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b) Derive an expression for the electric field intensity
E at any position x along the positive x axis, starting
from the expression for V found in part (a). (123

.
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Selids, like gases, are made up of large numbers of interact=-
ing particles. In the absence of any informaticn about individual
particles one can still predict with accuracy many properties of
such an assembly., using the laws " probability and statistics.
One of the central problems of statistical mechanics is concerned
with the prediction of the most prcbable energy distribution of
a large number of interazcting particles. This distribution,
called the "equilibrium” distribution, has been found to have
such a high probablility of cccurence when the number of particles
is large, That significant deviations from this distribution are
very uniikely (but nof impossible

The energy E of an individual particle is the sum of its
kinetic energy and its potential energy. The kinetic energy
depends only on the particle's momentum and the potential energy.
only on its pesition so that its energy is completely specified
by six qus m,itiess three momentum components (e.g. Dy y z)
and three position coordinates (e.g. Xsyﬁu)ﬁ At any insté
ecach particle of the assembly will have six values aSSOCiaLeQ
with 1t, one for each of the guantities mentioned above. The
task o“ finding the energy distribution then becomes one of
Tinding the numbers of particles hzving values between X,y,% ,pX
Pys: Py and X +&%, y +tay, z * Az, Py T APy, Py +<&@y$ p, * AP,

so that the

1 gas). In this
cified by its
oint in "momentum

For example, suppose the particles are free
potential energy U = 0 for all particles (an ide
case the energy of tThe particle is completely sp
momentum components; it may be represented by a
space' as| shown below.

o

.
a
e
P




O
!

<

One may think of this momentum space
cells™ of d‘neﬂ:ionsﬁgp,s AD

most probable distributidn of

to determine the energy dist
the cells are six dimen
space’, 0

D
(@]
3

m oW W
)

55 e
i
2
ol
3

Suppcse now that one has N particles and wishes to deter-—

mine the most probable distribtuion of them among cells of energy
Eq, E2$ Eg. etc. The probability of a particular distribution is
proportional To the number of ways W making the distribution,

and it can be shown th

&

b T
t if the articles ar distinguishable
C X ne partlicies are Lstlinguisnadle

from each other

W = NI

where Nl = number of particles in cell 1, etc.

(1)

Example: Suppose there are U particles to distribute

between 2 cells.

(possibility 1): &l1l 4 in CQll 1; only one way to do it

(possibility 2): 3 in cell 1, 1 in cell 2; four ways to do
it¢...with particle a, b, ¢, or d in cell

Wy = yro o= 4

30 1t

(possibility 3): 2 in each cell; six possible
cesescee iCentify them yourse

W = bt = 6
21 2!

comb iy
it

naticns

(possibility 4): 3 in cell 2; similar to possibility 2

(possibility 5): &all 4 in cell 2; similar to possibility 1

In this case possiblility 3 describes the equ
and it is not much more probable Than possib

Librium distribution
ities 2 or 4 (this

would not be the case if there were a large number of particles

and cells).

In order tec cobtain a general expression for the
energy distribution, one maximizes W (equavLOp 1) wit
to variable Ny, h9°ﬂse§ee

(LaGrange's method of undetermined multipliers) with
tions

J = K \ N = ¥
I\ .’Lul‘gpl\iz+l\3+_&sessss&ee@&~ »[-eN

~

4



E = N_ E. +

N E & . =3 N.E.
1 ,.L \2 —E)2 b €6 ¢ 0 & v v & é”‘l\iEl
and gets the most probable energy distribution
S _ "'Ei./l{T :
SIS
I\ick—c (2)
Wherg N%Eis the number of particles having energy Ei. This express-
ion is directly useful only where energies are discrete so that a

is continucus the cells must be considered 1nfinitesimai and of
volume df: in six dimensional phase space {(e.g. in cartesian co=-
ordinates d{r = 4 Dy d p.. @& p, 4x 4y dz ). The number of particles
per infinitesimal call i theh '

-E/kT
3N e« 2 / an ' (3)

particular energy E; is assoclated with each cell., If the energy

Equations (2) and (3) represent the classical Maxwell-Boltzmann
equilibrium distribution.

One of the difficulfties with the above analy
particles can't be labeled a,b.c,.....they are indist guwshabTe5
Thus in the example given concc*n¢nv the distribution of L particles
between 2 cells, there are not actually four distinct ways to put
Three particles in cell 1 and one in cell 2; the expression (1)
for W is incorrect. Also, according to gquanftum mechanics, the
position and momentum of a particle can be determined simultaneously
only with uncertainty

rsis is that
stin

Py &% > 40/2 etec.
and therefore the cell volume can't be infinitesimal but must be
of the order h3/8 or greater tc ensure knowledge of when a particle

is in a particular cell. When these facts are taken into account,
an analysis similar to the above yields for the eguilibrium number
of particles in a state of energy Ei

Ny o< 1
B e é—él/f’m 7 (Lt)

H

which is the Bose<Einstein distribution function.

In the case of particles having half integral values of spin
(e.g. electrons, protons neutrons) there is also a restriction on
the number of particles that can go intec a particular state. In a
given system, only one particie is allowed to cccupy & state having
a given set of guantum numbers. One determines the probabllity
f (E1) that a2 state of energy Ei is occupied rather than the
number of particles in the state. The equilibrium result 1is

f (Ei) = 1

Ei /KT (
5 QKL/K 1 5)




where the precbability function £ (

f E;) 1s called the Fermi functio
The guantity B is not temperature independent and may be wri L en
[y

B =g “EF/RT
resulting in

£ (Ei) = 1

(by=ER)/KT /
€ + 1 ; (6)

where Ep is called the Fermi energy of the system and 1s almost,
but not gquite, temperature independent. The Fermil energy Ep 1s
defined as the energ gy of that state which has a SOA chance of bein
occupied by some particle, since when Ej5 = En, = 1/2. States
having lower energies (E. «<E ) are more 1¢1eiy to be occupied

( £>1/2), and states of blgher energy (E > Ep) less likely

to be occupied (£ =< 1/2).
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