtain the exact area. 

(c) Use the definite integral (i.e., the Fundamen al Theorem 
of Calculus) to obtain the same area. 

',I 



C A L C U L U S I 

F I N A L E X A M I N A T I 0 N 

Instructions: Work All 

' .l • 

4. 

5. 

6. 

7. 

8. 

9. 

10. 

TOTAL 

Box No. 

0 Section 
I 



1~ Differentiate each of the following expressions. 

(a) y = ~;.;_,_­
a - x 

(r; 

(b) y = 

G
"" (c) 

3_) 
y = 

(d) 

; I . 
I 

I, 

,t 1/' ' 

I 

'' 

\ 

) 



2. Integrate (i.e. antidifferentiate) each of the following 
expressions. 

( b ) 

(C) (c) 

(d) 

(e) 

dY 3 -2 -·- = 5x + 3x dx 

ds = (St + 3 )5/2 
dt 

dw (:z 2 + 3)2 -.,r_,.,,.,. = 
d!(; 
'·,~ 

2 3, '.l 

= x ,J5x'-' + 9 

)\ 
/ 

5 

" f 

·+ ) 
.i 

I;', 

I • 

'' ·' 



3. (a) Using only the definition of the derivative (i~e- method of 
increments, four step method, etc0) compute the first 
derivative of 

y :::; 
X -

I ) 

' \\ \\ 

\) 

\, I 

(b) Let u and v 
Prove that if 

be continuous, differentiable functions of 
y = uv that 

dY = u J:!J! + 
dx dx 

du v ~-
dx 

\/ / '/ 

G) i ' 1 'I' 
' f; I ' ,, 

! . 

t} \ ; \ 

. \ [ 
( \ 

[. 

I t 

( ) 
I j 

\I; 

x. 





4. (a) A ball·.is thrown upward from the surface of Planet X with 
an initial velocity of 100 ft/sec. What is the maximum 
height the brll will reach if the acceleration duerto 
gravitational attraction on Planet X is 25 ft/sec 2? 

! ' '~ 

' ',I 

\ 

(b) The landing speed of an airplane (i.e@ the speed at which it 
touches the ground) is 100 miles/hour. The airplane decelerates 
at a and comes to a rest after traveling 1/4 mile 
along a straight landing strip. Find the deceleration in 

<) 

miles/(hour)'"~ 

"-. I . 

\ .. 

\ 

l I 



+ 

'I 



5. Sketch the curves 

3y = 2x + 5 

3y 4x 2 2x 3 = -
and find the area contained between them .. 

'' 
i 

y 





6. 
2 

You are given the function y = 
X l 

(a) What are the range and domain of the function? (Hint; 
determine range by finding the y values which yield corea] val ue\;.f x) 

(b)~or what values of x is the function 
? what values does its derivative exi

1
st'? 

I , . . \ 

continuous? For 

•. ! 
'/ / 

( c) S ke t c h the fun c t ion & Be s u r e to in d i cat e t h 'e ' coo r d i nates 

G
f intersections with the coordinate axes ar!d relative 

maxima and minima if they exist Also indicate the regions 
where the curve is concave up and those for which it is 
concave down. 

y 

)\ 



7. Consider the curve represented by the function 

(a) 

(b) 

3 
y = X + X 

What is the smallest value that the slope of this curve 
can have? At what point on the curve does it occur? 

Write the equation(s) of the line(s) tangent to the curve 
at the point(s) where the slope is equal to 4. 

' o \' I 

\' 

/ I 
I \ 

·.) 



B. A water tank is to have a square base and an open top and hold 
1000 gallons. If the base is twice as costly as the sides, 
what proportions give the minimum material cost? (Hint: to 
convert gallons to cubic feet mpltiply by 0.134 • cu ft/gallon) 

f i 

'I 

I 
/ f / 



9 • ~a;t cup of r ad i us .2 i n c he s and he i g h t 6 in c he s i s 
(l e ~ l{ i ~ g ~ ~ t e: ~t the rate of one cub i c i n chI m i n u t e • /1 t what 
~~-:.1:-E(ve 1 of the water being lowered when the height 
of the water is on-

/ 

C0 

(b) The height of a circular cylinder is being increased at 
t h e r a t e o f 4 i n c h e s I m i n • I f .11LL'LitLilll1.!L2LJ~}1 e, _c y 1 ! n d e!. 
.ll!!l a i,!!JL_£-~2 n s t w t., a t what r a t e m us t t he r ad i us be 
de c r e a s i n g? 

! • 

I / 

) I 



10. (a) Using the fact that 

Determine lim (sin ~~li) (Hint: First express Lim (sin Sx) 
x·70 sin 3x • x?O sin 3x 

as a product o quotient of two limits. 

() ,-'I 

~w. 

. . 
/ 

(b) Find dY when dx 

1) y = X 
2 sin 3x 

(i) 
~· 

2) y = + cos 'I I 

X 

~\ ) 
~I I 

3) 3co s 2 2x 3sin 2 2x y = 

X 











-~ f 
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4. (a) A ball·.is thrown upward from the surface of Planet X with 
an initial velocity of 100 ft/sec. What is the maximum 
height the ball will reach if the acceleration due

2
to 

gravitational attraction on Planet X is 25 ft/sec? 

\l 1: 

'; 
! 

( ·:1 

\ 

r\ 

(j) 
" 

f! ! • 

\\) 

(b) The landing 
touches the 

speed of an airplane (i.e. the speed at which it 
ground) is 100 miles/hour. The airplane decelerates 

at a and comes to a rest after traveling I/4 n1ile 
along a straight landing strip. Find the deceleration in 

2 miles/(hour) • 

" 
' 
\" 6c-<tJ.f 

cY 

·~ 

q 

" \ .. 

\· 
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5. Sketch the curves 

3 y = 2x + 5 

3y = 4x
2 

- 2x - 3 

and find the area contained between them. 
(! 
'' 

y 
'' 
' 

X 

J tOl~lQ I ~~t 
u~.:JJ l}rJl 
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Answers to Inteqration Problems 

1 @ 
-x y = - (1+x)e + c 

2e 21 -1 I -1 I y = x 2 tan + 1 2 tan x - x 2 + c 

33 2 -x ( -x y = - x e - 2 1+x)e + c 

4,. 3/3 . -1 2/3 y = X Sin X + X (1-x2)1/2 + 2/9(l-x2)3/2 

5 .. y = - x/n cos n x + 1/n
2 

sin n x + c 

6,. 2 
t = t /2 (log t - 1/4) + c 

7e ~ = 2~ sin ~ + 2 cos ~ - ~ 2 cos ~ + c 

8. I -3x 2 I I y=-e3 (x +23x+29)+c 

9, 2 y = ( 2-x ) cos x + 2x sin x + c 

0 
I 2x 2x . y = 1 4 e + l/8 e (cos 2x + s1n 2x) + c 

1L log cot IX 

12 .. log . 1' 1 
~X== ~ --- + c x-1 

13~ 
/ 2 2 

-,J (a - x ) 
2 + c 

a x 

14,. tan x - sec x + c 

15. 2/3x3/ 2 + c 

16. 1/2 log l + sin 2t + c 

17. 3/2 l/2 2/3x - x + 2x - 2 log(l + 

18 ® 

3'2 
1/15 (3x -lH2x + l) 1 + c 

19. 

-1 X 20e tan (e ) 

21.. sin x - 1/3 sin
3

x + c 

22e 1/a log 
X + c 
.· 2 2 

a + Ja + x 

23. 1/6 log ( x+ 5 ) 5 ( x- l ) + c 

n+l n+l 
24 0 

X X 
~ log ax - ~--~2 + c 
n (n+l) 

X 
1/2 

25 .. x/2 [sin(log x) - cos(log x)] + c 

+ c 
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IX) P€~< too 1 ((:.. FuNc r'loNs J~ 

A) T-HEOROP'-1 $t;pPaisG' F'(t-1w) = F(t-) , 
1) l {F(t)}: lDO e _, F (t)dc r ~-

.:c. J M II_'( 8 E" WA I ITI: ,4( ~ A_ sOM oF I A} T el-G ~A L5 
~ {if(e)} = ~0 ,:ri)W e-st F{&)ofe'l 

3) L~ T t=/J +- n ~ k.l .. $, W-.5!3 ; 

£ {F;Ct)}:: ~"f.. I e F ((Jr nu;)~B 
if) 5tNC

1
£ F (~rAw)-» 1=((3) II 

f { :1. .!1P i-Sn W /'~ - S /:> {3 rA Ff(t)J== ~o~ J~ e P,(f3)d, 
~) . ~ ~ -snw = ~ I""JC "'$W\y, .: 
J n .. o 1~ , ... \.....'- .) • - • 

(.) LiiA(/,IA/G- 70 J NE'A-T /HE"0~£1''1 I 
r {FT(e)) :: ~~e-s/3 !=(f3)dr3 

d\.. I ~ - e -~..; II 

B) I-f(. t) 1 1-tA S If -£E" ~ LOJ!) '= 2C L 
J.+(t-)::o_ THAt> CHOt.TT' I«T.. HALF]t 
op ~A.C:H I Cr<to/J 0 ~ ] 

') H (t: +2_C) - H (t:) II 

H(t.J=g-(-t 1 o_~t=<:c 
-:::: 0 C 1!:. t:<. 2.G , 

I 

:1) [. {H(t:)}"' f. I e·sBg"~) JB : 
1 - e- :J..G$ 

c) rxAMP~C 1.: 
_ FtN o _ L { 'f (t-*c.)) wH£R ~: 

'f(t~c)?/ o<t<c. 
1 =o c <t-<2c 

if l(r + :2.c/c) ~ 'f( t:~ c) 
I 

-l 

r 

\. 
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IN_IIE~ts£ - r~~NsfoRM.S ( lp') 
A)OE"FINITION t • 

1.) IF l { F (t:)} .. ~(S) . J,'\ 1

1 
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Example. Evaluate L-1 t~>}. 

---ret L-1 {f(s)} = F(l)-. Since L-~-{~} = 1, we use Theorem 16 to conclude 
that 

14. Part ial Fra ctions 

In using th e Laplace transform to solve difTerential equa tions, we often 
n eed to obtain the inverse transform of a ra tiomd fraction __ _ 

(1) N(s) 
D(s) · 

The num erator and denominator in (1) are polynomials in s a nd the degree . 
of D (s) is larger th an th e degree of [\'(s ). The fr ac tion (I) has th e partial 
frac tions expansion used in c ~ll c ulus . * Beca use of the linearity of the inverse 
opera tor L - 1

, th e partial frac tions expansion of (I) permits us to replace a 
complica ted p robl em in olJta ining an inYerse transform by a set of simpler 
problems. 

Example (a). Obtain L-1 t3 :~4~! 3s}· 
Since the denomina tor is a product of distinct linea r factors, we know that 

comtants A, B, C exis t such that 

s~ - 6 s~ - 6 A B C 
&' + 4s2 + 3s = s(s + l)(s + 3) = s + s +l + s + 3' 

Multiplying each t erm by the lowest common denominator, we obtain the 
identity 

(2) ~ - 6 = A (s + l)(s + 3) + Bs(s + 3) + Cs(s + 1), 

from which we need to determine A, B, and C. Using the values s = 0, 
-1, -3 successh·ely in (2), we get 

s = 0: 
s = -1: 
s = -3: 

-6 = A(l)(3), 
-5 = B(-1)(2), 
3 = C( -3)( -2), 

from which A = -2, B = !. C = t. Therefore 

s~- 6 -2 -if . ! 
s3 + 4s~ + 3s = -s- + s -f- 1 + S+-3' 

~See, for exan1ple, E. D. R ainYil!c, Un ified Calwh1s and Analytic Geometry, New York, 
Macmillan, 1961, pp. 357-364. 

~:--~- - .-. .. - . ~-,-.. - .. - ... -. -·~ .. -x·~-

j 
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I 
1--
1 



32 ll\TERSE TRAIYSFORMS 
/ 

Since L-1 H} = 1 and L-1 { 8 ~a}~ e-" 1
, .~e get the desired result, 

L -t { S
2 

- 6 } _ 2 s -t + 1 -at 
sJ + 4sz + 3s - - + :ze 2e • 

Example (b). Obtain L-1 {§~ 6s-.1}. 
sl(s + 1)2 

[2) 

Since the denominatGr cor1tains repeated linear factors, we_musLassume 

partial fractions of the form shown: 

(3) 
5s3 - 6s - 3 At , Az Aa Bt Bz 
------ = - T- -f- -- + -- -f- ---· 

s~(s + 1)2 s s2 s3 s + 1 (s + 1)2 

Corresponding to a denomin Gtor factor (x- 1')' we must in general, assume 

r partial fracti ons of the form 

At Az A, x-=-; + (x - ")' )2 + ... + (x--=-")' )'. 

From (S)--.'ic get 

('i) 5s3 - 6s - 3 = A 1s~(s + 1)2 + A 2s(s + 1)2 

+ A 3(s + 1)2 + B1s3(s -!- 1) -!- B 2s3
, 

which must be an ident ity in s. To get the necessary fhe equations for the 
determination of A1, 1-h 1-h B~t B2, tw-o elementary methods arc popular. 
Specific valu es of s can be used in (-1), or the coeffici ents of like powers of s 
in the two members of (-1) m:1y he equated. \\'e employ whGtcvcr comhiJJa­
tion of these methods )"ielcl s simple cqu:1tions to be solved for A~, Az, · · •, 
Bz. From ('1) we obtain 

s = 0: 
s = -1: 
coeff. of s': 
coeff. of sl: 
coeff. of s: 

-3 = AJ(1), 
-? = B.(-1) - - ' 

0 =At-!- B~, 
5 = 2At-!- Az-!- Bi-!- Bz, 

-6 = Az + 2A 3• 

The above equations yield A1 = 3, Az = 0, AJ = -3, Bt = -3, Bz = 2. 

Therefore we find that 

{
5s3 

- 6s - 3} {3 3 3 2 } 
L-1 7(s + 1)2 = L-

1 s- 83- 8-=t-1 + (S +T)~ 
= 3 - l r- - 3e-t + 2te- 1

• 

Example (c). Obtain L-1 {-___!_~-}-- s(s2 + 4)2 

Since quadratic factors require the corresponding partial fractions to have 
linear numerators, we start with an expansion of the form 

- ' 



(2] 

mit, 

mst assume 

eral, assume 

. tions for the 
are populnr. 

! powers of s 
ver cornhina-
Al, A2, • • ·, 

-3, B2 =2. 

cti 

(I4] PARTIAL FRACTIONS 33 

16 A 
s(s2 + 4) 2 =--; 

From the iden tity 

16 = A(s2 + 4)2 + (B1s + C1)s(s2 + 4) + (B2s + C2)s 

it is not difficult to find the values A = 1, B1 = -1, B2 = -4, C1 = 0, 
Cz = 0. We thus obtain 

L-1
t(s2 ~-4F} = L-l g- s2 ~ 4- (s2 ~ 4)2} 

= 1 - -cos 2t - i sin 2t. 

It is possihlc to obtain formubs for th e partial fractions expansion of the 
ration::~! fractions being treated in this section. Such formulas arc use ful in 
theory and not pa rti cularly in effi cient in practice. Th e elementary tech­
niques above, if used intelligently, arc effi cient in num erical problems and 
arc the only pa rtial fracti ons methods presented in this short treatm en t of 
the subjec t. · 

EXEHCISES 

In Exs. 1-10, find an inverse tran~ form of the given f(s). 
I 

U . s~+as' 

2 -~+~_ . 
· s~- 6s + 8 

2s2 + Ss- 4 
~· .~+ s~ 2s · 

2s2 + 1 4's(s+1)2 • 

5 ~+4. 
~· s2(s- 2) 

1 
6. sJ(sz + 1) 

Ss- 2 
7

• s2(s + 2)(s - 1) 

~· (s2 + a2)1(s2 + b2) ' a2 ~ bz, ab ~ 0. 

s 
9. (s2 + aZ) (sz + bZ)' 

s~ 

!_0. (s2-+ az) (sz + bz)' 

a2 ~ b2, ab -,!. 0. 

1 Ans. - (1 -e-at)· 
a 

Ans. 3e11 - 2f?'. 

Ans. 3f? 1 - 3 - 21. 

Ans. !f- - I + cost. 

Ans. t - 2 + e1 + e-21• 

A b sin at - a sin bt 
ns. ab(b~ - a2) • 

A cos al - cos bt 
ns. b~- az . 

A a sin at - b sin bt 
ns. az - bz • 

11. Obtain the answers to Exs. 9 and 10 from that for Ex. 8. 
12. Use equation (3), p:1ge 15 and the convolution . Theorem 16, to obtain 

{ 16 } I' . L-I s(sz + 4)2 = 
0 

(sm 2{3 - 2{3 cos 2{3)d{3, 

and then perform the integra tion to check the ariswer to Example (c), page 32. 
/ . 
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D I F F E R E N T I A L E Q U A T I 0 N S I I 

F I N A L E X A M I N A T I 0 N 

M a r c h 18 , 19 70 

NAME: 

INSTRUCTIONS: Work all questions of Part I and two questions of 
Part II. Indicate which in Part II are to be gradede 



SHORT TABLE OF INTEGRALS 
·-~---~ 

f cos kx dx :::: k-1 sin !{X k :f 0 

J sin kx dx = - k-1 cos kx k :f 0 

J X cos kx dx = k-2 [cos kx + !{X sin kx] k :f 0 

J X sin kx dx = k-2 [sin kx kx cos kx] k 'I 0 

f x2 cos kx dx = k -3 [ 2kx cos I< X + ( J<2 x2 2)sin kx] k f- 0 

J x2 sin kx dx = k-3 [ 2kx sin kx ( J<2 x2 2)cos kx] k f- 0 

J x3 cos kx dx = k-4 [ (3k2 x2 6)cos kx + ( Ic3 x3 6kx)sin kx] k f- 0 

J x3 sin kx dx = k-4 [ ( 3k 2 x2 6)sin kx ( J<3 x3 6kx)cos kx] k f- 0 

ax 

s ax kx dx ·(a kx + k sin kx) e cos ::::: cos 
a2 + J<2 

ax 

s ax sin kx dx (a sin kx k kx) e = - cos 
a2 + k2 

J cos ax cos bx dx ::::: 
sjn(a+b)x + sin(a-b)x a2 f- b2 
-2~ 2Ta--b~)-

J sin ax sin bx dx = sin(a+b)x + sin(a-b)x a2 :f b2 - 2(a+b) 2~ 

J sin ax cos bx dx = cos(a+b)x cos(a-b)x a a f- b2 - 2(a+b) 2(a-b) 

J co s2 ax dx ::::: ~ + sin_?ax 
2 4a 

J s i n2 dx X sin 2ax ax = 
2 4a 

J sin dx cos 2ax ax cos ax ::::: - 4a 

J ax dx a-1 ax e = e 

s ax dx -2 (ax l)e ax xe ::::: a e• 

s x2 e ax dx 
6

• 3 ( aa x2 2ax + 2)e ax 
::::: a 

J x3 e ax dx -4 (as xs 3a~ xz + 6ax 6)e ax 
::::: a -

J 4 ax dx -5 (a 4 4 4a 3 3 + 12 a2 x2 24ax + 24)e ax 
X e ::::: a X X -



PART I Work all 8 problems of this part. 

1. Find the interval of absolute convergence for the following 
power series. If the interval is finite, determine whether the 
series converges or diverges at the endpoints of the interval. 
Show the work leading to your answers. 

(lO 

I (x - u" 
(a) Jn n=l 

I 

(b) 
(-l) n 2 + 1 1.x

2
) n 

n~(n + 1n \ 
n=o 



2.a)Determine the Taylor series expansion of f(x) = x(lx _a 2bo)~t the point a = 2, including the general term in 

b) Find an expression for the remainder 

above series. 
oO 

( ) ) 

) 

R (x,2) 
n 

for the 



3. Find the Laplace transforms of 

(i) F(t) = t
3 + 3e 2t + cos 2t 

(ii) 

(i i) 

-2t 
F(t) = e sin 3t 

2 F(t) = (t - 1) for 0 < t < 2, F(t) = F(t + 2) 

( 



4. Find the inverse Laplace transforms of 

(i) 

( i i) 

(iii) 

1 
f(s) = 3 

s 

f(s) 

' t 

s -

-s e 
= -s~(,_s.-_+_1..,.) 

+ 1 
~2+ 4 



5. Use the Laplace transform method to solve the D.E. 

y" ( t ) + y ( t ) = 3 s i n 2 t , y ( +0 ) = 0 , y' ( +0 ) = 1 



6. a) 

b) 

The D.E. (2 + x2)y" + xy' + 4y = 0 has an ordinary 

at X = 0 00 

( i ) Substitute I n and collect similar y = a X n 
n=o 

(ii) Obtain the recurrence relation between the 
coefficients a n 

terms 

point 

(You are NOT asked to determine the series solutions) 

00 

Substitution of the series y = I a xn in n a certain D.E. 

gives the following results: n=o 

(n+2)(n+l)an+ 2 - 4n(2n-l)a 1 n- = 0 for n~ 1, a2 = 0 

(i) Find the first two non-zero terms in the solution y1 (x) 

for which y1(0) = 1 , yi(O) = 0 and also the first two 

non-zero terms in the solution y2 (x) for which y2 (0) = o, 
Y2(0) = 1. 

(ii) Find the interval of convergence for the series y1 (x) and 

y2 (x) by means of the ratio test, using the recurrence 

relation (investigation of the endpoints of the interval 
is not required). 

l.J.)(ii\ )' :1'. 

ill 



7. a) Given the D.E. 4x 2y" + 4xy' + (x 2 - l)y = 0 

(i) Show that the origin is a regular singular point 

( ii) Substitute y = I. n+c a x 
n 

and collect similar terms. 

n=o 
(iii) Find the indicia! equation and the recurrence relation(s) 

for the coefficients a 

b) 

(i) 
(i i) 

(iii) 

n 
(You are NOT asked to determine the series solutions) 

The D. E·. 
singular 

<Xl 

y = I 
n=o 

n+c a x 
n 

' ( f) (} 
-xly' + y = 0 has a regular 

x = o. Substitution of 

and collecting similar terms gives 

00 

c(2c-l)a xc-l + \ (2n+2c-l)[(n+c)a - (n+c-2)a 
1
Jxn+c-l = 0 

o L n n-
n=l 

Find the indicia! equation and obtain its roots. 
Find the recurrence relation between coefficients a for 

n both roots of the indicia! equation. 
Show that one of the roots gives rise to a terminating 
series and obtain that series. 

)) I) 

, 1!1 I 



8. Given the function (A): 
2 2 

f(x) = n - x for - n ~ x ~ n , 

f(x +2n) = f(x) 

(i) Sketch the function in the interval - 3n < x < 3n 

(ii) Write a formula similar to (A) that represents the function 
in the interval n < x ~ 3n 

(iii) Expand f(x) in a Fourier series. 

(iv) By considering f(O) show that 

I (-1)~-1 = ~~ TI2 
n n=l 



PART II -Optional problems. Work any 2 problems of this part. 
If you work more than 2 and do not indicate which are to 
be graded, then the fi.rs,l._,1 will be graded. 

9. Find the best fitting straight line in the least squares sense 
to the points A(O,O) , B(l,O), C(2,2) and D(-1,-1). Plot 
the points and the line you found in a diagram. 



10. The Bessel function of order 1 is defined by the series 
co 

I~ (-l)n •X 2n+l 
Jl(x) = --- '-) n ~ ( n + 1 ) ~ ' 2· 

n=o 

Compute J 1(1) with an error less than .001 



11. a • Given the function 

(i) sketch the function 

0 

F(t) = { t 
t-1 e 

!I t < 0 

,O<t<l -· -

(ii) Express F(t) in terms of the unit step function. 

b. Given the function 
2 1 F(t) = t(2-t)a(t) + (t-1) a(t-1) + <2t - l)a(t-2) 

(i) Sketch this function 

(ii) Find its Laplace transform. 



12. a) Determine whether 
neithet·. 

i ) 

i i ) 

iii) lnJcos xJ,-
2 

i v) -x e 

v) sin(l - x) 

1) 

b) Determine whether 
not. If so, find 

i ) sin 5x ~ 

ii) 2 cos X 

iii) 

iv) 1 n I cos x{ 

v) sin X 

X 

-} 
JJ) 

1 

JJij 

1 

the following functions are even, odd, or 

(1}1 
:' 

\i) 

the following functions are periodic or 
their fundamental (lowest) period. 

( 




