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For the h~rmonic oscill~tor: 

---~------- ------- ---~----------~----------~-------~~-~---'( ------~-~~-------------------------------~-----------------

b. Evaluate [o..JHJ- · 
---- ---~-----~-----------_ ----------Ea.~J \\:]-::::., 1-------

c. EvalUB. te .t -
- s~ -Sp 

----~--~---------- ---- ----- ------~--~------~-e-: o..:- e----==-- -?-~ ---~ -~--------------------------
e:~." a\- e~H:: ? s is a const~nt ---------"--------- --~--

--------------~--(2)-Find-th;-ex~~t--~j_-g~-;.;a:l~e eq_~;:tio;-f;-;-the y;t~~ti'3.i _____ _ 

---- - ----(4) Fina:-~the·-trans·m:rssion~-coefficie-rit;-trom-Ieft to~ rlgnt; ·c;;:· tb.e-p-otent{aT______ ~ ~-----

-- - - - ---v llif "'"- --- ~.- tt "'"1 1"" - -- -- -- (..:L ~ -------~-- ---------------

~ - ~ ~ - - - -_ -- ~ -~- --- .. --- ~ -=~- --
-/(5) Derive the nw-nerical--value (in eV) for- the -b:m:'1d st ':te energy uf an electron -

.,in.the.follo~-ring---potential ---~------ ----------- ----,- -

V(x) -v () 

b ~ · LO A -

X'>b 
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-/(_,) 

(1) For the repulsive ex~onential potential, the wqve fu..~ction had the forn 

lf (X) -=. 

Find the coefficient C f" • ,+ "' t• 1. t• 
1 "·or a.e.1.. ~a .l. U...""lC :ton norma :tza :ton. 

/, 
/(2) For the Horse potential, find the phase shifts for energy states E/0. 

3) For the Morse potential, make a plot of potential strength s == 

for 0 ~ S ~ 5 against bou.."'1.d state energy 

~4) From the definition of the confluent hypergeometric fun8tion, show that it 

is the solution to the differential equation 

(5) Consider the one dimensional Schrodinger equation with the delt"'. function 

potential V(x) = 
a. For each va:::. CJ.e of energy E)' 0, construct tc.ro wave functions which 

are orthogonal to each other, and no:-m:;.lized acco::-ding to delta func;.tion 

normalization. 

b. Show, by exDlicit integration in x-space, that these ~.;ave fu.""lctions 

are also orthogonal to the bou...""lC: state wave function. 

c. Show, by explicit integration in k-space, that these •,rave functions 

foro a co~~lete set. 
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DLle 1-'eb 13, 

1) Find the eigenvab.es exactly for the half-space h"lrmonic oscillator: 

V(x) x>O 

X < 0 

(Hint: with a little thought, the answer may be obtained by doing no work 

wb . .a tsoever) • Then do the same problen by -.~1CBJ, and com9are the two results. 

) Use '1.JKBJ to find the energ-J of bound states in the one-dimensional potential 

V(x) 0 
) 

IXl -'.0... 

~ ~__) V(>O - ~ ( txl- a.) 7.. J lxl 7P.. 

1 ~-,..._ .(). -(}. 0 

(3) Given that the two dimensional form of the radial Schrodinger equation is 

~ -:!!.. 7.. ...L d }- .:J -+ V( r-) - c -Jf ~( r) ·. 0 
1 ;2itf r dr <lr 

develop the ;,.nCBJ form of the radial wavefu11.ction. 

..,-z_ 
A is the 

strength paraneter. 

a. Find the exact 2olution to the one dimensio~a~ Schrodinger equation. 

(Hint: they are of the form 

b. As X-:>;>a> sh;y,r that \f'{)()~/jsmikl!td"Jnd obtain an explicit expression 

for the pha~e shift bk 
-

c. Obtain the waYe func'::ion f.Jr E ? V(x) by ':1?.:33. Ca,lculate the ·ohs.se shift by 

this method, and connare with (b). 

) Use ·,[{}3.} to find the eige!"l~ral ues of the q_ua.~tic potential v.(x) = 

Hint: 



(6) The ~otential which keeps electrons within the surfa8e of a m2tal may 

be approxim- ted by a ste~ potenti3.l of height V 
0

• Application of an electric 

field F changes the poteCJ.tial toa. saw tooth sha·pe. Calculate the tunneling 

amplitu 1e T ttrough this barrier, as a function of v
0

, E, and F. '!'his is C3.lled 

"Fowler-Nordheim" tac'1.neling. 

r~E .[ 
Y -1/o 
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v 
------- ; 0 t G" 1 .{, 
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shov.'TJ hereon for advertising 

is expressly forbidd.,n 



' ,_) Dc-:·iv0 the e~·c::tct 

V(r) r < b 

'7 2/ -""'e r r / b 

(2) Solve c'o.ctly tbe rc.cl:..;.l ',nve 

oscillator, and obt3in the e~~env~!uas. 

Hint: set 
1. 

'l-::. ( ~''.lxo) 

and 8.ssuc:1e "X fd 
~ng G(z) obeys a f~Mili~r e1uation. 

ti_ I Vfi G) 

-l..h 
G (-1:) 

. . 
l:Ftr:::GDlC 

(3) Use the three rlimension~l . ·--far:-o. ·Jf \'K3J to obt·;.ir. t~.e elgsnv·uues of tt.e 

tbreG di~ensicm-=tl h·:o.rr:nnic OSCill:::.tor. :.n~t is the lGvJe~t ei,;senv~lue? 

(4) For the three disension~l har~o~ic S5cill~tor, ~-~t is the de~eneracv of 

ho~ ~~ny dif~erent .:-J..S 

a. The ls state is ortho;:r:nl to 

b. tte ~~trix elesent ~~ ? betweG~ the ls st::t l:e 
z 

V(x) -Lo 
? /.< 0 I . X 7 

co :< ~ 0 
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Physics 611 
Due: I•fu.rch 6, 1975 

:=.cch ?robler:; Counts Doubla (20 poiYJ.ts) 

'(l) Use V"'.ric-tioYJ.al theory to solve the ground stste energy of hra ls electrons 

:LYJ. o cou.1ol:'lb pote::J.ti::J.1 of ch:Lrge Z. The rc:sul t ,~or ~= = 2 should reproduce the 

:·eliT:l result ::;iven i~" lec~tu.re. 

a. Z = 1: Does the lC ion exist? If so, '-rha t is its bindin.rs energy? If not 

'.·lh'l t energy amou.'1.t cioes it need to bind? 

b. Z = 3: Co2pare ~rith the Li + ion, T,;hose ex::;~rinent,.-:tl io'!'"liZA. tion energi:::s 

are 75.3eV and l2l.fleV for the t';/O electrons. 

(2) Use vo._ri::-,_tioni"-1 theory to find t}-;e 2s electro?J. _ binjin g energy of Li. 

C-omngre '·rith the ex.n.::riment."J.l VJ.1ue given in lecture. Use (51.16) of text, 

* but ::ut i-:: e::.ectron-electron inter3.ctions. and Z f.or the ls str:.te ( '.Ir.ich is 

k.YJ.O''m fron pr:Jblem (l)). 

(3) Solve the lh.'r.1il tonLm for a hydrogen atom in a const-:o_nt electric field I<, 

e,_ 
- -t e. F ( UJS e .,. 

by u.sing t"t.e V"'-ristional -vrave function for the ground state 

p-rlo~_ ( I + ...,. ) 
'-' A ~ COSt? . 

·,,_rherc: a = bohr ra.di,.1.s, and .), is the variation2.l DarP.m"'ter. 

a. Find the value of A which minimizes the energy. 

b. Express the energy as a function of F. 
2 it 

c. Ekpand (o) in a Taylor series abo.ut F = 0, E(F) + E(O) -Cl.F /2 + 0(1<, ) 

C1.lc#e at 9 '·Ihich is the nob.ri zabili ty of hvdrogen. Comn'lre ..,ri th 

the exact result ,J ::. q 3 VI. -G\. 
;I. 
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Do .r l>t" L.- f-- :· t= ~-

H~ - hL- ( '7...-{ fl.._ '"1- L.. 
~--- e""L 7fiA.. -f -+ -f"J..-

- "LI 

c~( ...,, 

1)1.3 / 1.{1-::. e. -VlB 
...___.., 

""} 
T-\Cte, 

4 ~~ 
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(1) For the harmonic: oscil1s.tor, ',Ie had 

[a1a]= o 
[ a.1 afT== I 
[et4-,a.+J=O 

Physic t)ll 
Due: 1-'Ia.rch 13, 1975 

3t:::.rti!'_g from just these statements, d.eri ve the eigenvs.lue s· ectrum of the 

ha:::'monic oscilla-:or. Hint: AssuJ:le an eigensts. te of 

and oSive arguements that show n must be a non-negative integer. 

(2) Derive a table of Clebs~-Gordon coefficients for 
I' 

( 3) 'tlri "'ce do'm ,the spin states o'bh.ined by combining three spin ;.6 states. 

(~) T·,vo M~lium s.toms inter:=tct ·,..rith a potential 1-rhich is often described by· 
,:"'" 

a Lennard-Janes form 

E = 

a-= 
4 -16 1. l 10 ergs 

2.56 ! 

6.65 lo-24 gms 

Numerically solve Schrodingers equation for E = 0. s.nd obta.in the rel8.tive 

'.-T'='_ve fu..11.ction of the two atoms. Remember: the reduced Jlass is used in rel:1.tive 

coordinates. 

(5) Use the ss.me potential for hro heliums to com-pute the relative s-· .. :ave 

oh·1se sti ft 1.s 8. function of k for 
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.Physics 6ll 
Due 31 1975 

) "r:/ork out tt.e first 8rder Stark e_:-::ect fo~ the ?"' .. 

("\ 
2) In the pe:-:turbatio:::t theory solutio::-1., obtain a :::_; an•i hence the sec·:)nd 

a 
order correctioYJ. to the 'H-ave fu.'1.ction. 

3) The exact eigenvalue spectrum for 

Take 

H 2 
X is 

Treat -V as- a perturbatior~ t0-H
0

, and- deterw.ine-- its contribution ta- the energ::r _by 

first and seco::d order perturb3.tion theory. Successive t.erms should corres:Jond. 

to ex~~nding the exact 

Consider a hydrogen ato:::t which r~as an added delt'l. function potenti':l.l 
l \ ~ ' V="o(r; 

If -~ is sm?,-ll, hm-r does this perturb the levels o: the :::.tom? .'\.re states 

c.ri th di£'£'erent 1.- va-lu.es affected- di ~ferently? 

A sTc3.ll charge Q. ·c q < < bohr 

radius) fror:;. a hydrogen atoo.. \lihat is the leading terw., in pcr.'<'ers of l/R, of 

t~1e energy change in the system? 

For the heliuJn atom,_'"-rii:;e H_ = H" + Y. Estiwate the grouYJ.cl st3.te ener5J _ 
u 

by (a) Obtain. the ground state ener5,1 of H
0

, 3...'1.d (b) Inclu:1e V by first 

order perturbation theory. 
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l) Ccnside:-- :?_n ?lectron. i:1 free s~-:=ice ~ .. r}:ich is u.~.!.der the i:::'"'"lLlS.:1ce o: __ 

in t~e z ii~ecti8n. Describe the m~tion of the electron b7 solvin~ ~he cl~ssical 

rn d '[_r 
.-'""'-./ + 

A/-t 

2) Sho,,; that the EamiltoniP..n of probleLl (l) nay be '·iritten. as: 

y y 

/((l ·­
J\ ... -

De~ermi~e Xn 9 
\..• 

,-'f / 
if'-

+ eFx 

.e.nd discuss phys:.ce..ll~l 

ve..ri3.ble c:~~nge 

ho-..r the electron 

X n /(mc,.r ) J:.:r c. ' 

·the in tte n- = 2- s-;~.te 

Find for cq_ses (a) 

Only cons ide:' terms linear in H
0 

anr~ ? • 

---t,) Calcul::::Lte tte Golden Rule in the second Earn A"!J:Yroxi:;ca tio:::. 
(?' 

c:clculate a -J(t! aCJ.d. find t~e tra..c:sition. rate m / 
/(~ 

}!...v-,-,.r-
-{;---;a:! 

' 7 CL 

J "-· 
'-4 v 

' ii -'I­\,;\.'!/_ 

(<) ' (-z.) 1 2 
t}f..r-,"1 + Ct,,.., f 

a. ~"Jri te do':;:;. the differential cross section d.IL 

b. Obt;3 .. in tt.e tot3..l cross sectiJn U 

irr the Born A~?rox. 
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Physics 611 
Di.le ,1.pril 25 

1) Derive the differential cross section in the 3orn _hn:>:':Jxim-;,tion fo:c- el?-sti~ 

scg. ttei·j_ng fr:J~ a fix: eel ;rotential V(r). A.ssune t:ne inciC_e~1t pa2 ... ticle is goi::1g 

relativistic energies. .ih:tt is the reslll t for ::ia.yleigh scs.ttering (ela,stic 

sea tter:j.n:: of photons)'?. 

2) 'ilhat is tte dif:'e:cential cross section in the Born !'l.~proxim..:::.tion for 

electron scattering from a coulomb potential of charge 

Rutherford formula. 

Compa.re 'lli to the 

3) Consider a hypothetical nuclear rea.ction N* * N + e + e (electron 

plus positron). Calcub.te the distribution of final energies of the electron. 

Ese relativistic kinematics for the elec;tron,s_nd -positron. Assu;rne a cons-rant 
t'..ll18"GlC 

matrix element, and 3.lso that the fin3.l/ energy of the nucl.:::on is sm:ill. 

4) Calculate the oscillator strength f, analytically and numerically, for the 

transition bet'n-een the ground a.nd the first excited st'i te of tr_e follo,dng 

I)Otent;i"'~ls: 

a. hydrogen 3-tom 

o. three dim.ensior:.2-l harmonic oscillator 

c. One dimensional box of length L and in:inite walls. 
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X<O 

l'rtiJ 

oscill~t~r ~lve functions 

? 

J 

vith delt~ funct~~~ 



DO ALL THREE PROBLSJ\:ts 

Physics 611 

Exa.mina tion 
11arch 18, J.975 

(1) Do a variational calculational to find the .t:n;eat bound state c:.- -che one 

dimensional potential 

= 

'\&e&J 

~/? 
Vf)!):::. 

')( 

(2) Consider the angular momentum state J = 3/2. Denote the 

-~9 -3/2) by the four vectors 

a. '.-lhat are the 4 by 4 matrices 

b. What are the 4 by 4 matrices 

c. What are the 4 by 4 matrices 

(i-=Z) 
(3) Would you expect a Helium ion 

L and L+ in this representation? 

L and L in this representation? 
X y 2 L 8.11.d L in this representatic-:1.~ z 

three electrcns at once? 

your answer. Describe ho•r you might do a theoretical calculation to ascerts:_n 

the answer to this question. 



DO ALL rH33E P3.03L:::::JV~S 

Phvsics 611 
F:ina.l Ex?.min:_tion 
I\h.y 1, 1975 

(l) An alkali valence elec:ron in a d-orbital (Q =2) is perturbed by a strong 

magnetic field (Paschen-Eack effect). Find the energy levels. Include the 

spin orbit interaction. 

(2) Calculate the diffe:r·ential cross section dv of a cr.arged particle of mass H 
d..Q 

scattering from an atom inelastically. Assume the atom is fixed (no recoil), and 

the scc>.ttering particle is nonrelativistic. Assume a rr,_atrix element H 1 exists pp 
/ which describes the rate of inelastic scattering p -"'P vhere-the atom is excited 

a discrete amount of energy ~ 

(3) Derive the matrix element 11 1 for problem (2) for a particle ( .tJ-. meson) 
PP r 

scattering froo an hydrogen atom , and exciting it from the ls to the 2S: state. 

Carefully state Hhich integrals need to be done in or:ler to evaluate the matrix 

element , but do not take the time to do these integrals. 



From U:o ::;trncturc: of Ett. (3:3.14), we expect that the COi>rdirnt.,, 
representation of the ket 11) can be w:!'i~ten in the fm·m 

.. 
(l'Jl) o-= ,2; f,(r)Pz(cos fJ) (33.HJ) 

1=1 

Substitution of (33.19) into (33.14) leads to the following differential 
equation for ft(1'): 

2Z d2fl + ~ rJ!! - l(l + 1~ fz + 2- fz ·- J:._ fz == 
dr2 ·1· dr 1'2 aor ao2 

- rlr··r/ao 
aoJll·H (7rao3)t " 

(33.20) 

As expected, this agrees with Eq. (33.14) when we put l = 1 and E = 

-Ze/R2• 

A solution of Eq. (33.20) is easily found in analogy with (33.5) and 
again contains only two terms. Substitution into (33.19) gives 

( I ) ~ Z \ (aor1 rl+l ) 
r 1 = l JF+t(7ra~3)1 -z- + z:t:1 e-rl•oPz(cos 8) 

1=1 ' 

which, in accordance with (33.16), is equal to ft(r). 
(33.15) shows tlmt w2 is given by 

W2 = (OIH'Il) = --z2ez ~ _Q_f 2)(21 ±_!)J ~021+1 zft l22l+t R*Fi 

(33.21) 

Similarly, Eq. 

(33.22) 

Again, the leading term (l = 1) agrees with (33.7) when~E = -Ze/R2• 

It should be noted that, although Eq. (33.22) gives the firf3t two 
terms of an asymptotic series in 1/ R cormctly, the third tc~m, which is 
proportional to 1/R8, is dominated by the leading term of W3• Equation 
(33.17) Bhows that Wa = (11H'j1) in this case and that the leading term 
for largeR is proportio;.ml to l/R1 (see Prob. 15). 1 • 

34DTHE WKB APPROXIMATION 

In the development of quantum mechanics, the Bohr-fJommerfeld quanti­
zation rules of the old quantum theory (Sec. 2) occupy a J)()8ition inter­
mediate between classical and quantum mechanics. His inten!t~ting that 
there i0 a method for the approximate treatment of the Schri:idinger wave 

1 A. Dulgarno nnd A. L. Stewart, Pmc. Roy. Soc. (Lontlo11.) A23f.l, 21'1i (ln:Jl\), ft 
should be noted that, unlike the situation with the vun du \VaulH lllil'metion dil:~'l'·"'',! 
in the prC't<!<Jing seetion, there is uo corrediuu uriHillg from retarrlalilln in the P•··•·•·rol 
prohlor11. Thi~ iH het'fllltse the onl,v Irwtion ·~:s t.hnt ot' n sidhd·~ t•lt•i•tf,ul i11 thf' • Ir··"l:-,·· 

~tttt.ie polcnticd of lWO fix,,.!. dwr!leH. 

rqualion ihttt. ;;hows it.s conn•:c\.\on witl\ Uw qut•lltl:~n.t':•>:-1 n\!1'~. n. 1c; 
btl.-~ed on (tn expun:-;ion of the \\'avo !'lmet.ion in powe1·s of h. whieh, n.iihou;~h 
of a senJit~onvergent nr n;.;ymptotic ehanJ.cter, is neve\'t.lw.k:;:; ;doll usff\1\ 
for the approximate solution of quantum-mechanical problems in uppr<J­
pr-iate cases. This method is called the vVenlzel-Kramer.s-Brillm.cin or 
WKB approx1:m.at·ion, although the general mathematicu,l tce!tnique had 
been used earlier by Liouville, Hay leigh, and J effreys. 1 It is applicable 
to situations in which the wave equation can be septJxated into one or more 
total differential equations, each of which involves a single independent 

variable. · 

CLASSICAL LIMIT 

A solution tfl(r,t) of the Schrodinger wave equation (6.16) 

ih a',p = - '!!.:. ·c;;z,p + V(r)t/1 m . 2M · 

can be writt,en in the form 

iW(r,t) 
f(r,t) = A exp -T-

in which case W satisfies the equation 

~W + _!_ (VW) 2 + V- ih V' 2W = 0 (341) 
at 2M 2~t · 

In the clasr;ieallimit (h --~ 0), Eq. (34.1) is Lhe same as Hamilton's partial 
differential equation for the principal function W :2 

~±: +- H(.r:,p) = 0 
at 

P = vw-

8ince i.he momentum of the particle is the gradient of lV, the possible 
trajectories are orthogonal to the surfaces of com;t.ant Wand henee, in the 
classical limit, to the surf[tces of constant phase of the wave function t/J. 

1 It is sometimes culled the BW f( melhod, the classical a.pproximation, or the phase 
inlegml method. For the original work, see ,J. Liouville, J. de Math. 2, lll, 41~ ( t8:l7); 
T"ord Huyleigh, Proc. Hoy. Soc. (London) A86, 207 (1\1!2); H. Jeffreys, Proc. !AHulon 
M alh. Sor. (2)23, 428 (192:3); G. Wentzel, Z. Physil:. 38, 518 (l\J2G); J I. A. l(;-,uncrs, 
Z. P/,ysik. 39, g2~ (l02fi); L. Brillouin, Compt. Rend. l83, 2·! (Ul2G). For 1non~ J'('<'cnt 
dnn•lopmcnts, s~;e E. C. Ke1nblc, "The Fund,;mclltnl l'Iin•·iples of Quantum \ll'<'l<'HI· 
ies," so:n. 21 l~feUrnw-!Iill, ~'lew York, J!l:l'i.i; H. 1-: Lang.,r, Fhys. [(,.,,, fil, (j()\1 (1\1:;'7); 
W. IL Fmry, Phys. Rtll. '11, :HlO (l\l-17); ~--C. :\lilhor, .lr., ttnd H. H. (;nod, lr., !'.'.'!·'· 
fl,·v. {1',, 17·1 (iOiJ:l). The tn•nl.n1enL of this s-:•dion r•·c<'l:ohl•·~ mont cl,,:<ely ti>""' of 

Kr""''·''" and f.:·nger. 
' r:. T. \\'h if.t g ~r.:·r I H A nul\. l fe·~i ~ ty IL't:ll ''''1, q :{d t·d 'I :"I','' J L! \C;I.IIIilrid;.{P, L~.~ndun, 
~~·;~~·, rf {;t,!•l."'tein, ''('h· ... \ed \lt·dlllfli~·c.," _.,, ... ~L~ i,:\ddi."ton~\\'t"dt'j', l:t•ading, 

'.! . t 'I d '.1 



QU AJt '1U Vt 

IIII!Tift\O Of DltlllAI~MQ ANO Uii'11fS 

The iorr·going pror1•duro t'IUI be generalized in the following W:\y, ~ W !l 
start with Eq. (:H.! I), which is npplicablc to the ground state of any 
system llince in all known cases this state is non degenerate: 

W
2 

= S' (0/11'/n)(n/H'/0) 
" Eo- E II (33.10) 

Suppose now that an operator F can be found ·such that 

(n/H'/0) == (n/F/O) 
Eo- En (33.11) 

for all states n other than the ground state. Substitution into (33. l O) 
then givea 

w2 = S~(O/H'/n)(n/F/0) = (0/H'F/0)- (0/H'JO)(O/F/0) (33.12) 

where the term n = 0 has first been added in to make the summation 
complete and then subtracted out. Thus, ifF can be found, the evalu­
ation of W2 is greatly simplified, since only integrals over the unperturbed 
ground-state wave function need be evaluated. 

Equation (33, 11) can be written as 

(n/H'/0) = (Eo - En)(n/F/0) = (n/(F,Ho]/0) 

which is evidently valid ifF satisfies the operator equation 

(F,Ho] = H' + C 

where C is any constant. However, this last equation is unnecessarily 
general; it is enough that F satisfy the much simpler equation 

(F,Ho]/0) = H'/0) + C/0) (33.13) 

from which it follows that C = - (0/H'/0). 

We now define a new ket /1), which is the result of operating on /0) 
with F. Then Eq. (33.13) may be written 

(Eo- Ho)/1) = H'/0) - (0/H'/0)/0) where /1) = F/0) 

(33.14) 

The ket /1) can evidently have an arbitrary multiple of /0) added to it; we 
choose this multiple so that (0/1) = 0. If now Eq. (33.14), which is an 
inhomogeneous differential equation, can be solved for /1), the second­
order perturbed energy (33. 12) can be written in terms of it as 

W2 = (O/H'Jl) (33.15) 
1 

A. Dalgarno anrl J. T, Lewis, Proc. Roy. Soc. (Lon doll) A233, 70 ( 1!)55); C. Schwart 8, 

A 1m. Phye. (N.I'.) 6, 15G (1059). 

l!'''i .. (l.~I','AliON IJ'!:fHOOS FOR fl()UND STATE:S l67 

In sirnilnr fal'hion the series (31.9) for fr can be written in closed form: 

1{;1 = S;, ~~~n~1~) = S~/n)(n/F/0) 
= FjO) - /0)(0/FJO) = j1) (33.16) 

It is apparent that Eqs. (33.15) and (33.16) are consistent with Eq. (31.7), 
as of course they must be. 

The Dalgarno-Lewis method thus replaces the evaluation of the 
infinite summation (31.9) by the solution of the inhomogeneous differ­
ential equation (3a.14). The latter procedure may be much simpler even 
when it cannot be done in closed form, as with (33.~). 

TIIIRD-ORDER PERTURBED ENERGY 

The ket /1) = F/0) is all that is needed to find the third-order perturbed 
energy W3• We make use of Eqs, (31.7), (31.12), (31.13), and the com­
plex conjugate of (33, 11) to write 

Wa = ('uo,H'fz) 

= $~ (0/H'/lc) (s' (lc/H'/n)(n/H'/0) _ (lc/H'/0)(0/H'/0)) 
Eo - Ek n Eo - En Eo - Ek 

= S~(O/Ft/lc)(S~(lc/H'/n)(n/F/0) - (lcJF/O)(OIH'/0)) 

= (0/Ftlf'F/0) - (OJFtJO)(O/H'FJO) - (0/FtH'/0)(0/F/0) 

- (0/FtF/0)(0/H'/0) + 2(0/Ft/O)(O/H'/0)(0/F/0) 

= (1/H'/1) - (1/1)(0/H'/0) (33.17) 

since (OJl) = 0. We thus obtain a closed expression for W 3 as wel].l 

INTERACTION OF A HYDROGEN ATOM AND A POINT CHARGE 

As an example of this method, we now calculate the change in energy of a 
hydrogen atom in its ground state when a point charge Ze is placed at a 
fixed distance R. The perturbation is · 

Ze 2 Ze2 

H' =:" -R- - (R 2 + r2 - 2R"r_c_o_s_e"')! 

Ze
2 ~ ( r)' = - [[ L, R P,(cos e) 

1-1 

(33.18) 

pro'l'ided that R > r or, equivalently, that R i!l much grcatt~r than ao . . 
1 Tld:• rr~ult ~all 11IHn be ohtain<'d dirl'dly fmfll Eq~. (:)1.4) ant! (:!!.G) nH 11. apcdal case 
<,! th~ formub th·ri\'t'tl in l'rc•b. H. 



1. Let y {x)·denote the ortho-no~mal stationarJ~ states of a system 
n 

correspondi,ng to the energies E • 
n 

time t = o, the normalized 

state fUnction of the s.ystem is 

""r; a 'f (x). 
n n n 

Assuming the y and a to be given, n n 

a) Write the -v.'avefunction of' the system. for t > o. 

b) W.lat is the probabili -';;y that a measure.'!lent of the energy 

at time t will yiel.d the value E ? 
n 

c) is the expectation value of the at any time 

2< Prove that the eigenfu.nctions of the parity cperatc,r P, defined by 

( , form. a complete orthogonal set of fuaction.s. 

Let and denote the expectation values of x and :f1 for the state 

ConsiJ~r the state defined by 
•(..,;., _ -ipox/h. 
:a: .• n.,,-e l X 

" 0 0 

maow that both and vanish t'or this state. Does this violate 

the Explain. 

Give another exampl.e of a case -.,rhere both and. 

For a classical. pari;icle in :pericdie: motion, it is possible to show 

that 2T= r . VI/ where T is the kinetic energ;~r aveaged o-o;er one per:Lod. 

Prove an equivalent quan~:;um-mzch.anica.l the one dimensiorJ.aJ 

case by finding an exp~ession for the q~tantity and then· 

considering the special case when Y is a state. If 

V is proportionaL to , show that 
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