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Physics 611
Due: Jan 30, lu,]5
' ﬁg&ﬁaﬂy'

/(l) For the harmonic oscillator: ‘

e % o
ae Show that the Hamlltonlan may be ‘Wl’rtan H* J‘('M)(a' OH' /1)
Hint: Start with H ? -+ %x and def'l ne x ﬁnd p in *cermo of
a and a.+. ’/
_”vrrﬁmw_—ih - B b Evalua e [aJ HT ]
. S S —+fat, g.:\,..., : — — —
Cc. Bvaluate
X Sh "SH ?
- T T T T T T —eﬁ‘f‘:" Q\. e’““‘:‘-'"' P
: sH -S4 s is a constant
e ate =7 B
S (2\ Find the exact elver‘vaiuo equation for the potential ~

T (%) = eo  X<v9 T ““‘"V}'x;fﬁm

: A , __-:—‘th X0 ~B L i ~

- "(3) For the potential _ V(x) = — ;}Q{_e» Q\f%/a, e
R = oo x(ﬁ 5 o -~
f’ nd the ~01'1»'39 Shlft é}{ ) ‘POI’V Sti’ tes ‘,»I];—" energy = 5 L= A kﬁ7 o. ¥
S e = .
T ﬁ<&) Find?_the‘_tI'aHS“m'i;SSibnwifdéffié’féﬁf;'ff‘bfzfl_e‘fﬁ”f ri g £ ,‘ of the ?otent-. al
=0 1 1< I (- S N -
V= 4 e { x

oo d(5) Derive-the- numerical-value-(in-eV) for-the fboma—-st:,-;e energy of an electron
e An the £ollowing - potential o
. Nm= -V, Wb o
o= 0 X>bL - e

B ; > ) o - L

— *“’*‘g;‘w g - i-ofib‘ e |
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Dyes

(1) For the repulsive exponential potential, the wave function had the form

) — T . — T . 7
Y(X) = C@[ L ke ("ff‘?af)b%} = lka <§’tf;’:*3 m‘:

Find the coefficient Cl for delta function normalization,

/. | |
+/(2) For the Morse potential, find the phase shifts for energy states E>O,

- is,
\/ /2mi€— RS
/(3) For the Morse potential, mzke = plot of potential strength S = L EEI;?E,/
for 049545 against bound state energy -E/A. .

séé%l'r) From the definition of the confluent hyvergeometric funcfgan, show that it
is the solution to the differential equation
2 ‘ - R
4 d TN
7 [Z é.zl. +(g“ E)Iz‘ — a; i F{i‘) b}"ﬁ ) e O

-

(5) Consider the one dimensional Schrodinger equation with the delt= function

potential V(x) = - )\ §(x) . ,
a. For each valuve of energy E >0, construct two wave functions which

are orthogonzal to each other, and normalized zccording to delta function
normalization.
b. Show, by exnplicit intszration in x-space, that these wave functions

are also orthogonal to the bouni state wave function.

¢. Show, by explicit integration in k-space, that these wave functions

&
form a com; lete sat. B
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Dpe Feb 13, 197%

# 4
4
V(1) Find the eigenvalues exactly for the haif- space harmonic oscillator:
N for e
Vi(x) = ¥ X %0
= g0 x £ 0

(Hint: with a little thought, the answer may be obtained by doing no work

o

whatsoever) . Then do the same problem by WKBJ, and compzre the two resulis.

e
&
gy(Z) Use WKBJ to find the energy of bound states in the one-dimensional potential

v{x) =0 5 fxj zo. :
VEY = K (-a) Ixl va \\
3 (!Xi } 3 | \\

L

;ﬁ(}) Given that the two dimensional form of the radizl Schredinger egquation is

—HZ d .. 4 —
gam %drrds”wr &

G
£
)
Mt
!
Q

develop the WKBJ form of the razdial wavefunction.

(4) Consider the potentizl in one dimension ¥{X)= Ez%"{/{’imxl}where :il is the
strength parameter.
a. Find the exact solution to the one dimensional Schrodinger equation.
(HEint: they are of the fom' vx N 5%‘7._3‘-}

b, 4s AX->p

UJ

oW hat %ﬁy).g,vffivgkrkégnd obtain an explicit expression

for the thase shift 521 .

c. Obtain the wave function for E »V(x) by WKBJ. Calculats the vhase shift !
this method, and comoare with (b).
i

. ﬁgs) Use WABJ to find the eigenvalues of the jquartic potential V{x) =K x .

Hint:

o
<.
T
e.X

§
&




/4 . . |
%3(6) The vpotential which keeps electrons within the surface of 3 metal nay
be approxim-ted by 2 ster potential of height VO. Application of an electric

field F changes the potential foz saw tooth share. Calculate the tunneling

E, and F. This is called

amplitule T trrough this barrier, as z function of VO’

"Fowler-Nordheim" tanneling.

[o}
i
Y Ve
F=0 R F#0~
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three dimonsional uotontinl

~ 2 b
~%e /b r<h
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7

—-ue?’/r . T 7h

L nre2 disensional harmonic

oscillator, and obtain the eizenvalues,

S
P

fint: set Z= (r/xo) Xo = R [

and assune ’X(H — = e,~ G(%)

ang G(z) obeys a faniliar equation.

e T,
gigenvilues of the

Uy

gigenvalue?

[ ot o Yol S ‘ . . P B A,
5 sing hydrorenic bound state wave funcfisas, show:

-

2 one dinensiaonil coulnumo notentisl
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Phvsics 611
Due: March 6, 1975

Z=ch ZProblenm Counts Doubls (20 points)

(1) Use vari-=ticnal theory to solve the ground state energy of two 1s electrons
in = coulomb potential of charge Z. The rasult “or 7 = 2 should reproduce the
reliom result siven in lecture.

a. 2 = 1: Does the H ion exist? If so, what is its bindins energy? If not

what energy amount does it need to bind?

- 4 L+ . .. . -
b, % = 3: Compare with the Li ion, whose exmnerimental isnization ensrgi=s

are 75.3eV and 121.8eV for the two electrons.

ionzl theory to find the 2s electron . bindin g energy of Li.

<O

~~
N
[
(4]
®
<
»
¥
i
A\
ot
)

Compars with the expsrimental value given in lecture. TUse (51.16) of text,
~ - ~ > . * . .
but zut in elsctron-electircn interactions, and Z for the 1s state (which is

knowm from problem (1)). PR

{2) Zolve the Hamiltonian for 2 hydrogen atom in z const=nt electric field F
R L | e
H= -2 1 £+ e Freose
by using the vazristional wave function for the ground state

Wir)= A% 1+ AL cose)

whers a = bchr radius, and }‘ is the variztional narameter.

a. Find the value of A which minimizes the energy.

b. Express the energy as a function of F. '
c. Expand (o) in 2 Taylor series about F = 0, E(F) = E(0) -QLF2/2 + O(FL+)
Calcq@%ke o , which is the nolarizébility of hvdrogsn. Compare with

the exact result = 8 q3

s

>3
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Physic A1l
Dues March 13, 1975

\a
\ +
(1) For the harmonic oscillator, we had H= hw (a a+'2)

fa,al=0
[a,atl=1
[ﬁf",a*}: O

Starting from just these statements, derive the eigenvalue s ectrum of the
- - - e 5 (g ] + —
harmonic oscillator., Hint: Assume an eigenstate in? of aa ) CCWKIﬂ} = nind

and zive arguements that show n must be a non-negative integer.

(2) Derive g table of Clebsf@—@ordon coefficients for -:3: o 3/2_

(3) write downrﬁ;e spin states obtained by combining three spin ) states.

\ - ;;’:’ N . . . . . .
() Two Helium atoms interact with a potential which is often described by -
a Lennard-Jones form

veey= se [ (£)%- ()]

€ = 1.6 10-164ergs
g = 2.56 1%
2L
mug = 6.65 10 7 gms

Numerically solve Schrodingers equation for E = 0. z2nd obtain the relative
wave function of the two atoms. Remember: the reduced mass is used in relative

coordinates.

(5) Use the

4]

sme potential for two heliums to compute the relative s-wave

phase shift as a function of k for O<ke 4 4
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2) In the perturbation the

order correction to the -

-~ TreatV a perturbatio
Zirst

nwto—HO, and- determin
and szcond order e *uurbatlon tneory

to expanding the exact result: £
n’.:

wave function.

ory Solution, obtain

<N

ﬂ+%i)ﬂ[ St =

fgh) Consider a hydrosen ztom which kas an added

If X_ is STE

with differe

adius) from a hydro

V6) For the helium atom, writ

by (2) Obtain the ground

th e energy chaq in the sj

order perturbsition theory.

Ho=: (U7

ex

aY)

uccessive *ern“

long distance R

is
-y B
X

(R>>

ding term, in powers.of 1/R

7, ) Ze® (F‘.‘*?!;)
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— 1} Derive the differentizl cross section in the Born Anproximstion for elastic
o3 o > 3 T / > - -
scattering from a fixed votential V(r). Assume the incident particle is going

relativistic energies. What is the result for Rayleigh scattering (elast

atterinz of photons)?.

2) What is the differential cross section in the Born avproximztion for
electron scattering from a coulomb potential of char

Rutherford formuls.

%7 Compare with the

0}
o

£

3) Consider a hypothetical nuclesr reaction ¥ + e + e (electron

e

plus positron). Calculate the distribution of final energies of thes electron.
Hse relativistic kinematics for the elecﬁrcn 1nd positron. Assume a constant
mzirix element, and zlso that the flnqL/energy of the nucl=son is smalil.

T

4} Calculate the oscillator strength f, analytically and numerically, for the
transition between the ground and the first sxcited state of the following
potentials:

3. hydrogen atom

o. three dimensional harmonic oscillator

c. One dimensional bozx of length L and inlinite walls.
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(2) 1

dimensicon,

kaf ’
? A= constant
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<nf

In- three dinensions,

N
N
—

V() = A exs(-22/2) A 70

£

! ..
Tor the case Q =0, urite




DO ALL THREE PROBLEMS

+

Physics 611

Exsmination
Mgreh 18, 1975

(1) Do a variational calculational to find the lowest bound state of 4

dimensional potential
Vixy= Fx X re S '%

(2) Consider the angular momentum state J = 3/2. Dencte the four m-s

b, =3/2) by the four vectors 5 fo oy /0O
: - o L. ey

o o : {JO

‘ ¢/ f

a. What are the & by 4 matrices L and L™ in this representation:

)

b. What are the 4 by 4 matrices L_ and L_ in this representation
- T

-~

c. What are the 4 by 4 matrices Lz and

(z=2>

(3) Would you expect a Helium ion fo Bind three electrens 2t o

your answer. Describe how you might do a theoretical calculation tc sscertain

““the answer to this gquesticn.
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Phvsics 511
Firsl Examin-tion
1'72'3" 1s 1975

DO ALL THREE PROBLIMS
(1) 4n alkali valence eleciron in a d-orbital {J =2) is perturbed by 2 strong
magnetic field (Paschen-Back effect). Find the energy levels., Include the

spin orbit interaction. Hﬁ&i:: - W (£ +g£f>‘,§p -3 éfeg

.- . . d@ .
(2) Calculate the differential cross section Th of a charged particle of mass M
scattering from an atom inelastically. Assume the 2tom is fixed (no recoil), and
the scattering particle is nonrelativistic. Assume a matrix element an, exists

. - . . . s . .
which describes the rate of inelastic scattering p-=rp  where-the atom is excited

a discrete amount of energy A . &p’ <&,

(3) Derive the matrix element Mﬁp' for problem (2) for a particle (/0”‘ meson)
scattering from an hydrogen atom , znd exciting it from the 1s to the 2% state.
Carefully state which integrals need to be done in order to evaluate the matrix

element , but do not take the time to do these integrals.




From the structure of Eq. (33.14), we expeet that the coordinas
represcatation of the ket [1) can he written in the form
0

(t1) = % fir)Pi(eos 0) (33.19)

Substitution of (33.19) into (33.14) leads to the following differential
equation for fi(r): ‘

&f | 24df

I+ 1) 2z

2 1
—v —— —— —_— — — F S S — o, ~rfag
drt o dr o b agr 7 ao* T @l (mat
o ' (33.20)

As expected, this agrees with Eq. (33.14) when we put [ = 1 and [ =
—Ze/R*

A solution of Tq. (33.20) is easily found in analogy with (33.5) and
again contains only two terms. Substitution into (33.19) gives

iy

o

7 art gL ‘
i) = ,E B i{may) (% + rq:—l) ¢~r1Py(cos 0)
=1 "

(33.21)

which, in accordance with (33.18), is equal to ¥i(r). Similarly, Eq.
(33.15) shows that W, is given by

e B 2@+ Dl
W, = (0|H']1) = - 72 ( 22(21+1+ ) ?guzlﬂ

(33.22)
=1

Again, the leading term (I = 1) agrees with (33.7) when't = —Ze/R2,
It should bhe noted that, although Iiq. (33.22) gives the first two

terms of an asymptotic series in 1/R correctly, the third teym, which is

proportional to 1/R8, is dominated by the leading term of W =~ Equation

(33.17) shows that Wy = (L|H'[1) in this case and that the Jeading term

for large R is proportioual to 1/R7 (see Prob. 15).1

3MLITHE WKB APPROXIMATION

In the development of quantum mechanies, the Bohr-Sommerfeld quanti-
zation rules of the old quantum theory (Sec. 2) oceupy a positiou inter-
mediate between classical and quantum mechanies. 1t is interosting that
there is a method for the approximate treatment of the Schrodinger wave
1A, Dalgarno and A, L. Stewart, Proc. Roy. Soc. (London) A238, 276 (1038), It
ghould be noted that, unlike the situation with the van der Waals internetion disenssrd
in the preceding section, there i3 o correctivu urising frora retardation o the presers

problem,  This is beenuse the only motion s that of a siegly electron iy the sieston
atatie potential of vwo fixed charges.

' :  be connect with the : saton yuawes,. kL e
pequation thut shows its c(),uu,,ct,u?n \,xlh.\ ?‘\\c quanti ‘m > \1 e hoteh
an ait expansion of the wave functionin powers of b, which, nithough

v

)
smsed ' 1
o dess also uselul

of a semivetivergent or asymptotic character, 18 neverths :
for the approximate solution of quanturi-mechanical problems in appro-
priate cases, This method is called the Wentzel-Kramers-Brillowen or
WKB approzimation, although the general mathematical technigue had
: H : : ¢ it .
peen used earlier by Liouville, Rayleigh, and Jefireys. ‘_LL is applicable
to situations in which the wave equation can be separated into ong or 1201 e
i i i ich i res a si ing ent
total differential equations, each of which invelves a single indepen

variable.

GLASSICAL LINIT
A solution y(r,t) of the Schrédinger wave equation (6.16)

. 2
W=~ vt vy

can be written in the form

W (x,¢ .,
Yty = A exp L—é—)
in which case W satisfies the equation
W L gmyprv—Tow=o (34.1)
- T (VW) + %

In the classieal limib (h - 0), Eq. (34.1) is-the same as Hamijton’s partial
differentisl equation for the principal function WW:?

ow

al

Yince the momentum of the particle is the gradient of W, the possible

trajectories arc orthogonal to the surfaces of constant W and hence, in the
classical limit, to the surfaces of constant phase of the wave function Y.

+HEp) =0 p=VW

Tt is sometimes called the BWK methad, the classical approxzimalion, 101" i,l‘m pl‘mse.
integral method, For the origing) work, sce J. Liouville, J. de Malh. 2, ]b,)4 l.h ;18%[7),
Lord Rayleigh, Proc. Roy. Soc. (London) AB8S, 207.(1912); H./ ‘Jetf'r\eys, I roz;:’"’,onr an
Math, Soc. (2)28, 428 (1923); G. Wentzel, Z, Physil. 88, 518 \1‘9:3{;,; }‘I. A ..\.a‘m\o‘z;;
Z. Plysik. 39, 828 (1926); L. Brillouin, Compt. Rend. ].83_, 21 (1026), For mm\u’ n‘rux
developments, see . C. Kemble, “The [i‘undeunenta! Principles of (}\lulr\f‘lnn‘(,\,‘l <( ' ,;nn.
ies,” see. 21 (MeGrow-Hill, New York, 19373 R ‘F, Langer, Phys. /u'u,‘ul, 664 (!;l-lil )‘,
W. 1L Furry, Phys. Rew, 11, 360 (17); 8 G ‘.\h?lu;, Jr., and R, H. Good, Jr., / .u.\%
Kev, 04, 174 (1953).  The treatment of thiy seetion reserables most closely these o
Kruwnrs ansd Longer, , )
VEL T Whittaker, Anpivtioal Dyasmies,” 3 el see 182 {Cambridge, Lum?nn,
U Gueldstels, “Closwiead Mechaabes”" ses, et (Addizon-Westey, Breading,

w, Yaun




s QUASTLE ey osinn., o

HETHOD OF DALGARND AND LEWIS
The foregoing procedurs con be generalized in the following way.t W
start with Eeqg. (31.11), which is applicable to the ground state of any
system since in all known eases this state is nondegenerate:

(O’ [n)(n]H’|0) )
Sy o= Q7 Lt
Wy =S o — I, ) (33.10)
Suppose now that an operator F can be found such that
n|H'[0) :
LD~ (apioy (83.11)

for all states n other than the ground state. Substitution into (33.10)
then gives . ‘ ’

Wy = S (0| H'|n}(n|F|0) = (O|H'F|0) — (O]H']0){0|F|0) (33.12)
where the term n = 0 has first been added in to make the summation
complete and then subtracted out. Thus, if F can be found, the evalu-
ation of Wy is greatly simplified, since only integrals over the unperturbed

ground-state wave function need be evaluated.
Equation (33.11) can be written as

(n|H'|0) = (B, — E,)n|F|0) = (n|[F,H |0}
which is evidently valid if I satisfies the operator equation

(7,0 = H' + ¢
\Qhere C is any constant. However, this last equation is unnecegsarily
general; it is enough that F satisfy the much simpler equation

[F,H,)|0) = H'|0) 4 €|0) ' (33.13)

from which it follows that ¢ = — (O|H’|0).
We now define a new ket |1), which is the result of operating on |0)
with 7. Then Eq. (33.13) may be written
(Eo — Ho)[1) = H'|0) — (0|H’|0)]0) where [1) = F|0)
(33.14)

The ket 1) can evidently have an arbitrary multiple of |0) added to it; we
choose this multiple so that (0]1) = 0. If now Eq. (33.14), which is an
inhomogeneous differential equation, can be solved for |1), the second-
order perturbed energy (33.12) can be written in terms of it as

W, = (0|H'|1) (33.15)

' A. Dalgarno and J. T, Lewis, Proc. Roy. Soc. (London) A288, 70 (1955); C. Schwarts,
Ann. Phys. (N.1) 6, 156 (1959).

et
LAPEORIMATION METHODS FOR BOUND STATES 267

in stmilar fashion the series (31.9) for ¥, can be written in closed form:

R

= F|0) — [0)0|F|0) = |1)

It is apparent that Eqgs. (33.15) and (33.16) are consisﬁent with Eq. (31.7),
as of course they must be, . .

The Dalgarno-Lewis method thus replaces the evaluation ott the
infinite summation (31.9) by the solution of the inhomogen'eous differ-
ential equation (33.14). The latter procedure may be much simpler even
when it cannot be done in closed form, as with (33.4).

(33.16)

THIRD-ORDER PERTURBED ENERGY
The ket |1} = F|0) is all that is needed to find the third-order perturbed
energy Wi We make use of Eqgs, (31.7), (31.12), (31.13), and the com-
plex conjugate of (33.11) to write

Wa == (Uo,H’\pz)

, OUH'IEY () (k[H'|n)(n|H'|0)  (k|H'|0)X0|H'|0)
=S’°Eo-1;k(s" E, — E, E, — E, )

= SHOIFHIYS (kI H [n)(nIF|0) — (kIF|0)OLH'|0))

= (O|F*H'F|0) — (O|F*|0)O|H'F|0) — (O|F'*H'|0)0|F|0)
= (O|F'F|0)X01H"|0) + 2(0IF*|0)(0]H'|0)0|F|0)

= (1[H'|1) — (1[1X0]H’|0)

since (0]1) = 0. We thus obtain a closed expression for Wy as well.!

(33.17)

INTERACTION OF A HYDROGEN ATOM AND A POINT CHARGE
Asan examplé of this method, we now calculate the change %n energy of a
hydrogen atom in its ground state when a point charge Ze is placed atl a
fixed distance E. The perturbation is

= Ze* Ze?
TR (R*4 v — 2Rr cos O)}

ze $ (1Y ~ (33.18)
E= R —[ﬂ—z (E) Pl(COS 0) |

=l

provided that B > r or, equivalently, that R is much greater than ap.

P Fhis result cen nlso be obtained directly from Kgs, (31.4) and (31.6) as a apecial case

«f tha {ormula derived in Preb. 14,




Let Yn{x')' denote the ortho-normal stationary states of a system
corresponding to the energies E . At time =0, the normalized
state Tunction of the system 31

Assuming the? and a to be given,

a) Write the wavefunction of the system for t>o.
b) Whaat is the probability that =2 measurement of the ensrgy
- 2% time t will yield the wvalue Eﬁ?

¢) Wha % is the expectation value of the energy at any time 2

Let

.

r
1]

I ;;;_@
(x). Consider the state ¥(xz) defined by
7
- -ipex/k
¥(x) = PO By

and P, deaote the expectation values of z znd p Fer the stat

o

Show that beth {x} and {(p) vanish Tor this siate. Does this violate
the uncertainty principle? Explain.

Give another example of & case where both {x) and () vanish.

For a sical particle in pericdic motion, it is possible o show

ey

that 2T=7r . v where T is the kinetic energy sveraged ove

d

r one pericd.
Prove an eguivalent quam:im«mwc anical relaticror the ons dimensiocnal

case by finding an expression for the qua

considering the special case when ¥
n

¥V is proportiomal to x 7, show that

) 20T = ulV).
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