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Problem 6.8: 

a) 

b) 

c) 

1 N-J,. 
W' (~) = - L:! w(i) exp [-j~' (~1.+~)) N . 0 J.= 

N-1 
= exp[-j~'E_] L: w(i) exp[-jk'x.] 

- -J. 
i=O · 

= \-7(~) exp [-jk 'E_] 

where'd~ (d d d)' 
- x' y~ .z . 

N-1 W' (k) = 1 
N L: w(i) exp[-jD~'·~i] 

i=O. 

= W(~D) 

W' (~) 
N-1 

=l L: · w(i) exp[-jk D x.-jk D y.-jk D z.] 
N i=D X X l. y y l. z z l. 

= W(_R-_) where R, = (k ·D ,k D ,k D ) ' 
- XIX y y Z Z 
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Problem 5.3: 

a) 

b) 

c) 

Y (z) 
z 

-..,..--,-- = ---=-
~z(z) 1-az-l 

1 -1 Y (z)=X (z)+az Y (z) z . z z 

' c(n) = ao(n-1~1 
, 

y.(n)=x(n)+ay. 1 (n-l) 
~ ~-

y
0

(n)=8(n) 

y1 (n)=8 (n)+ao(n-1) 
: 2 

y2(n)=o(n)+ao(n-l)+a o(n-2) 

Yr(n) 
I . 

J.: 
= l: a 8 (n-i) 

i=O 

• . 
n = a u(n) 

OQ 

2n 
a = 

2(I+l) 
a 

2 1-a 

I I [p 



1111 TilE FOIIHIEH TIIANSFOII:\1 .\Ni; ITS AI'I'LICATIONS 

2ti Trro-dir ... ,:.vional impulse. Stale th1• nature of the following impulse sym­
hoJ, in two dimensions Ly gi~·ing (a) the.lo·~~-~ wherl' .. the iri1pulse is locatl'll and 

(h) tlw lill(•ar density at t•:u·h point of the locus: o(r + .1/). o(.ry), o(sin IJ). 
b(r7 + y' - I), o(r' + y'). 

21 f)rriralirc lhrorem.~ for Ilankl'llran4orm. Show that 

(rf)' => - (qF)' 

and that f' => - [qXI r 1fiJ'. 

28 IJI'riralire lht'orem for J/ankl'llran.vform. Show that. 

d 
rf'(r) :::> -q 1 -- [q 2F(q)]. 

dq 

29 llankrl fran.vform throrrm. Show that 

f(r) =X {q- 1 !!_X {,.-t !!._f(r)} }· 
dq dr 

.10 llankel lrawiform aamplr. Establish that the Hankd transform of 
r1 exp ( -n') is (11"- 1 - q') l'Xp ( -1rq2). 

.11 llanl.·rl fran.•form. Show that 

r~ ./l(.r)./u(a.r) d.r = /l(l -a'). 
)o 

.'12 flu,/.·,·1 fra11.vjorm t'.miiiJik Yaify thai ( hrr2) 1 .le(7rr) has Hankel lrans-
forrn ( l ·- r/)11 (q). 

.JJ f'tllu·hy pri11ripal rulw·. \\' .. often use th1• phrase "area under the curve 
f(r)" lo mean the integral from - oo to oo. lntuitivl'ly. from expl'rience with 
arl'a'i, onl' might expect that tlw an•a under f(.r) is thl' sam<' as the area under 
j(r I· I). Can you provp that 

~-~~ 'gn .1· d.r = ~~oo sgn (.1· + I) d.r? 

.'1 I /{udial .vam pliny under rirrular ·'Jimmelry. The light from a star is received 
at two points spaet·d a certain distan<·e q apart and the eomplex correlation 

hd we!' II tlH· two optical wanforms is dl'lermint'«l. It can he shown that this 
('Oillplt·x number is a Yalul' or the Hankel transform U(q) or thl' brightness dis­
lrihulion b(r) on•r the stellnr disk (assuming that tht> brightness distribution has 
c·irndar symmetry). (If r is mc·asun·d in radians. q wiH lw measured in wave­
IPngtlts.) SincT \lw star i, of finite extent. it suffices to sample the transform at 
n•gulad~· spa .. ed clislarwes. Show how to 1lderminc b(r) from valut's of U(q) 
dt•l<-rmincd at q = 0. a, 'la, .... 

.1.1 . f IH-/ lramiform. L<'l f(-) lw subjected to two Abel transformations in suc­
c·t•"ion. Show that the n•sulting funetion f,u(.r) is equal to th~ volume under 

Supplt•mt>rllary problPm.& ·H 

.f() outsidP radius .r. that is . .f.u(.r) = 'l1r ioo rf(r) dr. (This prol>h-m was sUJ 

plied hy S. J. Wernl.'eke.) 

.16 T~t·o-dim.en.vional autororrt•lution. Let f(r) hav<' ,\hd l.ransfonn fA(.r). 
we take the two-dinwnsional autoconelation of f(r). we g<•l anot h1•r <"ireularl 
symnwtrical function. Show that. the Ahd transform of the two-dimension; 
aut.o .. orrelation is the one-dinwnsional lluto<"orrplatiou of tlw .\1.,·1 lnlllsfon 
f,(.r); that is,f(r) uf(r) has .\l>~·llransform.f.,(.r) *f 1 (.r). 

:11 . flwl-Fourii'T-llanl.·cl cycll' ·~( lransformx. Fund ions t'Jlll lw spatially a' 
ranged in groups of four t.o exhibit tht' Ahel-Fourier-llankd !'}'l'k of transforn 
(R. N. Bracewell, A.u.vfral. J. l'h!f.v., vol. !1, p. l!Hl, 1!15G. aud l'rohlem l'i!.W 
Thus tht' relationships 

Jill<' T 

siiH' .r 

ll(q) 

Il(q) 
(I - 'i!u2)!II(u) 

has A hel transform sine .r 

has Fouril'r lransformii(IJ) 

has Hanh·l transform jine r 
has Abel transform (I - 4u. 2)!IJ(u) 

has Fourit'r transform jin<' r, 

where jine r = (2r)·-IJ 1 (1rr). are all compactly summarizPcl hy grouping the fol' 
funcl ions as in the hox. 

.,~""';"jf.{i.J 
JliiC r (1 - -~u 2 )lfi(u) 

Abel Hankel Abel 
Sill!' .1' II ('I) 

The diagram 
relationship. 

LFouri~-f(r) 
on llu· right is tlw kc·y to the· lmns~·ms impli1·d J,y lltl' spati: 
\' erify I hP following i mportanl groups. 

Sill<' r 

.lo(7r.1') 
Il(u) 

7r '(t- q2)-!II(q) 'la(a 2 

M(r) 
sinc2 .r 

(1- u.2)!- u' cosh· 1 u 1 

A(q) 

o(r - a) 

- ;·2) lii (;~;) 

e. 1rr
1 

e -1(.I'l 

2 ('OS 'l1rUU 

'!.rra.l 11 ('l1raq) 

('- 'KtJl 

(' W<i'l 

.18 \'t'rify tlu• composite similarity th<'orem for tlu· Fourier-Alwl-IIankl'l cycl 
of transforms, for a > 0: 

If 
f(r) 
g(x) 

F(u) 
O(q) 

af(ar) 

then 

g(a.r) 

F(~) 
a·

1
0 (!) 
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Take Home Final 

1. Using the McClellan transform, design a 2-D hexag,:.nrtl FIR lo1t1 pass filter 
wHh near circular symmetry that passes frequent?.·i.:.::; t~rr/4. Plot the 
frequency response slices H(w1 ,0) and H(O,w2). 

2. Page 280, #5.3. 

3. An ~~1>1 dimensional signal has a spectrum with the support of a hypersphere 
with radius/J, The signal is sampled at minimum density and a sample is lost 
at the orig1n. The know'n data is perturbed by zero mean stationary sample 
wi~~e __ ~''h2!e noise 1--lith variance D. Plot the restoration noise level, 

2(o/ t; 2 for l< M5 8. 
n 

~ 4. Page 342, #6.8. 
"i,\, 

--------------------------------------------------------------------~---------------1 
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'. 
" Prob.lern 6.8: 

a) · H1 (k) 1 N-1 
== ;.:.... L: ! w ( i) exp [ 1 ( ' N i==O -jk ~i+E_)] 

b) 

c) 

== exp[-j.!s:_'..Q_] 
N-1. 

E H(i) e .. ,1[-jk 1 x.] 
- -:L 

==H(k) exp[-jk'i] 

Hhere d ~ (dx,dy ,d)' 

H .. ' (k) = 1 N-l 
N E w(i) ex\-/l-jD~' •xi] 

i=Q. 

= H(~D) 

N.:...l · ·. 
H'(k) == !-

1 
r..·.H(i) exp[-jk D x.-jk D y.-jk D z.] 

l i=O X X :L y y :L z z 1. 

== H(>!. __ ) where >!. == (k ·D ,k D r,. D ) ' 
- - x· x y y' z z 

14C:, 
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Problem 5.3: 

n) 

b) y:l (n)=x(n)+ayi-l (n-1) 

c) y
0

(n)=o(n) 

y1 (n)~(n)+ao(n-1) 

Y (z)=X (z)+az-lY (z) z . z z 

: 2 
y2(n)=o(n)+ao(n-l)+a o(n-2) 

Yr (n) 
I . 

1 = r a 0 (n-i) 
i=O 

• . 
n yro(n) = a u(n) 

"2n " a
2t

2
+1) ] . e 2 (n) "' E u 

n=I+l 1-a 

h------------------
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EE521 nrune ____________ _ 

examination #1 

closed book, no scratch paper (there's some at the end of the booklet). 
one sheet of notes, a calculator and a math table are okay. 
please do all of your work in the test booklet. 

all problems are worth 25 points. 

************************************************************ 

PROBLEM 1: 

Consider the following periodicity matrix: 

Which of the following matrices produce the same periodic replication? Choose all that 
apply. 

(b) [ 
1 

_(] 

-1 1 [

2 -1 ] 
(c) 

-1 -1 

(f) [2 -1 ] 
2 1/2 

Circle the equivalent matrices clearly. Ambiguous answers will be graded as incorrect. 



PROBLEM2: 

Consider the two three dimensional signals shown below. The value of both functions at 
all points is either one or zero. The value of the function is ~hown at its location. If a 
value is not shown, it is zero. In both cases, the origin is the lower left front corner of the 
cube. Let y = x *h. Compute y(l,l,O). 

n o o 
./l~~n3 
/)f7~ 

· o >n 
1 

I 



PROBLEMS: 

The half order derivative of a function is obtained by multiplying the spectrum of a signal 
by the square root of j omega and inverse transforming. Using this insight, derive the 
function that, when convolved with x(t), will result in its half derivative. 



Official Scratch Paper: 

( 
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Official Scratch Paper: 



Official Scratch Paper: 
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266.' Til~; FOlliiiEil Tll:\NSFOill\1 .... Nil ITS Al'l. iJONS 

\\'hen .\'puiuls of suhtln,·isiun nrc used, the scale~ of pis urrangcci so I hal 
F becomes zero ut p = .\". The coelficicuts may theuull he mulliplictl by 
(10/1\')1, or lhe coctlicicnls may be ldt uuclumgccl und the answers 
multiplied Ly (1 0/ J\')1. 

As an example consider f'(p) = (10 - p) 1, for wlaida tlae naocliliccl Ahd 
Lrunsformisknowntobel'&(t) =~ ... (lo-t). Weworkaluniliulcrvuls 
and copy Lhe coeflicienls om n movahle strip. The culculat ion in progress 
is sho'wn in Fig. 12.7. The movable strip is in posilioma for culeulnling 
f'..t(U as the surn of products of corrcsponclirag vulues of F au.! K: 

7.78 = 2.12 X 2.000 + _1.87 X O.H'i8 + ... -1- 0.71 X IU7~. 

The inverse problem, Lluat of caleuluting F from FA, cnn he handled hy 
means of the rclution F = -.,..-•]{ • F~ if F .• is first diffcrt•nlintcd. How­
ever, it will he JWrceivccl Lhnt Lhc culeulat ion just ·cleserihc~cl can be done 
in reverse, using the values of PA, anti working l he mova ltle ,;lril, upward 
from the holt om. The strip is shown in posit ion for t~nleulut ing F(5 -
!), let us sny by me:ans of a puck('! c·a leu Ia lor. Form lilt' prod ut'l s 0. 71 X 
0.47~ •... , 1.87 X 0.828, allowing llu·u• lu ac·c·umulate in tile memory. 
Subtrnct this sum of J~rocluds frnm 7.7H and diviclt• hy ~.o·uo to ohauin 
the next wnntecl vnlaw, F(5 - ~) = ~.1 !l. Tilt• tll\'t·rs•• I ransfonuaiion 

'cnn· be.periormctl quil'kly iu I his wa.r. 

,, F K I;. 
-
IS c;~ 

3.U6 
U.UII 

2.91 
2 12 52 

2.74 
3 10.94 

2.55 .. ---- 9.37 
2.35 

5 1.16 
2.12 2.0!)0 

6 6 20 
1.67 0.626 

7 4.6:.! 
1.58 0030 

8 3.1~1 
1.22 0.536 

9 

""' ~ 0.71 
10 

0.427 ° 
- ~..,__._......-• 

Pig. 11.1 Calculating modified Abel tran3jorms. 

rA 
·i 
I( 

u 

IV 

~I 



EE521 name 5o lui:; on.$ 
Friday, December 9, 1994 
10:30AM 

INSTRUCTIONS: 
* Do all of your work in this test booklet. 
* This test is closed book and closed note. 
* You are allowed two legal sized sheets of notes & a calculator. 
* Each problem is worth 25 points. 

////////l////l////////////lll//l/////////////lll///////////////l//////////////////ll/////////l///////ll/////////////// 

1. A half order derivative, (dfdt)l/2 x(t), can be written in integral form as 

(dtdt)l/2 x(t) = J x{t) k(t;'t) d't 

where integration is over all 't. Evaluate the kernel, k(t;'t) . 
..L ..L 

(ft) ~ X(t)< ./p-(Jw) 'K_(w) 
- )l(-t:) . 

l<ecall: "F-f1 ~> {¥J 1 

. 

J. i : _L f:iE I ) 

Thus; (Jw J' X(1£) = "Jrj? Jw ~ ft[;) · lf.(w 

The inverse t-rans Form,~ . 
J_ 

( cLJ3~) ;J~-) Y, X(f.) ;: Jlrr" it (1-~~t} ) * X (t) 

_ _k .J_, ~·(-t} * X ( t) 
- JTf a -r \It' 

Since A Ll&.-t-)=- 6(-t) . . 
/ /1 {t} J 

( ~eL.) t { . ) - - ; [ _f!(t.l. + ;:-t:. 3/i I >t X (t J . . 
. cl-t X i -./if" tft1 2 . . . . 

;-rsrJ · . . I QO [ G ( -t- - 1" J ~ (1·- -t L J J 1' . 
- = J;f -""' x(rl . ft: -1'' + z (i -1') 

3
/

2 

and: 



2. 

a. Evaluate the circular convolution of the following 2-D signal with itself: 

x[O,O] = -1 
x[1,0] = 0 
x[0,1] = 1 
x[1,1] = 1 

b. Can a circular convolution of a function, other than one identically zero, with itself 
result in a function that is identically zero? If so, give an example. 

n 
~ ~x[;fJ0:-1 

• - 0 
(), .'::.- ' 

10 ,_ 
y['l\a n-z.J::. X* X 

(!) y[o~ oJ:: I' I +f)'~~· 
® y(t,o] __ 

y [ ', 0 J:; 
(;> y[o, t] 

<11 

• 

. ( ) (o) T (_-I) (I ) + l 0) (I ) ::. ~ z . 
;: (_ I ) ( - l ) t- I . . ( ) 1 ) ( 1 ) (~I ) .f. (-1 )( J ) ~ { o. I J 

0 r· [J,I].; ~ ~ •tO + _,. 
- z . 



4. 

4. A two dimensional signal has a Fourier transform that is identically zero outside of a 
half circle with radius W. Evaluate the corresponding Nyquist density. 

,, 
• 

tP .CI+.~ )W~J 
J_.ltJ 
2 



5. 

(a) Consider the operation of transposing a function. That is, from x(t), we make x( -t) 
where t is a vector. Is this operation linear? Is is shift invariant? Explain your reasoning 
in each case. 

(b). Give an example of a system that is additive but not homogeneous. 

e__a) Linear.--:-> res 
. y Lt > -;:_ s x r -t 1 =- x c- t: J 

A .t d ; t i v; t 7 : v:'~ 4 't { _,) "' a ~ ( -t) 
H-o t'Yl o : ,./ ~ .5 x ~.(-t-) + X 7.-l c) :::. X 1 (_-t ) t- X zl-·i:) 

L ;·n ea Y" 

t 

I~ 
--1\<!~~--t:, 

(b) How about 
y=-sx~gx* 

.5 x,-rx'-=-x:+-)<1::::. 5x,r5Xz 
s ll x ::. et * :x '* # a .S x = a x.* 

0Clefd~t;,l/e 
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6. 

A three dimensional signal, x(nt.n2,n3), is zero everywhere except the first octant (where 
all three variables are not negative). In the first octant, the function is 

x(nt.n2,n3) = (l12)A(nt+n2+n3) 

If x(nt.n2,n3) = h(nt.n2,n3) and 

where * denotes convolution, what is y(O,O,O)? 

JlrNT: CONSIDER THE CONVOLUTION MECHANICS; 

Tret n s fc:>S .in 3-0' 
On J y 0 n Y1 011- er"'o f o ~11 r 
o v er J C( f jl /1 r; (" r ; 6; 1\ ) 
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Elementary Finance Analysis Using Difference 
Equations and z-Transforms 

Robert J. Marks II 

1 Introduction 

Many common problems involving interest in personal finance can be solved by 

1. writting, by inspection, a describing difference equation, and 

2. solving the difference equation using a unil~teral z-transform. 

Examples given in this monograph include analysis of 

• compound interest on a simple deposit, 

• compound interest on periodic deposits 

• payment scheduling of loans, such as morgages, where premiums are paid 
periodically, and 

• effects of taxes and inflation. 

1.1 Some Preliminary Math 

1.1.1 Unilateral z-Transforms 

The unilateral z-transform of a sequence x[n] is 1 

00 

X(z) = L x[n] z-n 
n=O 

The transform pair can be written in short hand' as 

x[n] f-+ X(z) 

For example 
1 

an J.L[n] f-+ 1- az-1 (1) 

1 When the summation over n is over the interval (-oo, oo), the z transform is said to be 
bilateral. 
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2 Compound Interest on a One Time Deposit. 

Interest quotes have two components. 

• annual interest and 

• the frequency of compounding. 

Let r be the annual interest and N the number of times per year compounding 
occurs. If N = 12, as is the case with most passbook savings, compounding is 
performed monthly. 

A one time deposite of d is made in an account that yields an interest of r 
compounded N times per year. Let b[n] be the balance at the end of the nth 
period. The difference equation describing the accumulating interest is 

b[n + 1] = ( 1 + ~) b[n] (6) 

with the initial condition b[O] = d. This is a special case of the difference 
equation in Equation 3 with 

x[n] --> b[n] 

~ 
r 

--> 1+ N 

TJ --> 0 

xo --> d 

Making these substitutions in Equation 4 gives the balance at the end of the 
nth compounding period as 

, ( r )n b[n] = d 1 + N 

The balance at the end of a year is 

b[N] = d ( 1 + ~) N (7) 

and at the end of M years is 

(8) 

This is a "zero over zero" situation to which we can apply L'Hopital's rule. a 

( r)N ..A...m(l+..!:.) 
lim ln 1 +- = lim dN d ( ) N = r. 

N-oo N N-oo _ l 
dN N 

This completes the proof. 
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Thus 

1 + r < b[N] < er. 
- d -

Note that for modest interest rates, the spread is very small since, for r < 1, 

(15) 

2.5 Effect of annual taxes. 

Consider the same problem of evaluating the balance of a one time deposit 
of d, except that the interest each year is taxed at a rate, t. Let f[M] be the 
balance after year M before taxation and c[M] be the balance after year M after 
taxation. The before taxation balance at year M + 1 is given by Equation 7 
with d -r c[M]. 

f[M + 1] = c[M] ( 1 + ~ )N 
The taxable interest earned in year M is new balance minus the initial balance. 

i[M] = f[M + 1] - c[M] 

The amount payed in taxes is t x i[M]. The after tax balance is 

c[M + 1] = f[M + 1]- t X c[M] 

Substituting the previous two equations results in the difference equation 

This is a special case of the difference equation in Equation 3 with 

n --7 M 
a;[n] --7 c[M] 

e --7 (1- t) ( 1 + ~) N + t 
'fl --7 0 

xo --7 c[O] = d 

Making these substitutions in Equation 4 gives the desired result. 

(16) 

2.5.1 Continuous Compounding. 

Imposing the limit in Equation 5 onto Equation 16 gives the continuous com­
pounding solution 

lim c[M] = d [(1 - t)er + t]M 
N--1-oo 

(17) 
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2.5.2 Extrema. 

As a function of N, Equation 16 is minimum for N = 1 and maximum for 
N = oo. Thus, from Equation 17, the following extrema of yield results. 

[(1- t)(1 + r) + t]M :::; c[~] :::; [(1 - t)er + t]M 

From Equation 15, for modest interest rates (r ~ 1) and moderate M, these 
bounds are tight. 

2.5.3 Combining the tax and interest rates into an equivalent inter­
est rate. 

For a given tax rate, t, and compounding frequency, N, an equivalent (smaller) 
interest rate, rt, exists. Equating Equations 16 and 8 gives 

(18) 

Solving for rt gives 

(19) 

The equivalent instantaneous compounding interest rate from a taxed in­
stantaneous interest rate follows from application of Equation 5 to Equation 19. 

lim rt = (1-t) (er -1) 
N--+oo 

2.6 Effect of inflation. 

A constant inflation rate can be viewed as a negative interest rate. If u is the 
rate of inflation, the effect of inflation on d dollars over one year is given by 
Equation 10 making the replacement r---> -u. 

Over M years, the balance has reduced to 

[de-u]M = de-Mu. 

For example, if you stuffed d = $100 in your matress for M = 3 years, its 
purchasing value, at an annual inflation rate of 12%, is diminished to 

$100 X e-3 x0·12 = $69.77 

in terms of the purchasing value of money at the time of the initial deposit. 
Adjustment for inflation can be assessed after yield is evaluated. Two ex­

amples follow. 
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the end of n periods5 , the describing difference equation is 

(22) 

Assume the account starts with a balance of b[O] = 0. Equation 22 is then a 
special special case of Equation 3 with 

x[n] -+ b[n] 

~ 
r 

-+ 1+-
N 

'fl -+ s 

xa -+ 0 (23) 

Substituting thes parameters into Equation 4 gives 

A Ns{( r)n } b[n] = ---:;:- 1 + N - 1 . 

The balance after one year is thus 

A Ns{( 1')N } b[N] = ---:;:- 1 + N - 1 . (24) 

and the balance after M years is 

A Ns{( r)MN } b[M N] ~ ---:;:- 1 + N - 1 . (25) 

3.1 Continuous time solution. 

For the continuous time solution to this problem, assume y is invested yearly in 
equal installments. Thus 

s = .!!... 
N 

For M years, the balance in Equation 25 therefore becomes 

Using Equation 5, the balance using continuous time compounding is 

A y M 
lim b[M N] = - ( er - 1) . 

N-+oo r 

5 The notation b will be used for the case of constant periodic deposits as opposed to b[n] 
which denotes the accumulated balance on a single deposit. 

9 


