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When a multidimensional signal is uniformly sampled, its spectrum is replicated. If the signal is band limited and 
the replications (1) contain regions that are identically zero and (2) are not aliased, then the samples are dependent. 
Indeed, lost samples can be regained from those remaining. In dimensions greater than one, there are spectral 
regions of support for which this is the case even when sampling is performed at the Nyquist (minimum) density 
(e.g., a circular spectral region of support in two dimensions). When the known samples are perturbed by additive 
noise, lost-sample restoration noise levels in certain cases can be obtained by simple geometrical observations in the 
frequency domain. The results are specifically applied to coherent and incoherent optical images of objects of finite 
extent obtained from imaging systems with circular pupils. 

1. INTRODUCTION 
In one dimension, a band-limited signal's samples are inde­
pendent when sampling is performed at the Nyquist rate. 
In higher dimensions, band-limited signal samples obtained 
at Nyquist (minimum) densities can display a strong depen­
dence. Indeed, lost samples can be regained from those 
remaining. In the one-dimensional case, oversampling is 
required for sample dependency. 1•2 

by Dudgeon and Mersereau4 from Petersen and Middleton's 
initial treatment.s 

The ability to restore lost samples of a multidimensional 
band-limited signal sampled at Nyquist density is deter­
mined solely by the shape of the support of the signal's 
spectrum. If the shape is such that replicated nonoverlap­
ping versions can fill the space with no gaps, then Nyquist 
samples are independent. Otherwise, they are not. 

An example of the former in two dimensions is a rectangle. 
A circle is an example of the latter. Any coherent or inco­
herent image of an object of finite extent obtained from an 
imaging system with a circular pupil has a spectrum with 
circular support.3 Nyquist samples from such images are 
thus dependent, and lost samples can be evaluated from 
those remaining. 

In this paper, after a brief review of the sampling theorem 
in N dimensions, we derive specific formulas for restoring 
lost samples in certain Nyqust sampled signals. The sensi­
tivity of the restoration to additive noise is then presented. 
The results are fascinating interpretations of noise levels 
based on areas of regions of support. (Here and later, area 
refers toN-dimensional area; e.g., for N = 3, area refers to a 
volume). Applications to optical images are then addressed 
specifically. 

2. PRELIMINARIES 
Before stating the closed-form algorithm for lost-sample 
restoration, it is necessary to state the results of the N­
dimensional sampling theorem for nonrectangular sampling 
geometry. ·Details of the theorem are admirably presented 

07 40-3232/86/020268-06$02.00 

N-Dimensional Sampling 
Letlx(t)jt = {tt, tz, ... , tN)'l denote anN-dimensional signal. 
(The prime is for vector or matrix transposition.) The cor­
responding spectrum is 

X(U) = i x(t) exp(-jO't)dt, 

The inverse transform is 

x(t) = ~ ( X(O) exp(jO't)dO. 
· (27!') Jo 

Let V be an N X N sampling matrix corresponding to the 
manner in which x(t) is sampled. In general, 

where the Vn's are sampling vectors. For example, in Fig. 1, 
N= 2 and 

V- . -[-1 2] 
3 -2 

(1). 

In general, the sampling density is 

D = _1_ samples 
I det VI (unit length)N 

For a specified V, the sample signal is 

x(t) =I x(Vn)oo(t- Vn), (2) 
n 

© 1986 Optical Society of America 
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Fig. 1. Sampling geometry corresponding to the sampling matrix 
inEq. (1). 

Fig. 2. Spectrum replication from the sampling geometry of Fig. 1. 

Fig. 3. One cell of Fig. 2. The region of integration, .13, must 
contain the spectral support region, .A, and must not infringe onto 
adjacent spectra. (!} is a cell region. The areas of the regions .A, .13, 
and(!} are A, B, and C,!espectively. 

where 5o(·) is the Dirac delta and n = (nt. n2, ••• ;nN)'. The 
spectrum of x(t) is the replication of the spectrum of x(t): 

X<m = D I X(n- uk), (3) 
k 

where U, the Fourier periodicity matrix, satisfies 

U'V = 27rl. (4) 
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As we shall see, the geometry of the replication is dictated by 
lu~n = 1, 2, ... , N), where 

For our example in Eq. (1), 

u = [7!' 37!'/2]. 
1l' 7!'/2 

Thus, if X(Ot. 02) were confined to be within the shaded 
ellipse at the origin in Fig. 2, then the corresponding X(n1, 

112) would have the periodic structure shown . 
For a given V, there can exist a number of ways to separate 

X(n) into periods. A period cell, when replicated, must fill 
the entire n plane. For a given V, all cells will clearly have 
the same area. A possible cell for the example in Fig. 2 is the 
rotated rectangle shown in Fig. 3. 

The N-Dimensional Sampling Theorem 
An N-dimensional signal is band limited in the low-pass 
sense if its spectrum is identically zero outside of an N­
dimensional hypersphere of finite radius. Then we can find 
a sampling matrix V such that the corresponding sample 
spectrum consists of nonoverlapping components. Under 
this condition, it is possible to regain X(n) from X(n) in Eq. 
(3). We choose a region .23 E n that contains only the zeroth­
order spectrum. Then 

X(n) = X(n)F(n), (5) 

where 

F(fl) = {ldet vj; 0 c .23 • 
o; n rt .23 

An .illustration for our running example is shown in Fig. 3. 
Note that .23 could correspond to a cell region @ or the 
spectrum's region of support A. To regain x(t), we inverse 
transform Eq. (5) and obtain 

x(t) = x(t) * f(t), 

where the asterisk denotes N-dimensional convolution and 

f(t) = ldet Vll exp(,jO't)dO. 
(27!' )N 13 

(6) 

Substituting Eq. (2) gives the desired interpolation formula: 

x(t) =I x(Vn)f(t- Vn). (7) 
n 

3. RESTORING LOST SAMPLES 

In this section, we will show that an arbitrarily large but 
finite number of lost samples can be regained from those 
remaining for certain band-limited signals even when sam­
pling is performed at the minimum density. The problem 
addressed is one of well-posed interpolation rather than ill­
posed extrapolation. 5-9 

Let At denote a set of M integer vectors corresponding to 
the At lost-sample locations in anN-dimensional band-lim­
ited signal sampled in accordance with a sampling matrix, V. 

Theorem: If x(t) is a band-limited signal and Vis chosen 
~o ensure that there is no aliasing between adjacent cells, 



270 J. Opt. Soc. Am. ANol. 3, No. 2/February 1986 

then the missing samples can be regained from solution of 
tpe M equations: 

L ill(k- n)- /[V(k- n)]}x(Vn) = L x(Vn)/[V(k- n)]; 
MM uM 

k 6 J1t (8) 

assuming that the solution is not singular. [The Kronecker 
delta function, ll(n), is unity when n = 0 and is zero other­
wise.] The left-hand side of Eq. (8) contains the unknown 
samples. The right-hand side can be found from the known 
data. 

Corollary: For a single lost sample at the origin, if/( 0) ~ 
1, 

x(O) = [1- /(O)t1 L x(Vn)/(-Vn). (9) 
no<O 

This follows from Eq. (8) forM= 1 and At containing only 
the origin. Note that, by using Eq. (7), the signal's interpo­
lation can be written directly void of the sample at the origin: 

x(t) = I x(Vn)[f(t- Vn) + 11- /(OW1/(-Vn)/(t)]. 
no<O 

Theorem Proof: We can write Eq. (7) as 

x(t) = (I + I) x(Vn)f(t- Vn). 
n.:M ntM 

This expression can be evaluated at M points, and we can 
solve for lx(Vn)jn 6 At). Let these M points be the t = Vk, 
where k 6 At: 

x(Vk) = (I + I) x(Vn)f!V(k- n)l; k 6 At. 
n.:M ntJit 

Rearranging gives Eq. (8). 
Corollary: A sufficient condition for Eq. (8) to be singular 

is when the integration region, 13, is equal to a cell region,@. 
Proof: On a cell, the functions iexp(}O'Vn)l form an or­

thogonal basis set. From Eq. (6) with 13 =@we have 

f(Vn) = I det ~ r exp(jO'Vn)dO. 
(27r) Je 

= ll(n). 

The left-hand side ofEq. (8) is thus zero and the resulting set 
of equations singular. 

The restoration algorithm in this section alternatively 
could have been derived by a generalization of the iterative 
technique in Ref. 1. The treatment here, however, is more 
compact although maybe less intuitive. The results in Ref. 
1 are equivalent to the N = 1 case. The same is true of 
Section 4 and Ref. 2. 

4. NOISE SENSITIVITY 

Our purpose here is to investigate the restoration algo­
rithm's performance when inaccurate data are used.2•10 In 
general, the algorithm becomes more unstable when (1) M 
increases and/or (2) the area corresponding to 13 increases 

Robert J. Marks !I 

with respect to that of@. Indeed, restoration is no longer 
possible when 13 = @. 

The restoration algorithm in Eq. (8) is linear. Let Ht) 
denote a zero mean stochastic process. If x(t) is uncorrelat­
ed with Ht), then the use of lx(Vn) + ~(Vn)jn rt Atl in Eq. (8) 

instead of lx(Vn)ln rt At I will result in lx(Vn) + l)(Vn)/n E .MI, 
where 117(Vn)/n 6 At) is the response to IHVn)/n rt Atl alone: 

L [ll(k- n)- f!V(k- n)l]17(Vn) = I Hvn)f!V(k- n)l. 
n.:.n n~.n 

(10) 

The restoration noise, 17, depends linearly on the data noise, 
~. Thus the cross correlation between these two processes 
and the autocorrelation of 11 can be determined from a given 
data noise autocorrelation.ll 

Out treatment will be limited to the case when a single 
sample is lost and the data noise is samplewise white, i.e., 

E[~(Vn)E*(Vm)] = "P'o(n- m), (11) 

where ~2 is the data noise level (variance) and E denotes 
expectation. With no loss in generality, we place the lost 
sample at the origin, and Eq. (10) becomes 

17(0) = [1- f(O)t 1 I E(Vn)f(-Vn). 
no<O 

Taking the square of the magnitude, expectating, and using 
Eq. (11) gives 

1)2(0)/e = [1- t<OW2 I lt<-vnW, (12) 
no<O 

where the restoration noise level is 

112(0) = E[ 117<0)/ 2
]. 

The sum in Eq. (12) can be evaluated through Eq. (9) with 
x(t) = f*(-t) [=/(t) since F({}) is real]. The result is 

1)2(0)/"P" = /(0) • 
1- /(0) 

(13) 

The result has a fascinating geometrical interpretation. 
FromEq. (6) 

f(O) = I det VI r dO. 
(27r )N j1l 

But, with an illustration in Fig. 3, 

B = !
13 

dO 

= area of integration, 13 

and 

C= L dO 

= area of cell, @ 

= jdet Uj 

= (27r)N//detV/, 

where we have used Eq. (4). Thus Eq. (13) can be written as 



i 

I 
I 

l 

--

INVeR-Se 
~ f'r/3 e:L 

xFo1<}1 

I 



Robert J. Marks II 

l'/2(0) = (f'- 1)~-1 . 
e B 

(14) 

The restoration noise level is thus directly determined by 
the areas·of the integration region for f(t) and the area of a 
cell. Equation (14) is a strictly increasing function of B. 
Thus, for minimum restoration noise level, we choose 13 = A 
=the region of support of the signal x(t). 

For Nyquist density sampling in one dimension, A = 13 = 
(51, In this case oversampling is required to restore lost 
samples. 1 For higher dimensions, the restoration capability 
is dependent on the region of support of the signal's spec­
trum. If the support is the shape of a cell (e.g., rectangular, 
hexagonal), then restoration is not possible at the Nyquist 
density. 

Filtering 
Samplewise white noise has a uniform spectral density and 
thus significant high-frequency energy. Once lost data have 
been restored, the data noise level can be reduced by filter­
ing the result through 13 assuming that B < C. The noise 
level at the lost sample location remains the same.2 The 
noise level at locations far removed from the lost-sample 
locations will asymptotically be the same as that for the 
filtered noisy samples if no data were lost. If HVn) is zero 
mean and stationary, then after filtering, the process 'f(Vn) 
is also stationary. If the data noise is white as in Eq. (11), its 
spectral density is uniform in (51. Thus if we filter the noise 
through 13, the resulting normalized noise level is 

'f2fr = B/C. (15) 

(A more rigorous derivation is given in Appendix A.) To 
minimize, we clearly would choose 13 = A. 

For a single lost sample in samplewise white noise, the 
ratio of the restoration noise level to that of data far removed 
is, after filtering through 'B, 

l'/2(0) = [1 - !i]-l , 
'/;2 c 

(16) 

where we have used Eqs. (14) and (15). To minimize, we 
again would choose 'B =A. Note that Eq. (16) exceeds both 
unity and Eq. (14). 

5. APPLICATION TO IMAGING SYSTEMS 

An object of finite extent is imaged through a system with a 
circular pupil. If the monochromatic illumination is either 
coherent or incoherent, the image will have a spectrum with 
support inside a circle whose radius W is proportional to that 
of the pupil. 

Nyquist Sampling of Optical Images 
The Nyquist sampling density here is achieved when the 
circles in the frequency domain are densely packed as is 
shown at the top of Fig. 4. This corresponds to a sampling 
matrix 

[ T -T] 
v = T/.[3 T/.[3 ' 

where T = rr/W. The corresponding optimal sampling ge­
ometry, shown in Fig. 5, is thus hexagonal.4 
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Note, as is shown at the bottom of Fig. 4, that the area of A 
is less than that of (51, Thus, in the absence of noise, an 
arbitrary number of lost image samples can be restored from 
those (infinite number) remaining. For 13 =A, the interpo­
lation function here is3 

Noise Effects 
Here, we will numerically illustrate the effects of samplewise 
white noise on restoring a lost sample from an image that has 
a spectrum with circular support. Suboptimal rectangular 
sampling is considered first, followed by the optimal hexago­
nal case. Both cases are extended to higher dimensions. 

Fig. 4. Top, densely packed circles correspond to Nyquist sam­
pling of images with spectra of circular support. Note the hexago­
nal structure. Bottom, a single hexagonal cell with inscribed circu­
lar spectrum support. 

• • 
• • 

• • 
• • 

• • 
• • 

Fig. 5. Hexagonal sampling geometry required to pack circles 
densely as shown in Fig. 4. 
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Rectangular Sampling 
!)2(0) = (i- 1)-1 
e 11" 

If limited to rectangular sampling, minimum density sam­
oling is accomplished by the sampling matrix 

v = [~ ~]' 
where T = 11"/W. The corresponding replicated spectra are 
shown at the top of Fig. 6. A single cell of this replication is 
shown on the bottom. The restoration noise level from Eq. 
(14) follows as 

Fig. 6. Top, minimum density rectangular sampling of images with 
spectra of circular support yields circles packed as shown. Bottom, 
a single cell with inscribed circular spectrum support. 

dB' 
10~\ 

\ 

(17) 
""3.66 

After filtering through the A circle, the ratio of the resto­
ration noise level to data at points far removed from the 
origin is 

7)2(0) = [1 -~]-1 
y;2 4 , (18) 

""4.66 

where we have used Eq. (16) with B = A = 11" W2. The lost­
sample noise is thus 6. 7 dB above the filtered data noise at 
infinity. 

The results can easily be extended to higher dimensions. 
Assume that the spectrum has support within an N-dimen­
sional hypersphere of radius W (Ref. 12): 

A= 

2N1l"<N-1)/2 (T)! wN 

N! 
oddN 

(19) 

evenN 

For rectangular sampling, C = (2W)N. The corresponding 
plots of !J2(0)/e and 7J2(0)/if;2 are shown as solid lines in Fig. 7. 

Hexagonal Sampling 
A single hexagonal cell is shown at the bottom of Fig. 7 for 
minimum density sampling. The area of the hexagon is 

c = 2{3WZ. 

Thus, from Eq. (14) forB = A = 11" W2 

7)2~0) = (2{3 - 1)-1 
e 11" 

""9.74, 

and, similarly, from Eq. (16) 
\ \ 

\ \ ,, 
'\ 

\b... . '' 
.re~ 

t0' \ >Ve; J • 7)2(0) = (1 -~)-1 
.J\ ''"eJ' \ y;2 2{3 . 

~ , · e:re-Chva. v- ""10.74 

~\\"G t:\~~ne would expect, these values (""'10 dB) are greater than 

', 'o ... , 

' '• 

f
e.,c_)(_ ,• 4ifose of the corresponding rectangular sampling cases in 

o~~..---.-~ ... ~:::::::<?=~--~- J!tqs. (17) and (18). 
• ... ,, 

6 8 
N f'• \k_e'fetJtln higher dimensions, Nyquist sampling would corre-

-5 

-10 

'•,, ,~ V f\ t \ spond to densely packed hyperspheres in the frequency do-
'....._ main. A table of the cell volume to circumscribed cubic -.... volume is given by Dudgeon and Mersereau. 4 We can use 

this table in conjunction with Eq. (19) to generate the i'esto­
() . \ t e '(' ecf.ation noise level plots in Fig. 7 for Nyquist density sampling 

I)(\;- \ when the signal's spectrum support is a hypersphere. The 
rec.. plots are shown with broken lines and, as we would expect, 

exceed the corresponding rectangular sampling results. 

6. CONCLUSIONS 
Fig. 7. Plots of 1)2(0)/[2" (filled circles) and l) 2(0)/"f2 (open circles) 
in dB [10 log10(·)]. The solid lines are for minimum density rectan­
gular sampling and the dashed for Nyquist (hexagonal) sampling. 

We have shown that, in the absence of noise, an arbitrarily 
large but finite number of lost samples can be regained from 
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those samples remaining under the c~nditions that (a) the 
data (with the lost samples) are not aliased and (b) there are 
sections in the sampled signal's spectrum that are identically 
zero. In dimensions greater than one, these conditions can 
apply even at Nyquist densities. 

Noise analysis was performed for the case of one lost 
sample when the remaining data were corrupted by zero 
mean stationary white noise in terms of the sample. The 
resulting restoration noise levels are given by simple alge­
braic expressions involving various areas in the frequency 
domain. In all cases, minimum restoration noise level was 
achieved when the area of the support of the interpolation 
function's spectrum was at its J;Uinimum allowable value. 

APPENDIX A 

Here we derive Eq. (15). Let the samples be subjected to 
noise, ~(Vn), with autocorrelation as in Eq. (11). Then if 

. x(Vn) + HVn) is used in Eq. (7) in lieu of x(Vn), the result is 
x(t) + ~(t), where 

~(t) = I ~(Vn)/(t- Vn). 
n 

Squaring the magnitude of both sides and taking the expect­
ed value gives 

~2(t) = ~2 I lf(t- Vn)l 2
• 

n 

This sum can be evaluated using Eq. (7) with x(t) = f * (r­
t): 

f* (r-t) =It* (r-Vn)f(t-Vn). 
n 

For r = t we obtain Eq. (15), recognizing that P(t) = ~2 is 
independent oft. · 

Note that this result is a quantitative mesure of the trade­
off between sampling density and interpolation noise level. 
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ABSTRACT 

A one-dimension a 1 w 1 ndow 1s chosen from the 1 arge cat a 1 og of those 

available primarily due to its leakage-resolution tradeoff (LRT>. Is it 

possible to generalize a 1-D window to higher dimensions such that the 

window's 1-D properties are homogeneously preserved? If we require that 

the window be continuous and bounded the answer is usually no. Bounded 

(projection window) general 1zations do exist for the Parzen and Tukey­

Hann1ng windows. The resulting windows, however, are very close to that 

window obtained by simply rotating the 1-D window into two dimensions. 



IKTROOUCTION 

When choosing from the large catalog of standard one-dimensional 

windows [1-2], one is largely motivated by the window's leakage-resolution 

tradeoff (LRT). Is 1t possible to generalize these windows to two and 

higher dimensions such that the 1-D window properties are preserved in each 

1-0 slice? If we require these multidimensional windows to be bounded and 

continuous, the answer is usually negativ~ In the two cases considered 1n 

this correspondence where bounded two dimensional generalizations do exist, 

the resulting windows are close to those obtained by the rotation general­

ization of 1-D windows [3]. 

A short review of the outer product and rotation of 1-D window 

generalization methods is given in the next section. In both cases, the 

LRT is altered in the transformation. In order to homogeneously maintain 

the 1-D window properties, the higher dimension window must be chosen so 

that its projection onto one dimension results in the 1-D window. 

Unfortunately, this requires unbounded generalizations in many cases of 

interest. The Parzen and Tukey-Hamm1 ng windows are the exceptions. For 

the discrete case, bounded projection windows can be formed such that 

desired LRT is preserved inhomogeneously at a number of angular orienta­

tions. 



·I 
I 

PRELIHINABIES 

There are a wealth of one-dimensional windows with various 1eat<.age­

resolut1on tradeoffs. A one-dimensional window, w1<t> has finite extent: 

(where IT Ct> = 1 for It I~ 1/2. and is zero elsewhere>, fs normalized with 

and is even function, i.e., 

The spectrum of a window is defined by 

wl ( w) = t!l (t)exp(-j w t)dt 

The area of a window 1$ 

= W1(0) 

The magnitude of a typical window spectrum is shown in Figure 1. For 

good resolution, the main lobe width, 6, should be small, and for minimal 

spectra 1 1 eakage, the norma 1 i zed side 1 obe magn 1tude, o , shou 1 d a 1 so be 

small. Invariably, however, decreasing one of these parameters increases 

the other. 

A two dimensional window w2ct1, t 2>, with spectrum 

fX> f:'2ctl' t 2 > exp [-J<w1t 1+w2t 2>Jdt 1dt 2 
oo -:oo 

fs commonly generated from a 1-0 counterpart by either the outer product or 



window rotation techniques [3). The outer product window is 

and the rotated window, initially suggested by Huang [4J, fs 

In either case, if w1 1s a "good" window, then so is w2• For certain 

applications, (e.g. "good" filter design) such dimensional generalizations 

are acceptable. In other cases, such as spectral estimation, a smal 1 

perturbation in window shape can significantly alter results [SJ. Both the 

outer product and the rotated window s1gn1ffcantly alter the LRT of the 

corresponding 1-0 window. 

To illustrate the effects of outer product and rotational dimensional 

generalization, we choose a boxcar window 

It follows that: 

for which 

1:. = 6. 3 I T 0 = 0. 22 (1) 

For the outer product window, in general: 



The result is a window with an 1dentfcal LRT as the 1-0 window fn the t 1 

and t 2 directions. Indeed 

However, in other directions, the LRT can be sign1f1cantl y al tared. for 

example, 1n the <tl' t 2> plane, the tl parameter for the window resolution 

in the±. 45° directions 1s n--' times that of the 0° and 90° directions. 

Consider, specifically, the boxcar window, for which 

The 1-0 slice of this window along the 45 ° diagonal is: 

w~P<wl /2', wl 12""> 

= 4 s 1 n2 ( w I 12"""> I w 2 

which fs the spectrum of a Bartlett (triangular) window. The parameters of 

this window with respect to those fn (1) are 

and 

2 
6 45 ° = 0. 047 ~ ( 0. 22 ) 

Clearly, the LRT is significantly altered. 

2 

= 

For the rotated window, the window spectrum can be written as 

= 
00 J r wl<r>Jo (r p )dr 
0 

(2) 



where 
J 2 2' p :I w 1 + (.&)2 

and 

r = 

Equation (2) is the familiar Hankel transform [6) which results from 

Fourier transforming a circularly symmetric 2-0 function. Although the 

rotation window does not have the directional inhomogeneity of the outer 

product window,the LRT of the original window 1s also s1gn1f1catnly 

altered. Consider the rotated boxcar window with spectrum 

w 2 ( p) = 2 'IT l Jl ( T p) I p 

Here 

6 rw ~ 7 • 7 I T = 1 • 26 

and 

o rw = 0.13 ~ 0. 59 o 



( 

THE PROJECTION OR ROTATED SPECTRUM WINDOW - -
The 2-0 w 1 ndow, w~< r), that preserves the LRT of 1ts correspond 1 ng 

1-0 window in al 1 directions w111 be referred to as the projection or 

rotated spectrum window. The window can be thought of 1n one of two 

equivalent ways: 

1. Projection 

With reference to F1g. 2, w~(r) 1s the window whose projection is 

the 1-0 design window: 

00 

w1<t1> = f_w2P<r> d~ (3) 

00 

By straightforward manipulation, w1 is recognized as the Abel transform of 

wp 
2 

2 

Thus, the 2-0 window can be obtained from an inverse Abel transform [6]: 

l {r) = 2 

where the prime 

d 

denotes differentiation. 

I t 1 I > 1, an equivalent expression is [6]: 

1 
f1Jt12- ~\ 

d 
wp ( r) --2 

dtl 1T r 

Since w1<t1> is zero 

~] 
tl 

dtl 

(4) 

for 



2. Rotated Spectrum 

The spectrum of the projection window is the rotation of the 

spectrum of the 1-D window. That 1s 

w~ < P > = w1 < P > 

The window can thus be obtained by an inverse Hankle transform: 

w~ ( r> = 

Through this definition of the projection window, one can clearly see that 

the LRT of the original window 1s preserved 1n the 2-0 generalization in 

all directions. 

The equivalence of this and the projection w1ndow follows 

immediately from the continuous version of the projection- slice theorem 

[3] or, for even functions, from the equality of an Abel transform to 

Fourier Transform followed by an inverse Hankel transform [6]. 

EXAMPLES 

1. Ib§ Parzen Window is obtained by convolving two identical <Barlett 

type) triangular windows and normarizing. The result is [7]: 

tl 2 
1- 6 (-) 

t 

0 



.. 
Rec:ogn1z1ng agatn that w1 ( t) • 0, we obtain from 14) after some 

var1ab1e substttut1ona 
' 

... p 
w2 < r) • w2 ( r t) 

9 b 
2 _1_ 

= [- - r .ln ( 2 - b ) J 
lT 2 r 

6 9b 3 1 + a 1 
+ - [- --a + c .tn ( n;o .s. r <-

7T 4 2 _1_ - 2 
+ b 

2 

6 -3a 1 + a 
-[- + c bt ] ; 1/2< r < 1 
7T 2 r 

where 

a = · V .1 - . r2 ' 

b = v l- -· r2'. 

r2 
c = 1 + 2 

" Plots of w2<r)/w2CO) and w1<t 1> (for t = 1) are shown in Fig. 3 using 

dashed and solid 1 ines respectively. The difference between the two plots 

is nearly indistinguishable. Thus, the projection and rotation windows for 
/ 

the Parzen window are nearly identical. 
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2. Iht Iukey : Hanning Wtndgw 1s defined as 

1 ·-2 

Trt 
(1 + cos(-) ] rr Ctl2t > 

T 

Recognizing that w
1
•Ct) = o, we can evaluate the resulting integral in (4) 

to obtain w~(r). Normalizing gfves 

1 
=-y-

(rT) /T 

n t; cos C rr E; > - s 1 n C rr E; ) dE; 

E;2 

" The integral can be easily evaluated numerically. Plots of wz<r>lwzCO> and 

w
1
ct

1
> are shown in Fig. 4. The projection and rotation windows are aga1n 

very s im11 ar. 

BOUNDEDNESS OF THE PROJECTION WINDOW 

A problem with certain continuous projection windows fs their 

unboundedness. For example, the projection window corresponding to the 

boxcar wfndow is 

1 

This result is unbounded around the ring r = T. Sim11 arly, for the 

Bartlett <triangular ) window we obtain 

1 -1 
cosh (T/r) rr < r/2T) 

1TT 



This result 1s unbounded at the or1g1n. Sufficient conditions for w~ <r> 

to be bounded are : 

d w1' (t) 
( ] (oo (5) 

dt t 
and 

dw1 < 1> 
(00 (6) 

dt 

These conditions follow immediately upon inspection of (4 >. Equation (5), 

for example, is violated by the Bartlett window. Equation (6) excludes all 

1-0 windows that are discontinuous at t = 1 (e.g., Hamming and Kaiser). The 

necessity of this can be seen in Figure 2. As in the vertical slice of 

w~ (r) approaches t 1 = cfrom the left, the circular support requires dimin­

ishingly smaller intervals of integration. The value of w1<T-) 1s deter­

mined by integration over an epsilon interval. Thus, 1n order for w1<T-> 

to be nonzero, w~(T-) must be infinite. 

For digital signal processing, the boundedne•s of the projection 

window need not be a proble~ Here, the 2-D window is set up in some given 

periodic grid (e.g. rectangular or hexogonal>. The values in the window 

are chosen such that their projections [3] are the desired 1-0 windows. A 

n~mber of projection directions can be used. The result is a set of 

algebraic equations that can be solved to determine the values of the 2-D 

window. A second technique is to form a 2-D inverse FFT on the sampled win­

dows's rotated spectrum. Some preliminary work in such digital extensions 

has been done by Wu [8]. 



EXTENSION IQ HIGHER DIMENSIONS 

For anN dimensional projection window, we wish to find w~ CrN) such 

that 

(7) 

where w1 <r1> is a specified 1-0 window and 

N 
~= E 

k = 1 

The integration in equation (7) can be done in stages, the Nth of which is 

Comparing with (3), we conclude that wN_ 1 CrN_1> is the Abel transform of 

wN<rN). Thus to generate wNCrN>' we simply need to perform N- 1 inverse 

Abel transforms on w1 Ct1>. 
A pedagogical N = 5 closed form example, taken directly from an Abel 

transform table [6], is 

r 1 2 
-T- ) ] II ( r1 I 2 T ) 

1 
IT ( r3 I 2 T) 

1 
= 

(~T)2(T2-r42)1/2 
2 

W5 ( r5) = - 0 ( r5 - T ) 

1T2T 

where o is the unit impulse function. 



I' 

An alternate approach to multidimensional projection windows follows 

from the property that the inverse Hankel transfor. of a Fourier transform 

is equivalent to an Abel transform. Thus, theN- 1 inverse Abel transform 

can be performed in the Fourier domain. Bracewell [6] has shown that these 

operations can be condensed into the single transform: 

where JN/2_1 is the Bessel function of order N/2 =1. 

CONCLUSIONS 

The projection window preserves the leakage-resolution tradeoff <LRT> 

of the 1-D window from which 1t 1s designed. This 1s not in general true 

for the outer product and rotation window generalizations. The Parzen and 

Tukey-Hann1ng windows were shown to have stra 1 ghtforward two dimension a 1 

projection window equivalents. Many other convnonl y used windows, however, 

were shown to have unbounded projection. Further work 1n the d1g1tal 

equivalent of the dimensional generalization is 1n order. Here, 

boundedness need not be an issue. 
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F1gure Capt1ons 

F1g. 1: The normalized spectrum of a typical 1-0 window, 1 w1 (c)j/A. The 

values of 6 and 5 parameter1ze the window's resolution and 1 eakage 

respectively. 

Fig. 2: Il 1 ustration of the mechanics of forming a 1-D projection, w1 <t1>, 

from a 2-D cicularly sy11111etric function w2(r), <r-2 = t~ + t~). If w1<t1> 

is the projection of w2<r>, then w2<r> homogeneously preserves the LRT of 

its 1-0 counterpart. 

Fig. 3: Plots of the Parzen window, (dashed 1 ine) and its 

corresponding projection window, (solid line). 

Fig. 4: Plots of the Tukey-Hammfng window, and its corresponding 

projection window, (solid line). 
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Fig. 3. Plots of the Panen window (dashed line), and its corresponding 

projection window (solid line). 

... 

... 
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•.. 

0.1 

u ~ u ... u ... ... 
t/'t 

Fig. 4. Plots of the Tukey-Hanning window (dashed line), and its corre· 
sponding projection window (solid line). 

where 

2 1/2 a- (1- r ) 

,2 

c-1+2. 

Plots of w2 (r)/~(O) and w1(t1) (forT •1) are shown in Fig. 3 
using dashed and solid lines, respectively. The difference between 
the two plots is nearly indistinguishable. Thus the projection and 
rotation windows for the Parzen window are nearly identical. 

2) The Tukey- Hanning Window is defined as 

Recognizing that w{ ( T) - 0, we can evaluate the resulting in­
tegral in (4) to obtain w{(r). Normalizing gives 

~(r)- w{(n)/T 

1 fl( 2 2)1/21T~ cos( 1T~)- sin( 1Tn 
- 2 r ~ - r ~2 d~. 

.'he integral can be easily evaluated numerically. Plots of 
~(r)/~(0) and w1(t1) are shown in Fig. 4. The projection and 
rotation windows are again very similar. 

BOUNDEDNESS OF THE PROJECUON WINDOW 

A problem with certain continuous projection windows is their 
unboundedness. For example, the projection window correspond­
ing to the boxcar window is 

1 
~( r) • 112 II( r/2T). 

1T( T2- r2) 

This result is unbounded around the ring r = T. Similarly, for the 
Bartlett (triangular) window, we obtain 

1 . 
"2( r) =- cosh- 1 ( T/r) II( r/2-r ). 

'ITT 

This result is unbounded at the origin. Sufficient conditions for 
w{(r) to be bounded are 

:!..( w{(t)) <co 
~ t (~ 

and 

dw1(t) I -- <co 
dt I•T 

(6) 

These conditions follow immediately upon inspection of (4). 
Equation (5), for example, is. violated by the Bartlett window . 
Equation (6) excludes alll-D windows that are discontinuous at 
t = T (e.g., Hamming and Kaiser). The necessity of this can be 
seen in Fig. 2. As in the vertical slice of w{(r) approaches t .. T 

from the left, the circular support requires diminishingly smaller 
intervals of integration. The value of w1 ( T-) is determined by 
integration over an epsilon interval. Thus, in order for w1 ( T- ) to 
be nonzero, w{( T-) must be infinite. 

For digital signal processing, the boundedness of the projection 
window need not be a problem. Here, the 2-D window is set up 
in some given periodic grid (e.g., rectangular or hexagonal). The 
values in the window are chosen such that their projections [3] 
are the desired 1-D windows. A number of projection directions 
can be used. The result is a set of algebraic equations that can be 
solved to determine the values of the 2-D window. A second 
technique is to form a 2-D inverse FFT on the sampled window's 
rotated spectrum. Some preliminary work in such digital exten­
sions has been done by Wu [8). 

ExTENSION TO HIGHER DIMENSIONS 

For an N-D projection window, we wish to fmd wN(rN) such 
that 

where w1 ( r1) is a specified 1-D window and 

N 

r~ = I: tf, 
k-1 

The integration in equation (7) can be done in stages, the N-th of 
which is 

... f wN(V'~-~ + ~~) dtN. 
IN 

Comparing with (3), we conclude that wN_ 1(rN_ 1) is the Abel 
transform of wN ( rN ). Thus to generate wN ( rN ), we simply need 
to perform N -1 inverse Abel transforms on w1 (11). 
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Table 12.9 Some Abel transforms 

f(r) 

II (r. 'la) Di~k 

Hemisphere 
Paraboloid 

fA(x) 
\._ 

2(a2 - x2)lii(x/2a) 
1Til(x/2a) 
t1r(a2- x 2)II(x/2a) 
!(a• - x 2)m(x/2a) 
(37r/8)(a2 - x2)2II(x/2a) 

Semiellipse 
Rectangle 
Parabola 

(a 2 '- r 2)-liT(r/2a) 
(a2 ~ r 2)!IJ(r•'la) 
(a2 - r2)Il(r/2a) 
(a 2 - r 2);II(r/2a) 
a"\(r a) Cone (a(a 2 - x2)l - x 2 cosh-1 (a/x)]IT(x/2a) 

1r- 1 cosh- 1 (a/r)II(r/2a) 
o(r - a) 

exp (- r 2 . '20"2 ) 

r2 exp (- r 2 / 'la- 2 ) 

(r2- a-2) exp (-r2/CJ.a-2) 
(a2 + r2)-' 

J o('l1Tar) 

"!.1r [ r- 3 !or J o(r) dr 

- r-ZJ0(r)J = M(r) 
o(r)/7rlrl 
2a sine CJ.ar · 
!r- 1} 1(9.-rrar) 

Ring impulse 
Gaussian 

aA(x/a) Triangle 
2a(a2 - x2)-!II(x/2a) 
(27r)!a- exp ( -x2/2a-2) Gaussian 

('l7r)!a-(x2 + a-2) exp ( -x2/2a-2) 
(27T)ka-x2 exp ( -x2/2a-2) 

1T(az + xz)-! 
(1ra)- 1 cos 27Tax 

sinc2 x 

o(x) 
Jo(21Tax) 
sine 'lax 

Since K is nowhere zero, the solution is unique (except for additive null 
functions). 

Reverting to f and f..t., we may write the solutions as 

f(r) = ~ ! J."' ~~ (x) dx = ~! J."' (x2 - T2)! .!:__ [!~ (x)] dx, 
r r (x-2 - T2)! 1T r dx X 

. 
or, if the integral is zero beyond x = To, and allowing for the possibility 
that the integrand may behave impulsively at To, we have 

f(r) = _ _! J.r• f~(x) dx + f.A(To) 
1T r (x2 - r2)i 1T(To2 - T2)! 

=-! J.r• (x2- r2) .!:__ [f~(x)] dx _f~(To) (ro2- r2)t. 
..- r dx X 1TTo 

Relatives of the Fourier transform 

Useful relations for checking Abel transforms are 

and 

J_"'..,!A(x) dx = 21r Jo"' j(T)TdT 

fA(O) = 2 Jo"' f(r) dT. 

Another property is that 

K * K * F' = -1rF; 
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that is, the operation K * applied twice in succession annuls differentia­
tion; then FA is the half-order integral ofF, and conversely, F is the half­
order differential coefficient ofF A· To prove this, note that ifF A = K * F 
implies that F = -1r-1K * F~. then it follows further that F~ = K * F'; 
whence 

K * K * F' = K * F~ = -1rF. 

In Table 12.9 the :first eight examples are to be taken as zero forT and x 
greater than a. 

Numerical evaluation of Abel transforms is comparatively simple in 
view of the possibility of conversion to a convolution integral. One :first 
makes the change of variable, then evaluates sums of products of K(p) 
and f(~ - p) at discrete intervals of p. The values of K turn out to be 
the same, however :fine an interval is chosen, save for a normalizing factor; 
consequently, a universal table of values (see Table 12.10) can be set up 
for permanent reference. The table shows coefficients for immediate 
use with values ofF read off at p = t. It, ... , 9i, the scale of p being 
such that F becomes zero or negligible at p = 10. The table gives mean 
values of Kover the intervals 0 - 1, 1 - 2, . . . . Thus at p = n + t 
the value is 

/,

n+l 
n K( -p) dp = 2(n + 1)!- 2nl. 

Table 12.10 Coefficients for performing or inverting the 
Abel transformation 

p K p K p K p K 

1 2.000 5~ 0.427 10~ 0.309 15~ 0.254 !f 

1~ 0.828 6~ 0.398 11~ 0.295 16~ 0.246 
2~ 0.686 7~ 0.864 12~ 0.288 17~ 0.289 
8~ 0.586 8~ 0.848 18~ 0.272 18~ 0.288 
4~ 0.472 9i 0.825 1~ 0.268 19~ 0.226 
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FL(p) = f_"".,J(t)e-P 1 dt 

FM(s) = Jo"' f(x)xH dx 

f(n) = .....!._. ( F(z)zn-I dz 
21r-dr 

1 fc+ioo f(t) = -- . FL(p)eP1 dp 
~7rt c-•"' 

1 Jc+ioo f(x) = ;:,-. . FM(s)x-• ds 
:w1rt c-•oo 

F(z) = J _"',. q,(t)z-t dt 

00 

= JJ(n)z-" 
0 

It is clear that the z transform is like the inverse Mellin transform 
except that t must assume real values whereas s may be complex, and 
conversely, xis real whereas z may be complex. The contour ron the 
z plane may be understood as follows. It must enclose the poles of the 
integrand. If the contour c - i oo to c + i oo for inverting the Laplace 
transformation is chosen to the right of all poles, then the circle into which 
it is transformed by the transformation z = exp ( -p) will enclose all poles. 
In the common case where c = 0 is suitable (all poles of FL(p) in the left 
half-plane), the contour r becomes the circle lzl = 1. 

The Abel transform 

A.s soon as one goes be.;-ond the one-dimen.sional applications of Fourier 
transforms and into optical-image formation, television-raster display, 
mapping by radar or passive detection, and so on, one encounters phe­
nomena which invite the use of the Abel transform for their neatest 
treatment. These phenomena arise when circularly symmetrical dis­
tributions in two dimensions are projected in one dimension. A typical 
example is the electrical response of a television camera as it scans across 
a narrow line; another is the electrical response of a microdensitometer 
whose slit scans over a circularly symmetrical density distribution on a 
photographic plate. · 

Fractional-order derivatives are also closely connected with the Abel 
transform, which therefore also arises in fields, such as conduction of heat 
in solids or transmission of electrical signals through cables, where frac­
tional-order derivatives are encountered. 

The Abel transform f.A.(x) of the function f(r) is commonly defined as 

/.A (x) = 2 ("" f(r)r dr • 
)., (r2- x2)! 

The choice of the symbols x and r is suggested by the many applications 
in which they represent an abscissa and a radius, respectively, in the same 
plane. 

) -

_A,_ 

Relatives to the Fourier transform 

The above formula may be written 

fA(x) = Jo"' k(r,x)f(r) dr, 

where k(r,x) = { ~r(r2 
- x2)-l r >X· 

T <X. 
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The kernel k(r,x), regarded as a function of r in which x is a parameter, 
shifts to the right as x increases, and it also changes its form. A slight 
change of variable leads to a kernel which simply shifts without change of 
form. Thus putting ~ = x 2 and p = r 2, and letting /A(x) = F.~~.(x2) and 
f(r) = F(r2), we have 

FAW = Jo"' K(~- p)F(p) dp, 

where 
KW = { ( -~)-1 t < o 

0 ~ ;:::: 0; 

alternatively, FA(t) = ("" F(p) dp' 
}p (p - ~)! 

or agam, FA= K*F. 

When necessary, F .A will be referred to as the "modified Abel transform o£ 
F." Having reduced the formula to a convolution integral, we may take 
Fourier transforms and write 

Since 

if follows that 

whence 

that is, 

P.~,. = RF. 
- 1 
K(s) = ( -2is)t' 

p = ( -2is)!P A 

1 1 "C> p 
= - - ( Cl • )I t:w1r8 A 

7r --.,28' 

F =- ~K *F~; 
7r 

1 f"' F:w d~ F(p) = - - ---, 
7r p (~ - p)t 

The solution of the modified Abel integral equation enables F to be 
-expressed in terms of the derivative of F.,~,.. Integrating the solution by 
parts, or choosing different factors for the transform of F, we obtain a 
solution in terms of the second derivative ofF .A: 

where 

F 2 F" =-X* .A• 
7r 

xm = { ~-~)l ~ < 0 
~;:::: o. 
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FL(P) = J_"'.,f(t)e-111 dt 

FM(s) = Jo., f(x)x•-1 dx 

J(n) = _!_. ( F(z)zn-l dz 
271"tlr 

1 fc+ioo f(t) =·-. . FL(p)e11'dp 
271"t c-•oo 

) 1 fc+i., f(x = ;;;-. . FM(s)x-• ds 
;<,1J"'l, c-•oo 

F(z) = J _ .. ,. ¢(t)z-1 dt 

.. 
= 2J(n)z-n 

0 

It is clear that the z transform is like the inverse Mellin transform 
except that t must assume real values whereas s may be complex, and 
conversely, xis real whereas z may be complex. The contour r on the 
z plane may be understood as follows. It must enclose the poles of the 
integrand. If the contour c - i oo to c + i co for inverting the Laplace 
transformation is chosen to the right of all poles, then the circle into which 
it is transformed by the transformation z = exp (-p) will enclose all poles. 
In the common case where c = 0 is suitable (all poles of FL(P) in the left 
half-plane), the contour r becomes the circle lzl = I. 

The Abel transform 

As soon as one goes beyond the one-dimensional applications of Fourier 
transforms and into optical-image formation, television-raster display, 
mapping by radar or passive detection, and so on, one encounters phe­
nomena which invite the use of the Abel transform for their neatest 
treatment. These phenomena arise when circularly symmetrical dis­
tributions in two dimensior1s are projected in one dimension. A typical 
example is the electrical :response of a television camera as it scans across 
a narrow line; anoth~~ is the electrical response of a microdensitometer 
whose slit scans over a circularly symmetrical density distribution on a 
photographic plate. · 

Fractional-order derivative!: :trc also closely cor.::ected with the Abel 
transform, which therefore a.lso arises in fields, such as conduction of heat 
in solids or transmission of electrical signals through cables, where frac­
tional-order derivatives are enc~untered. 

The Abel transform fA(x) of the function f(r) is commonly defined as 

fA(x) = 2 r .. f(r)r dr . 
1"' (r2 

.- x2)t 

The choice of the symbols x and r is suggested by the many applications 
in which they represent an abscissa and a radius, respectively, in the same 
plane. 

I 
I 
I 

t 

1 
1 

Relattves to the Fourier transform 

The above formula may be written 
~ 
,_.-­
\....-

fA(x) = Jo"' k(r,x)f(r) dr, 

where k(r,x) = { ~r(r2 - x2)-l r>z 
r < x. 
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The kernel k(r,x), regarded as a function of r in which xis a parameter, 
shifts to the right as x increases, and it also changes its form. A slight 
change of variable leads to a kernel which simply shifts without change of 
form. Thus putting~= z2 and p = r2, and letting fA(x) = FA(x2) and 
f(r) = F(r2), we have 

FA(~) = Jo"' K(~ - p)F(p) dp, 

{ 
( -;)-1 ; < 0 

where KW = 0 ; ;:: O; 

. f"' F(p) dp 
alternatively, FAW = ( !' 

p p- ;) 

or again, FA = K *F. 

When necessary, FA will be referred to as the "modified Abel transform of 
F." Having reduced the formula to a convolution integral, we may take 
Fourier transforms and write 

Since 

if follows that 

whence 

that is, 

FA =KP. 
- 1 

K(s) = ( -2is)!' 

F = ( -2is)lFA 
1 1 ., v 

= - - ( , . )' '/,;<,1J"8L' A 
11" -;<,tS • 

F =- !x *F~; 
7r 

F(p) = _ "!_ ("' F~W d~, 
1rjp (;- p)l 

The solution of the modified Abel integral equation enables F to be 
-e:>..-pressed in terms of the derivative of FA· Integrating the solution by 
parts, or choosing different factors for the transform of F, we obtain a 

solution in terms of the second derivative ofF A: 

where 

2 F" F=-X* A• 
11" 

xm = { ~-~)l ; < 0 
~ ;:: 0. 
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Table 12.9 Some Abel transforms 

f(r) 

II(r/l2a) 
(a2 - r2)-!TI(r/2a) 
(a2 - r2)iii(r/2a) 
(a 2 - r2 )IT(r/2a) 
(a2 - r2)~II(r/2a) 

aA(r/a) 
1r-1 cosh-1 (a/r)IT(r/2a) 

Disk 

Hemisphere 
Paraboloid 

Cone 

o(r - a) Ring impulse 
exp ( -r2/~u2) Gaussian 

r2 exp ( -r2/2u2
) 

(r2 - u2) exp ( -r2/2u2
) 

(a2 + r2)-r 

Jo(27rar) 

21r [r-3 J: Jo(r) dr 

- r-2Jo(r)J = lrf(r) 

o(r)/11!rl 
2a :,;inc 2ar 
1!"-1ar-1J, (21rar) 

fA(x) 

2(a2 - x2)~IT(x/2a) 
7rll(x/2a) 
tn'(a2 - x 2)IT(x/2a) 

Semiellipse 
Rectangle 
Parabola 

!(a2 - x2)'1IT(,<f2a) 
(37r/8)(a2 - x2)2IT(x/2a) 
[a(a2 - x2)} - x 2 cosh-1 (a/x)]II(x/2a) 

aA(x/ a) Triangle 
2a(a2 - x2)-~IT(xj2a) 
(21l")!u exp ( -x2/2u2) Gaussian 

(27r)!u(x2 + u2) exp ( -x2/2u2
) 

(27r)tux2 exp ( -x2/2u2) 
7r(a2 + x2)-! 
(1ra)-l COS 21l"aX 

sinc2 x 

o(x) 
Jo(27rax) 
sine 2ax 

Since K is nowhere zero, the solution is unique (except for additive null 

functions). 
Reverting to f and fA, we may write the solutions as 

f(T) = - ~ [, .. f~(x) dx = - ~ r .. (x2- T2)l ~ [f~(x)] dx, 
7r r (x2. - T2)f 7r ) r dX X 

or, if the integral is zero beyond x = To, and allowing for the possibility 
that the integrand may behave impulsively at To, we have 

1 [,ro j~(x) dx + fA(ro) 
f(T) = - :;;: r (x2 - T2)!_.; 7r(To2 - T2)t 

("" 

= - ~ J.r• (x2- T2)/j!_ [f~(x)] dx- f~(ro) (To2- r2)l. 
1T r dx X . 7r'TO 

I 

Relatives of the Fourier transform 

Useful relations for checking Abel transforms are 

and 

J _"',. fA(x) dx = 21r Jo co f(r)r dT 

fA(O) = 2 Jo co f(r) dr. 

Another property is that 

K * K * F' = -1rF; 
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that is, the operation K * applied twice in succession annuls differentia­
tion; then FA is the half-order integral ofF, and conversely, F is the half­
order differential coefficient ofF A· To prove this, note that ifF A = K * F 
implies that F = -1r-1K * F~, then it follows further that F~ = K * F'; 
whence 

K * K * F' = K * F~ = -1rF. 

In Table 12.9 the first eight examples are to be taken as zero forT and x 
greater than a. 

Numerical evaluation of Abel transforms is comparatively simple in 
view of the possibility of conversion to a convolution integral. One first 
makes the change of variable, then evaluates sums of products of K(p) 
and f(~ - p) at discrete intervals of p. The values of K turn out to be 
the same, however fine an interval is chosen, save for a normalizing factor: 
consequently, a universal table of values (see Table I2.IO) can be set up 
for permanent reference. The table shows coefficients for immediate 
use with values ofF read off at p = t. It, . . . , 9t, the scale of p being 
such that F becomes zero or negligible at p = 10. The table gives mean 
values of Kover the intervals 0 - 1, I - 2, . . . . Thus at p = n + t 
the value is 

(n+l 
)n K(-p) dp = 2(n + J)l- 2nl. 

Table 12.10 Coefficients for performing or inverting the 
Abel transformation 

p K p K p K p K 

1 2.000 5j- 0.427 lOt 0.309 I5j 0.254 !f 

It 0.828 61 :! 0.393 ni- 0.295 Hlj- 0.2-l:G 

2i- 0.636 7i 0.364 1"1 -:: 0.283 17t 0.239 

3i- 0.536 8i- 0.343 I3i 0.272 18~· 0.233 

4i 0.472 9:} 0.325 14i- 0.263 I9j 0.226 
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window's 1-D properties are homogeneously preserved? H we require that 
the window be continuous and bounded the answer is usually no. Bounded 
<Projection window) generalizations do exist for the Parzen and 
Tukey-Hanning windows. The resulting windows, however, are very close 
to that window obtained by simply rotating the 1-D window into two 

''ensions. 

INTRODUCTION 

When choosing from the large catalog of standard 1-D windows 
[1]-[2], one is largely motivated by the window's leakage-resolu­
tion tradeoff (LR1). Is it possible to generalize these windows to 
two and higher dimensions such that the 1-D window properties 
are preserved in each 1-D slice? If we require these multidimen­
sional windows to be bounded and continuous, the answer is 
usually negative. In the two cases considered in this correspon­
dence where bounded 2-D generalizations do exist, the resulting 
windows are close to those obtained by the rotation gener~a­
tion of 1-D windows [3]. 

A short review of the outer product and rotation of 1-D 
window generalization methods is given in the next section. In 
both cases, the LRT is altered in the transformation. In order to 
homogeneously maintain the 1-D window properties, the higher 
dimension window must be chosen so that its projection onto one 
dimension results in the 1-D window. Unfortunately, this re­
quires unbounded generalizations in many cases of interest. The 
Parzen and Tukey-Hanning windows are exceptions. For the 
discrete case, bounded projection windows can be formed such 
that desired LRT is preserved inhomogeneously at a number of 
angular orientations. 

Fig. 1. The normalized spectrum of a typical 1-D window, IW1(Col)VA. 
The values of A and 8 parameterize the window's resolution and leakage, 

respectively. 

and the rotated window, initially suggested by Huang [4], is 

~""( t1, tl) ""w1( /tf + ti). 
In either case, if w1 is a "good" window, then so is Wz• For 
certain applications, (e.g., "good" ffiter design) such dimensional 
generalizations are acceptable. In other cases, such as spectral 
estimation, a small perturbation in window shape can signifi­
cantly alter results [5]. Both the outer product and the rotated 
window significantly alter the LRT of the corresponding 1-D 
window. 

To illustrate the effects of outer product and rotational dimen­
sional generalization, we choose a boxcar window 

w1(t) =II(t/2r). 

It follows that 

PREUMINARIES W1 ( w) "" 2 sin ( rw) I w 

There are an wealth of 1-D windows with various LRTs. A for which 
window, w1 (t) has finite extent: 

w1(t) ""w1(t)IT(t/2r) 

(where II( t) -1 for it I~ 1/2 and is zero elsewhere), is normal­
ized with 

and is an even function, i.e., 

w1(t)-w1(-t). 

The spectrum of a window is defined by 

Jf2 ( W) • r: WI ( t) exp ( - jwt) dt, 

The area of a window is 

A=jo:. w1(t)dt""WI(O). -o:. 
The magnitude of a typical window spectrum is shown in Fig. 

1. For good resolution, the main lobe width, A, should be small, 
and for minimal spectral leakage, the normalized side lobe mag­
nitude, 8, should also be small. Invariably, however, decreasing 
one of these parameters increases the other. 

A 2-D window w2(t1, t2), with spectrum 

Jf!(w1 ,~)=j
00 jo:. Wz(t1 ,t2)exp(-j(wlt1 +~t2)]dtld/l -o:. -o:. 

is commonly generated from a 1-D counterpart by either the 

.i- 6.3jr; 8 ... 0.22. 

For the outer product window, in general, 

~op( "'1• "'2) =WI ( "'1) Wz ( "'2) · 

(1) 

The result is a window with an identical LRT as the 1-D window 
in the t1 and t2 directions. Indeed 

Wz( "'1,0) =A WI( wl). 

However, in other directions, the LRT can be significantly al­
tered. For example, in the (t1, t2) plane, the .iyarameter for the 
window resolution in the ±45° directions in ¥2 times that of the 
0° and 90° directions. Consider, specially, the boxcar window, 
for which 

~( w1, w2) .. 4sin( rw1) sin( rw2)/( w1~). 

The 1-D slice of this window along the 45° diagonal is 

Jfl"P( w1/fi, "'2/fi) ,.. 4siif ( w;fi)!w2 

which is the spectrum of a Bartlett (triangular) window. The 
parameters of this window ~th respect to those in (1) are. 

.i 45• -fiA = 8.9/-r 
and 

. )2 2 8w .. 0.047 = (0.22 - 8 . 

Qearly, the LRT is significantly altered. 
For the rotated window, the window spectrum can be written 

~r product or window rotation techniques (3]. The outer as 
.J<iuct window is 

W{"'(w10 w2 ) =~(p) 

=-2'1Tfoo:.rWI(r)J0 (rp) dr (2) 
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w2 (r) 

t, 

w, (t,) 

Fig. 2. illustration of the mechanics of forming a l·D ;rojection, w1 (11), 

from a 2-D circularly symmetric function "'z(r), (r2 -r1 + ri). IC "'!(/1) is 
the projection of "'z(r), then >~~z(r) homogeneously preserves the LRT of its 
l·D counterpart. 

where 

and 

r =Vtf + t!. 

Equation (2) is the familiar Hankel transform [6] which results 
from Fourier transforming a circularly symmetric 2-D function. 
Although the rotation window does not have the directional 
inhomogeneity of the outer product window, the LRT of the 
original window is also significantly altered. Consider the rotated 
boxcar window with spectrum 

W{w(p) =- 2'11'1'11( '1'p)jp. 

Here 

Arw ;;7.7/,. ... 1.2A 

and 

8,w ""0.13;;; 0.598. 

'THE PROJECI10N OR ROTATED SPECTRUM WINDOW 

The 2-D window, w{(r), that preserves the LRT of its corre­
sponding 1-D window in all directions will be referred to as the 
projection or rotated spectrum window. The window can be 

thought of in one of two equivalent ways:· 
1) Projection 
With reference to Fig. 2, w{(r) is the window whose projection 

is the 1-D design window, 

w1(t1) • Joo w{(r) dt2• {3) 
-co 

By straightforward manipulation, w1 is recognized as the Abel 
transform of w.f: 

wl( t1) """2j 00 

rw{( r)/Vr2
- tf dr. 

It 

Thus the 2-D window can be obtained from an inverse Abel 
transform [6]: 

~ ( r) "" - y tf - r2 
- --- dt1 

1 Joo ~ d ( w{(t1)) ' 

'1T r dtl tl 

where the prime denotes differentiation. Since w1 (t1) is zero for 
jt11 > '1', an equivalent expression is [6]: 

~ ( r) = - V tf - ,z - -- dtt---V ,.z - ,z ' 1Joo ~ d (w{(t1)) w{('l') ~ 
'1T r dtl t1 '11'1' , 

forjrj~'l'. (4) 
2) Rotated Spectrum 
The spectrum of the projection window is the rotation of the 

spectrum of the 1-D window. That is, 

W{(p) ""W1(p ). 

The window can thus be obtained by an inverse Ha.tlkel trans­
form: 

w{(r) =- fo00

pW1(p)J0 (rp) dpj2TT., 

Through this definition of projection window, one can clearly see 
that the LRT of the original window is preserved in the 2-D 
generalization in all directions. 

The equivalence of this and the projection window follows 
immediately from the continuous version of the projection-slice 
theorem [3] or, for even functions, from the equality of an Abel 
transform to Fourier Transform followed by an inverse Hankel 
transform [6]. 

Examples 

1) The Parzen Window is obtained by convolving two identical 
(Bartlett type) triangular windows and normalizing. The result is 
[7] . 

1-6( ~ r +61~13· ltd~ '1'/2 

wt(tt)"" 
2

( 
1 -l~lt 'l'/2~1ttl~'l' 

0, lttl~'l'. 

Recognizing that w{('~') = 0, we obtain from (4) after some 
variable substitution: 

9 b 2- b 6 9b 3a 1+ a 

( 
1 ) ( ) ; 2-,'m(-,-) +; 4-T+'tn(~J , 

6( -3a (l+a)) - --+cln -- , 
"" 2 r 
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/\·pedagogical N=- 5 closed-form example, taken directly from 
an Abel transform table (6], is 

w1(r1) "'[1-( ~ r)n(r1/2T) 

2 1/l 
Wz(rz) = - 2 { T2

- rl) TI(r2 j2T) 
'ITT 

1 
W:J(r3) --TI(r3/2T) 

'ITT 

1 ~ 

w4(r4)- ( )2( 2 2)1/lllh/2T) 
'ITT T - f4 

2 
w5(r5) =-2-8(r5 -T) 

'ITT 

where 8 is the unit impulse function. 
An alternate approach to multidimensional projection windows 

follows from the property that the inverse Hankel transform of a 
Fourier transform is equivalent to an Abel transform. Thus, the 
(N -1) inverse Abel' transform can be performed in the Fourier 
domain. Bracewell [6] has shown that these operations can be 
condensed into the single transform: 

N 100 N/2 wN(rN) = N/2 w;(w)JN!l-l(wrN)w dw 
(21TrN) o 

where .fc.N/l)-t is the Bessel function of order (N/2)-1. 

CONCLUSIONS 

The projection window preserves the LRT of the 1-D window 
from which it is designed. This is not in general true for the outer 
product and rotation window generalizations. The Parzen and 
"'u.key-Hanning windows were shown to have straightforward 
,-D projectional window equivalents. Many other commonly 
used windows, however, were shown to have unbounded projec­
tion. Further work in the digital equivalent of the dimensional 
generalization is in order. Here, boundedness need not be an 
issue. 
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Final Examination: EE521 

Robert J. Marks II 

• Do all of your work in this test booklet. 

• The test begins promptly at 8:30 AM. 

• The test is closed book and closed notes. Each student is allowed two 
8~ x 11 sheet of paper with notes. Calculators are allowed. 

• Each problem is worth the same number of points. · 

• After the test, you may forget about this course for the rest of the year. 

1. The first problem is your work on the McClellan transform. Please attach 
it to this booklet when you hand in your test. 

1 



2. Provide a detailed sketch of the projection of 

(a) onto the t 2 axis, 

(b) perpendicular to the line it= t
2

, 
I 

i 
(a) 

- ~ 
! t 

"t, 
1 

-~ 

2 



(Cl) 

(h) 

3. Denote an Abe! t f, f ( 
rans orm, A t), of a radial function, f(r), by 

f(r) .._.. IA(t). 

(a) What is the scaling theorem for Ab l t $' 

e ransLorms? In other words 
' 

tC~) ..... ? 

You may assume that M > 0. 

(b) Given the Abel transform pair 

Il(T') .._.. (1- 4t 2) ~ II(t), 

evaluate the Abel transform of th l e annu us 

3 

f(r) (rM) (Mclr) 

y(Mr)2.-t 4
' 



4. Consider the component filter (t r . . ranstormatwn functlOn) 

F(wl 'w2) = cos (Wt - w2) 2 . 

In the 211' X 211' square in the (w ) 1 . filter t,W2 pane, we desire a two dimensional 

H(w1,w 2 ) = { 1 ; !w1- w2!:::; ~ 
0 ; otherwise 

Make a detailed sketch of the prototype filter 

N 

H(w) = L an cos(nw). 
n=O 

F(w) 
~contours 

Other chec.ks: H ( o) MapS i:.o H (o,o):: i C:;;::'C.ooO 

H ( ±rr) " ·~ H (±rr, ;j:"Tf) =o~cooo 

Pr"+:ot ffe: 
H (w) 

i 

_L T lt) 
4 -rr Tf 



5. The IIR filter H(wl,wz) is iteratively implemented where 

) 1 1 2 2( B(w1,w2 = H( ) = 1- -
2

cos (wl)cos w2). 
W!,W2 

Evaluate the required number of iterations, J, required to assure the max­
imum error of both the output and the corresponding transfer function 
does not exceed 2 ~6 . 

<. 
C :.: I - f3 = ~ C4:1. w, 

E = I 
lc('" t • 

I+ :L.. 

( EI )Max = 

{ C J Max = 

.:. (E.r )Ma >< = 

f cLx 
_j_ 

2. 

(-t) 
Tt-i 

r=7 

5 

1 t-e r a -1::: i o n S 
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__ ! ________ . __________ --~ -

1 A :l-D vni latera/ Mellin t:ra.ns:Fo~m can be 
de.fi ned as: 

X(s,_,s~)= Ax l-t,~t~) s-• s -• = fo110

};,

00 

x(t:,~ t-2 ) t,' tz. 2. dt,Jt, 
a) T'h e Fou ,...; e ,-. t ra fls for-m i 5 ·, r') va r-ia n t­

to .s hi .f. t : 

I c;i x(t,~ t2)/= / ~ x(t,-a_, t 2 -b)) 
The 1'1 e '.1 in t r-a. ns :P-o rrn' Lei h.en .e \Ia I U?5J ted : 
at- ~.=..J4J, and s2 =ol..c.Jz.~ •S anva.-aat'l-t 
to sea I~: 

I~ )((t,,t:~-)1 .~k x C-*J ~)t.: 
~~~ ·n 
Sa {j W-:a. S:i(JLtfz_ 

Prove -t.~i~ imf'or-t:ant result in pC1-t.t'erY) 
re ctogt1 at:' ot'l ... 

(.b) A "Mellin eonvolu-t ion ''can be written 
as: _, c:10 

!(t.,~2>= L i X(1',J1'2) h(t.r,_,t~1'2)dr,d~ 
As conven$iona1 c.onvo/ut-~on!S are ! 

:siml?li~ied by ~ourier- tra~s~rmar,o~ 
Mellin c.cnvo(lutions :are siMftlifie_~ ~ 

, bl Me. I lin t: r-a nsto r YY~S. Shoc.v how. 
I 
i(e) The unilateral Lap_lac.e..tf'ans~o~m: : 
I 1~ roo -(t-,?;+f:z1;,} r ( t; I .1 t ;a).: O J

0 
)( (-r,, 1;) e. · dt,Cff{ 

is a Mellin convolution. What- is ·, 
the ''Mellin transfer- fonc.tion ., J-1 (s,,s.z.).i 
of -th i.s op era.t:~ on? Your a ns ..cjer s houlcl ! 

contain no i n-t:-e.g-ra Is. , 
J-J i nt: r f. yo() hQ ve the correc-t ctns t.Vet) 

tJ..e.n 
2. 

H(z,2):H(1,!) and H(3,2.)=H(3,3) 



I 

_ _j L _ 
-·-. --l---

2 Choose. a c•rcolar-ly sym. Jrequencv 
response (ot;her- /i:-han a low pas~ 

1 
f;Jt;Jer) aod_, using the McClellan . i 

I tr-ans for-m, gener-a-f=e t::he corf'esrond,t'IP"l 
2--0 .f;tt:e~. 0/ 
(a) Plo-t 1-1 (w,~ o) · 
(b) Draw a sig-nal ;low g-raph .torlour-

1
1 ~ i I t: e ,.... us • I') g- F ( w, , w 2..) ; i It: e rs . 

3 page 10'' pr-ohleD» 2..3 

L/ page 15'1.) fro hI em 3.10 



I.J.(a) N,= [, J 
!J=[, ~] 

(b) p = [ ~ -:J 

B~-~;h (· 7, ') 
I 

-t::lu:nJ~ I, 
11 

-t; J, a -t-
'\ 

deep:: o. 

A 
N 

[ ~] 

A 
"" N ::. 

N e" [ ~ 5 ] [~ - I] 
;: [~ ~~] 

11J ( .. 7.,-t; ) w o Fl' k. Ne t:e,~ 
A 

N :::.o.. W hJ? Because 

(c.) This tate r11 ent: is t r-u<:: on J y i;. 
pe.riod'ic.it)' ma.t:rix is millli""'a/ ... No-1:.-e_ 

J dd: ~t= 2 

A 

ldd~j=23 

bvt 

I.P. we. 



.~.(a) y n. n2. J: X[n,. n:t] x[n, .. N' n-;J-;. T X rn. r') 

L inesr? T a.x [n. nz] = a x [n. n'Z.]ax [n , ... N.., l'h .. ] 

a y [ n. n 2.] = a x [ n, n '2.] x [ 11. - N 4 11 ~J 
not:: eryua/ ~violate-s homog-effleit:.l no line r 

S hi f 1:. ~ i nva.. r-ia nt ? 
T .>c[n.-k.,na- k~] = X [n,-k., &1~-k2] x[n,-1<0-lv 

y[n,-k,,nz_-k2.]= X[n.-k,, tl:z.-kJx[n~-k,-N, 
the y'rre. e7ua.l .s J, i .Pe- u1 va. V"i a n"f: -(b) yCn,n:z.] = ~ x[n, 1<:;:.] =- L'X. (n,n~l 

.<(:o!:'l\:. --

Linear? Lax =a Lx ~ komog;eneit:l cl<? 

L x. +X-a.:::. L'Xo"'* Lxa ~cadJ.~tavit.y o ey 

= ::> Li111ear 

Sh i /1::- in va.ri a rnt ? -
L KllJ[t~--1<, f'l<t-k'2.]-:.. '2:- )([n,-1<,, rn:z. ... k:2.J 

' mz.=- --
c.:. 

': L:,x[n,-1< • ..,L] ; ..l=m-z-l<:t. 
L.= --

y [ ~,- k •, n :t- ke!. J -:.. 2::._ X [ t) a .., K a, M :~. J 
I ~ 

T81ef'tf.e e'ua/-; shi/-1::-iYJV"aY"i"aVII::: 

AI" t::e.: h [ 11,. n :~. J -= b ( n 1 ] ( c::. I, e. c. k ; t:! ) 
(c) yCn,nz]= t.x[n, kz] =- Tx[n,n~J 

Linea,.... ~res 

Shilt: invarian-t-~ no 



3 .. 

n '2. • ,• • . . . . •' . -· -· --·· -.--- ·-­...... ' 
-- -- -x [ n. n:z,J 

; 

,llll ,.. • . . . 
. . . 

~~ 

• • ·~x[k k] . . .. ' 

y :: 
I 

F=or 

nz. 
0 

I 

2. 
3 
q 

For 
n'2. 

'o 

I 

I 

n, :::.o I 
Y, ::. ( n 2. + a ) ~ [ n~] 

! 

~---11--t"......----- k J ' 2 

0 

O{) 

o ~X(l .. k, - k2.1 
0 I 

() 

3 
Lf 
5 

I 
~ y[n, n._] :o (n,+J){nz- n,))"- [n,.-n,] j n, ko 

n~?o 

::.(n,+•) (n2.-n, ).)'t[n.,_-l'l,y [n,y [nJj 
.SaMe reg-iolf'» of surrort .:lS X. 



Set p. = k I ' f.a t I :: k 4:. 

~·-tl=k., 9,_:k"2_ 
r.+ 1 =- k,, r2. t-J = k~ 



1.7 (c.ont) 

) No t:.e: 

y [n, nz.]: { x [n, Oa]- X (n,, n,.-1]- x (n,-r , n,_] t-X[n, 1,11,.-~ 

** s [n, &1~] 
? 
!:. f S [f\,f'l~] -s [flu, nz- f J-s[ n.- f.l n:J + s [ n,- J In "",]~ 

ic-* x [n. n4 ] 

not:e: 

w [n.-a, n2.- b] ** v[n. naJ 
::. w [n. n2 ] *'* v [n,-a" n:z.-b] 

Thus, usi .,g -t Jse d; str; but· I ve I a w o:P-
convolution (see prob I-Ll c)' the two 
eJ(fress ions are eiua L 



kz. 
• • 

111 ~X(k. k~] 
••• 

00 J l--yt:k.-kt. 
over I q f DS1 l:t.. w Ia en 

I . ·. surrort is t:m I' i .... 
I 

I 
~b) 

1 3 

tl.~o 

"'-~,._..--k' 

~VA-()~ A IJT:S 
f12,. 

' 

2. +3 

3 

3+'l 

4 



~ 

n .~,.._. ~T . 
lT 1<. - h[nJ -dw n J ,.. 

-
.....iJ> 

n ~T~ 
~..,.._, · 2rr k n and( But: k , = teg-er- - 1_ -

~ ~ ) H(ij) I H( tV+ k :zlT = I 



. . m , , n 

Bra we I I show tha-t: 

) 
±j2rr u,.x ~ L f( · e dx 

X 

= ;~-• ioo f(r-) J~-• (2TT1r) r~~r 
w h e re. r =- II X Jl =- a nd 1 :: /lull 

= II rll~]: 

I 



I 

- -~~ -- - ---- _ _t_____r-~~\- ----~-=---- -~~-----~-~--- -----------

11. IS. bJ X 

X(w, Wa)...: 

o.:;J a,. b 'In, --
n,=o 
~ [a b4 -

n,::o 

-- J-

(cc) X:(c.v, w:;e. t.v3 ) =-
1 
i 

J+a-t- ... +aP 

i:Sa. - q+ ... 

b- a) S :::: I - a P+ 1 
I 

I 

P+J 
+- a p.,.' 

1-a s ':. 1-Ci 

I TJau:S --'-~~ 
! Itw,w2.w3) = 1 -aeJey• 

-- t-ra~-2-a~w, 

etc, 



--- -~----------~---------~-----------~---- - ------

I. I . 

-
X [mJ 

--



( -, ,---. ' '-- --· 
• 

~ :. -z:rr -= ....L :. T. 
• -z(«trr) Lf '2. 

D = SQ,.,r '; ..,g dens it: y;. 

i 

(c) Best:: 
i 
I ..... "'" ... "" " . : . ....... . . 

v 

·- - -, 
I f 

- """""- j '"""""" --
' r 

u,: ( ll11j (pn") 

uj{ -qU; ' rr) 



V= [~ 
[_L 12. 

• 
--

-t::-

t 

--q-] 

] 

• 

.J.. 
2. 

~ v,= 

t, 



! 
i 

l Su bstit::ut:e. 8 nf:o 

I 
l 

I 
I 
I 
! 
" 

: N,Na ... NM 6(n-m) 
=-UN ~Cn-m) ...... 



----- ~--- --

~~. ~-
-- -- --- - -- -------~----1 f) M d; Me~ ;;~;;-s __ _ 

I 
- ~ .... ~d) rr 1<. J = ?: x [-mJ e -J:atr m.,. N-• k 
! m 



!2-L/ 

(a) ][( k. k 2 ) = 

:;: 1 

+ e-J2TT k./s-r e d -zrrk1/_s-

._ I+ 2 ~ +- 2. ~ zrr kL 5 

(b) rr k, /<: 2.] "" e -a 2.11" k,:; k.,._ + d 2.1T ~c.-;,...?.. 
.. k - k I~ I + e-ct 2.-rr 's ~ + ed -z.rr ~~.s- <-~ 

- .-,"T''l'"" k 1 + k ':2., f.&, _ 8 -
--.II s T 2 ~ 2_lT f>J\5'/<.~ 

:: L/ Cb'Q.. :2~k' ~ 2.~/<.'2.. 



I 
------~- ------------ --- ------- --

3- lls.sum w. (w) ha:s ~E!If'O cros.si ..,g-.s: 
w. (w) /-vT. (o) 

"'W2. ( w 1 Wz.) ::. W, (w.) W, (w:z,.) 
Ula,. 

' L I 

I 
I 

I 

~ 
1- - -· -I. 

) 

I 
• I 

L\z. ::.. 6 i ;') w, 1 
( L\ z.) Ma )( = \[2} A 

{, 2. :. i ,., (JJ~ 1 
@ L/So 

/ 

""' 

- 1-

lo cv.s 
plot:. 



I 

----- ------~·-- -. 3 ~BGn ·-H-( ur )-,.; ea I --- .. -~-·-iS··- e;, -...; -~ ;::;~1--- -+-~-------
h (n. n~l = h[-n. -nz.] I 

H (w, w,._) = H (-w,, w,..} h [n, o.._]::: hEn, J+ n,.] 
h [..,. n~l : h [ n a -Oz.] 

A e c 5115 
0 d n. 

of 
<\'D 

of' 0 

0 oE' 0 
I+ H' 

lh) H(w.wz)= ':L 2. h[n. n~] e-J(w.ns+ "~ 
lf\'l:.--:z n,= -'2. 

I 

h [" , n .._1 =- Jl. ~ [ n, ·1'\ ... ] + B [ ~ ( n, - 1 ) + ~ ( n , "i' • 'q b [n J 
+ c [f>(n,-l.)+ b[n,t:zl] b[n~ I 

+ D [. (nz. - 1) + ~ (11, + a)] 2> [n .J [ 
+F[~(fl )+f,(..,z+z)]b[n.] 1 

-+ F [ G (n,-1, n~ ... 1) + ~ ( n,.,. 1., ,.~- 1 ) 

+ ~(n 1+1 1 t12Ti)+~f.n 1 -l, 11:..+1)) 
-t G [ f> [rl • -

1 
n a- 1 J + ~ [ n , + 1 n 1 .] I 

+ f> [n1+"2, n2 +1] +- ~ Ln,- ::z., n2..+ 1] h 
I 

+ H [ 6[n,-•, n2.-2]-+ [n,-+ 11 n'2.-:zj I 
I 

-+ & [., • + 1, n 2 -t z] t- 6 [ n 1 - 1 1 n z.. + z] ]! 
+ r [ b [ n 1 _. 2

1 
YJ :z.- '2. J + ~ [YJ , -Z I Y) oz. "i" 

+b[r~,+z/ n;z.- J + f. [n,+<1 11?.+ I) 



' I 

~------~ -~'f:;-~(t;_Qn__t;_) _____________ --- ~-- ---- -~ --~---- ----~ 
\ Thus: 

I H lw, ) :. A +-- B £U1 + ~ ~ w, 
+:20 t-:2.£"~.2. 

+ 'F [ Cq:;l, ( w, .,. ') + 

+ G-[~(:lw1+w2)+ 
.fe 1-f- [ (LV, + ) + 

+ [~ ( im2LV~\ + 

cp P ( ttJ. L-U,_) =- c~-{n t_.~J, ) l!b.:L ( m w, ) 
o n,~ m 2 



Thu 

--
Thvs: 



~ b 4ULw, l a 
-Q 

i b ~a= TT)'B 
b~a 

rr:z.. 



17. 
H (~) : t!:_ a [, J T,. [ F (~)] 

f\:::.o 

N 
= L a [nJ 

N tJ 
""' F~(;j) L_ a [n J bmn -

fn::..o t'll ': ,..., 

N N I - L. Cm Fnoa(C::) • CWl: L: a [n ~ bWlt» - ) 
m=o fl :::.,.,... 

c,., 
I 



! 

It 

l I .. 
! w~0) 

• 
. . I 

-M oG D,. 

V(kv) 

T • • 
M 

t 

{N) u,. .. 
:=A (114)-,tn)~M 

0 ; In} >I' 

M n 



convolv 

I ) 

) 

-



) 

l u) 

) 

) 



~---~- - ~~---+---~---~---~-- ----~-~--~-~----~-~---~~---~--~~ ---- ----- - - --------- ~~~---~------~-~- --

. 
rr ' 

( 

--

--

. 
M 

) 

' 

ul 

\ 

m 
~ . , ' 

{ 

. (, 



. 
• 

I 

' 
I I (I ) 

.,; 

' . 
• • 

' 
{i ) 



1;3'1 h "' .. 

( ) = ( ) ) ( . ) 
whe . 

' I 

( ) ( ) 

) 

• 
I ); 

.J 

)= 

) 

) 

' I 

) 



I 

I 
I 
I . 

• 

" .. 

( 

' 
' 

' -I "' 

) ... 

( 'I) 

) 

) 



w 
. 
111'1 

I 

I ) 
I 

I 



. . EE"S~S 

j 

.. . 

(j w. I j 
x( 

r, 

I 

--
-

)::. 

--
--

) = 

)= 
'::. 

) = 

4'1 I 

I -} 

I 2., 

I 
~ 

) 
_, 

) 

) 

- I- I--

I 

<::: 

' '2. 

, 1-1 ) 
~ +I)- I ) _, 

d ~ 

I 

YH 
) I , 



)= 
(fJJIIO I 

c .. l x{r, 

h )~ 
-ft, 1- ) 

tt, 

co ~ -( 

H a.)= 
t 

, 
I 

<II'Q 

f 

- J -
~ 

e 

H ) = ) - I ! ) =- I 
I 

-
1

1 
I)::;_ I) := ( *f ) -

H( )- ;::::;. '-
f -

H( ) :: 
, --



I \ . 

name 
Ec SCIS Midterm# 1. 

••J::z'i/8~ j 3:30 to Lf:2Sf·01 

Sc.ore j100 
i 

: Information 
' 

i 1.. E"'ach p"oblem ·as wort-h 2.5 points .. 
: 2. There i~ no pen~ lty for- g.ues~ing-
: on m u I t a p I e c h o a c.e qu e s -1:: , o n s. 

3. The. exam is closed book and c.lo~ed 
notes .. You are allowed i page o~ 
notes, a calculai:-or and one 
bool< of. ma.-rh t:.ables and e7ua-tions. 

'1. Do all of four work ir\ thi:s tes-t 
booklet. 



-1-

A big dot. denotes a. non~ero value at\d 
a small dot a ~ero varlue. Two :Punc.tions_, 
X(n,, n 2 ) and h(n,Jn2.) are shown here: 

• • • 
' . . 
• • • 
• • • 
(a) n, 

n-z. 
• # , 

• • # 

•• • 

: te) n. 

x (n,, o,_) . . . ll;2., •• h (n,, n,.) 
. . . - . . . 
e • . . . . -

. . . . ' . . 
. . . 
_ _,.....,_n, 
. . . 
. . . 
(b) 

(C) 

s-~-. . . , . 
- .. cg> 

• • 
(~) _n • 

n, 

. . ~ 

• • # . . , . . , 
n-:a. , I ' 

' • • 
, 

' • 
• ' • 

n, 

.. , , 

(d J 

n2.. 
• , .. , 
• • • # 

• • • # 

(1,) 
n, 

I n2. t12. fl4 

i : ; ~~~ (~ ) ; : : : = : : : : : : (gt::~ 
1 

: • , 1 , I) I (J) ()I , tk ) , n I • (.L) nl 

I Match one of the ailove t.o the e~rres~·aons below. 
(** = ~D convolu-tion; *t=convolut'•on •n then, direction. 

11. )( ** h 
2. )( ~i h __ 
3. X *

2 
h __ 

I "~• h ** h __ 
I 

s. h*1 h 

'· h(-n1 , n 2 ) .... ·--

7. h (- n 1,- n 4 ) . . .. 

B. x ( n., n2 ) • h (-n •, n2 ) 

~. X • h . . . . . . . 
10. X*~ X** X .. 

~- ----- --~-

I 

l 



-1-

A big dot. denotes a. non~ero value at'\d 
a small dot a ~ero v.aalve. Two ;unctions_, 
X(n,, n2 ) and h(n.Jn:a.)are shown here: 

• .. • (}'2, 

' . .. 
• • • 
• • • 
(a) 

. . ' 
••• 

n. 

n. 

X (n1' 02.) . . . 
• .. • - * • • 

e • . . . . -__. ......... _,__ __ n' 
. . . . . ' . 

. . . 
_ _.,....,.._n, 
. . . . . . 
(b) 

(_c) 

l
n.~ .. 

. . . ' 
I • f 

•• (r) n, 

(g) 

fl2. t12. 

. . , 

. . ' 

• • • . . , 
n~ , I , 

' . • 
, 

' • 
• ' • 

n, 

n'2.. . - , , 

(d J 

n2. . • .. , 
• • . • 
• • • ' 

(l,) 
n, 

tl4 ..... (m) oone 
., • , of "=he 
, . , above : ; ~1( ) ; : : ~ : : : : 

. n . n .................... 
, . . , . , "• CJ) . • , tk ) . • (.L) n, 
i 

Mate I, one of i:~e ol,ove t.o the e~pres~·aons Lelow. 
(**=~D convolut-ion; *t=convolut'•on •n then, direction. 

1 

1. x * * h '· h (- n 1 , n 2 ) . . . . . __ 

I 2. x *t h 7. h(-n1 ,-n:t) .... 
3. x *2 h B. x ( n ., n2 ) • h (-n •, n2 ) 

. ~. h * * h ,9. X • h . . . . . . . 
,5. h*ih 10. X** X** X .. 



h(n,,na) 
1 

'Ia. 
1 1 -- :_.o 

/ 

1 "· _,1 

Compute and sketch the. cl rcufa r­
convofution of )( with h. 



1 

x(n,, na) 
1 

1 - -"~1 
1 n, 
-1 

-2-

Compute and sketch the. c.i rc.ufa,... 
, convolut:ion of X with h. 



( ' 

-3-
' 

I 

• Compute the M- d i.m en.si ona.l l.unction_,l 
: WM(r,_,), whose contenued proJection to 1 

:.1- o..~ g;ves the. :Pvnc.r··oni 
I w1(t1) = e-TTt, 
' 2 -lTU2 
! 1-1 i tl1: : j_: e -TT a Co"1 ( ~lf CJ U ) d a : e 



I 
I 

-LJ-
i 

: An RA, n.::>tor ious lor goo~ing up dat:a 1 
';samples a 2-D image whose spectrum 
! is· i!.er-o ou-t:'side o.f. a ci,..c.le o.P kno\.cJn 
I 

I .finite radius. 5 a ~piing &UBS P':,.. fo rm_ed crt: 
~~he Nye;uis~ dens,t;l. The or-agen~l .mage 
i's ~one1 so we cant: .res~rnrle. What 

1 
would b e your- rea c. t • o f) • f : 

j (a) E~e':"l .s_am pie.~ eJC'cel-t. -that- at: t:lee 
! o~ • g- • n.J • s ii!. e ro .. T~ value. for t A-e. 
! sarYlple·a-tt"e or•g-•n wcrs lost .. 
i (b) .Same as (a),., except tJ.at t:he value 
: of the sample closest to -the.cr-igin 

down the positive hori'i!-on'f:af aKiS~ l 

wa .s 1.. The R A~ i:h oug-- I,,~ sal :s he 
isn't sure a bovt that par-ti cui a,... 
sample value. .. 

Be spec.iJ!i c. asJou c.an. J u.s ri .f y your--
an ~ kJ e rs. . 

I, 



Scrarcl, Shee.'ti 
I 

I 

' 

( 



-----1-e~E~S~~~----~-----------------------r--~ 
j MiJ"tertrt # 1 Sol ut:ions 
11. e _; 2.. i _; 3 ~ j .,j 1.1, ; j SJ .t: ; ~, h _; 1, b j 8 k J S . • 10d 

2. D• rec-ti y 
• 

x (-n,ltnz> n,_ 
~ ..... ~ ........ 0 0 

y=-xc:O::>h 
. y ( 01 0) :;: 1' 

y<•,o) = -~ 
y (o, 1 ):: 0 

I 

• • • • • 

.......__..Q--~3---''---E::::~n ,-" y ( I , I) = -1 . ' . . . . r • 0 0•0 

ft . . J 00 -Trr'2.d -wyz. n, 
~ Since .-GO e x=e. 

{Use. J,;,~ with u=o). ThU5: 
'"2. 

- WM (rM) : e -vr,., 

l/ a J The.. sam p I e « -e- t Ia e orig-in WltJ s -t:­
a I so be l!ere. This /e;,//ow$ .P.rcm tire 
res-f:orat:ion ;or~ via$ I; near it)'. 

b) r-r we /os1:: 2 .SQmples., anal ~J.ose 
remaining \-U~ ,..... ~e~ -t=l. ._,., -t'h e. 
two l_ost $t:A: m(Jle.s wcv/J be ~e~o 
a /.so. Thus, -t;h e. va I ve cf j_ i .$ 

wr-o~g-· __ re- .s,J,cu lol he ~ ~ro. 



£'EsqS 

tl/2'i /8" 
Midterm# 1. 

j 3:30 to tf:2Sf .. m 

Score. /100 

In .formation 

1~ tach p~"oblem is .wort-h 2.5 points .. 
2. There i~ no pen~ fty for g.ues:sing-

on m u I t • p I e c h o • c.e l:! u e: s -1:: , o n s. · 
3 .. The exam as closed book and ,closed 

notes., You are allowed i. pag/e o-Jl 
notes, a ca.Jculai:-or and one 
boo/<: o~ ma.t:J, rabies and eyua-t:ions .. 

'1. Do all of /our worf< iV' this t:es-t , 
. booklet. · 
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A, big dot. denotes a. non~ero value a"d 
al small doi: a i!-ero ve~lue. Two tvnC?tionsJ 
K ( n 1 ' n:z) and h( n,,~ h~) are shown here.: 
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• ~~ .. (m) oone 
.. .. , : of -t: he 
•• I · above . • 

.. .. , • , t.,. i 
b •• tk ) . ·-· 

I 

MatcJ.. one of the al,ove t.o the. e>tfres~·,ons below. 
** = ~0 convolut-ion; *t=-convolut"aon en then. direction. 

1 •• x **h: '· h(-n1 , n 2 ) .... ·---

2. x ~i h 7 •. h(-n 1 ,-n~) ... . 
3.. x * 2 h B .. x ( n., n2 ) • h (-n a, 0 2 ) 

LJ. h * * h .9. X • h . . . . . ~ . 
s. h*1 h .......,1

-
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Compute and sketch the. c« rcula,... 
convolution of X with h. 
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Compute the M-dim~nsion,e I Ju:nctionJ 
w~1 (r'"")' whose continued prt:::Jject:ion to : 

.1. ~ D.J gives the .fu nlc.ti oni 
. wt( t1) = e --rrt, 

2 -~u2 
Hiot:: J_: e-rra eo-:l.(~lTau)da = e 

i '!' 



An RAi notorious lor goc;.J!~ng up d~t:-aJ 
:Samples a 2-D ;W)a.g-e whose spect:rum 
is· i!ero out".side. o/ a c:i f"e le o.P known 
finite rad i u.s. , ~pIing was p~,.. fo ~m.ed ;:rt:' 
~he N/ c; uist a._ ;~.;)• 1::[· . The of"•g• ~a I a mage 
as ~one_, so we can't; .res~rnfle .. What ~ 
would b e y our- . r e a c t: • o I') • f. : • 
(a) E:verl .sam pie.., e)(cept. that at; t:J.e . 

orig-i n.J is i!ero. The value. .for the.. · 
sample.'a-t.t"e or-ig-in was lost .. 

(b) Same as (a)., e.x cept t:Jlat: t: he ~a~ ue 
of the. .sample: ~losest. to the.qr•g_en 
down the pose te ve hore i!onf:a f ·a)( ·s~ 
~a~ 1.. The RA., -thou~h.., sals he 
1sn t sure a bovt that par-ti cu~a r 
;sample value.. r 

Be specific. a:sJou can. Ju.st:i.fy yourr­
a. n -!5 kJ e rs. 





x (-n./·n~ n~ 
0 0 . " ~ . .. 

O• 0 

l/ a) The sarnfle «t; t:,e orig--in mus-6-
afso he '2ero. Thi$ /t:Jifow$ :J!ro~ t;he 
resi::orl!lt:ion ,forlfhvla $ linearity. 

b) I~ we, /ost: 2 St:llmf/es.l' anal those 
remai.,ing wee ~-"• ~e~ th«n +~e. 
two lo$t $&c mtJle.s : wov/J he ~ero 
al.so. Thus, ~he. valve cf 1- ;;s 
wrong-. :r:t- sJ,ot.~IJ he 1!-erD. 



. -- - . -- - -- .. tE::5",?S" -. r<~ St(';Jrj-n <?! Lost sample.$. . -------er-
samp) i ng t; h eore«J : Xa ( t) ~ f= X [ n] j (t- V n ')j X£;)]:;1['!: 

n . 
\A)e can v.se variou.s f's .. De.fine B as a perioz:}ic. (a) 

cell bovnd;y (~.g. 8 = hexag·o n fer hexagon~ H y n : 
·sampled .Sfg-na [ . ) and C '::'! s pec:t:rum.s reg-a on o :r a 
$U E.t'ort: " Then I a s.sumi, e- B r!- c two pos.s I iO e. 
c ~ o i c. e s .Po r t he i n t e r f o J a £?i V) '9""" f v n'c. t i on 1 a r e 

r (t ) :: I d.c.:C ~I f e J. .n_ -r t; d it · o ::: B or C ( 2.) 
T (~rr)N. D .J -

Jn some cases 13 =C. . 
Let../-{ clen~t"e a set of M N-d imer1sionaf · 

vectors corres r.ond if'lg: t:o the c.oord·it"la-tes o:fl. 
JV1 Jost samp/e..s. We can write. (a) .:lS 

x8 (t) ~ [J=. + ]: ] x[n1 f(t-~i1) (3) 
nEA_ n¢-A. 

Recall x[n]:: X.a(V r1). We sample (3). 
1 

at the locat-ions -o:P -the M lost: sampfes:i · · 

Xa(~k)::[.f= + ~ ]x(\(;})fC~<k-O));keA 
nt;,k n¢~ a i(q) 

Thv.s: 

. ~ [ ~(n-k)- t(.~'(k-0))] xa(~Yi)::: g(i~}j ~ 

. nek_ (6) 

where 

gCk):: h Xa(y;i) :F(~ (k-0)) _; ke1'·(') 
. ny-.k 

icorresr.onds t;o M numbers that can be 
1 

found from the know·n samp I es. The M I 
:unknown samples car"\ be evalua.t:ed in (5) · 
:by sol viog- M equations and M unknowns: i 
. ~ /_, ~ ,. 

~ o, n'2. . . . n"1 · 

~ I 
,, k,. ii(ri-k)-f(~(k-1'1) Xa(~0) : g(~) (7) 
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\I 

. I ) 
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N~o-t e. s: 
1 .. A condition f.or~ sclvt'u.')n c.f (s) 6..:s th~:tt 

·the fvh~ ~ mat r i >! in ( 7) i s V: ot . s i n g;u l a r- -a 

Ovr conj ectvre 1 s t.he rnatra >f 1 s 5s Yl~ lar 
when B (t.he cell boundry) is use.din (<..) a.nol 
·chat ~, t- i s Q o!: s i n g-o I a r w h e..n C :;£ 8 E C .. 

2.., For dime()S; ons ..?: ~:; there. exis~t c:ase.:s 
where an f.J d imef)s iona I sig-na I can be 
sampled at a mit) i mum 'Glensit;: J yet-
s-till re.su/~t: in samples t.hatar-e 1irle.ay-v/y . 

, d\ ere,.,delf'l t. e.<fT. A c •.rev j a,.... :SUf?fC r"f;- • I 
for a Sf>e<-tru~ requ1r-e.s heKio~onal :Sampf•t'lg-1 
..for mi ~ f m Un1 d ef).S iif/. Yet JVl ..::1a m pI e.:s · [ 
can be t"estored i~ lost. i 

. · -x. 9e ·. I 
3. Ovr theory says ,.p. we loose 10 samples 

we c.. a. n r~:store t:he~ a r l. Not::e/ however~/ 
the. a.ssumpt-'aon that-' we have an i () t; n it:e · 
~v~be;.- o.t re~~ ining :sarne.le.s. eac:: h k o~·w~ to 

. anf,, lte or{!·c•s ton. In pract:-.ce.,. -the~. n at·e... 
nv m .ber 1o-:t- known sam p le...s ( t;rvnc.a t-i on . 
err-or) and data 'noise (e.g-. round o!J :.P- er-ror)\ 
will de~de restorat-ion as will an iflcrease : 
in M. ·~o,- t-he 1-0 case.; :See Marks and Ra.dbe/_, 

'IeEE: Trans A55P .J Juo e., t q 84 .. 

'/.For a sine-le --lost sample at t~e orig-in~ (.s). 
can be .so JC.Ved : o 

I 

~· 

?:-. Xa (~n) P(-~ n) 
n;t!o 

1- f(oJ (8) 
: F'rom (.:z): 

r(~)- \!d _t L J dft 
\ i 0 - (2Tf)M D 

' lh 0 ..s; :Po r ( 1J) to b e v a r • d : 

f I It -;1 { 2.1T)M- ::}cftd.; U J 
· a r ~~ v 1 . -
D -

This is an ejuali-ty if 0=8. (elabo..-ate) 

(to) 



MID M 

beg-innang- of.. c.l s~J 

t:aeJ your work. Vse his 
Neat~es untsJ' 

. . . 

b Marks) 

. 
1~ Work prob. 1 .. , in Mdim n aon 

2.. fin h x(t,,~ 

h 

L t -o 

1. 
t, 

i in ·• 

--a l1 sides are val 

r n :Porm b 

(a) hi ( a, a) 
( ) n ketch h(.n.,l ) 
(c) W r i·O slice o~ nine. (12. 

eq () i 11 a I e. n t to t h .s J ; i n ( ) ? 
(d) A' :2. ... 0 Filt ,.,. h s .:Pr uency resrons 

H( ,, )'" h c~,, LV) 
mpvt h SfOOing impu s hfn. n~1 

th cott1volution o two 
I j t h nvo I cJJtion 

r w ows. Th Par ~ 
:window i ro for It) I nd is unit! 
. he ora g:' n. EJC e.nd h; s wi f!dow to two 

i me ·• ons usi n2:" he rot ted sp run<:J 
t hniqu .. eva'1ua (r) in t osecl :Por 
.kz. an lty i II y- not '•g-i H ) .. Norma I i .. 
Plot on ti1 same pJ.1 wit.h sim~ larly 
norm I i W 3 (-t:). 

'l. Work 
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Now: 

J'fr 

Thus 

(i~rJ'Tr I H(~) I d 

--

) 
d 
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! F~ofYJ Woi!:enc.raf't -f Ja.~b flriV)c.iples o.J! 
I Cowamut)tc.ai::-'eot1 E:111 i eeri , Pf· 35"S ... 35 7_, 

! 

~volume. o.P an M dimensional flne~re. 
t>tl raJ;v ,fJ i .s BN\~ N\ where. 

(M -I) ) I 
8 -- ""b ,..,. (TT"') '2. 

41 
,_ d.A dd 

~ ~ H ~ 6WJO 

·!VI v f) ) 

; Thus; 

l h rn I =- drr)"" ffF I H (cj))~ 
Tr)M BM WM 

- (!J:tl ) ( l!!L::1)} 7T ::z. \ 2 

M! 

--
--

i. 
1 ; fV1 ve fJ 
0 
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Parzen has suggested the follow:-
ing lag window: 

s 2 ~ M >-.(s) = 1 - 6M2 + 6 M3 , Is I .~ 2 , 

= 2( 1 - JU)3 M < Is I s. M 
M ' 2 - ' 

=0, lsi>M. 

ForM even, the corresponding spectral window is given by 

.4MB 
- 6 sm 4 2 . 2 e 

W(e)- 3 e p-3sm2j. 
rrM sin4-

2 

(26) 

(27) 

The Parzen lag window may be derived by taking the Bartlett lag window 
(treated as a continuous function of s) and convolving it with itself. 
(The truncated periodogram lag window, the Bartlett lag window, and 
the Parzen lag window are related to the probability density functions of 
the sum of ,respectively, one, two, and three uniform ( -M ,M) random 
variables.) Parzen sdf estimates, like the Bartlett and Daniell estimat'es, 
are always non-negative. 



__ W _tf\J_o __ o_ W -···· 

i -a 

C> :, ±- w, ( l() :; fx ~a [a + ~ ] [ (a ~ x: ) + \ ] d S 
+ fox [a - ) ] [{a -X) + ~ J d ~ 

r fx"[a-~](( +x)-~]d) 

"- J,.~a [a<.a-x)+ (la-x)~+ '3zJJ3 

+ fo )( [a (a - x) + )( ~ - ~ "l.] d ) 

+ f..ca [a(a+x)-+- (2a+X )~ + r<tJJ 5 

:: [a<a-x)~+ ~(za-x)~'2.~ 1;J 3 ]=-a 
+[a(a-x)~++xi~- 1:) 3 ]= 

[ 
...L.. -L ]a + a(at-x})- -;;r..(za+x)~~+ aJ 3 x 

A 

- -a (a -)()()(-a) • ~(2.a -x) ( x-a )"<!..- -k-<x -a) 3 

+a(a-x)x+ ±x3 --k'x 3 

+aZa+x) .... ::k (2a~x)az.+ ~a3 

- a(a+x)X + ~(:l.a t-X")Xa- ~X 5 I ',( 

i: (I ) . i 
I 



) + (-f-

+a( -Jc )x + i- x 3 

+a-z(a+-x)- (a~ ) a 2 + "t 3 -· 

= a3 

-t a 2 .x 
-+ ax:z 

+ )( 3 

Note.: 

W
1 
(o) _ 

c. -
....L­c. -

( 'Z ) 



w<-£~2 = f ( _ ~)[(a-x)+J] ~ 
X-C4 ) ) 

:: fx~:Ja. (a-x)+- x - 5 2 Jo!3 

= laca-x) 3 + ~ x~ ~- i- 3 l<-a 
= -z.(a- x) + x a<!- t 3 

-a (a-x)(x-a) - -k x (x--a)a+ ~ ( x--a) 3 

: a oz.( a-x) + ~ x a~- ~ a 3 

+a ( x -z... 2.a r+a 2 )- ~ 'X' ( x ~ :za x+a 2 J 
+ 1; ( x 3 - 3 xa a + 3 x a'- .d 3 ) 

::a 3 [J~ +1- ] 

- --

) - ) 



D 

:,., u.s 
dw.(~a) • )'2. -:z. 

c d >c =- - 2 ( + (2 ) - a a 
:.L2+ Lf- ] a -:z.:::..o 

ood, • 



w. ( 
c 

i Fro II'V\ p a. r t- :z. : 

w. (a+) _ r: -L 
c_ - L'- +I-

: :. We ~et: coo tin oi I;; J <2 a. .. 

w. (X:):: 

0 

w.( -.x:); x .t:... o 

Or. since 1"= :za: , 

... -

={ 

, ( 3 7la3 r-x) 

; O!;; X~ 17"' 
; ~ X~ 'I' 

(1) 

(I D) 

(o) 

(1 ) 



( 
<"); ::1:_)3 - 2 ..L - J_ ,-2.. - 8'-Lf 

1 
:. Cont:inuity G ?'f'Z. 

Now; .from (t3) 

[3x 2 -~?-x] 

~ (x-r)~ 
! c .j,. • ..--::1 ,a:_ ? ' on~•nuous ~ 2 • 

I '0 '*X ~Cl 

• 2. <::.x I 
/ 

l' 

(IS) 

(u.) 



- ~- --- - --- ----- ----

Com pv ;11g- Tn 
-~rb;.-r -- -------- ------ --­

-1-JT W:z.(r): - rr 
rr 

.JL J- d w. (x) 
dx x -a.x z dx-

From (U~) 

- [,-~]= [ ~ 
• .,., 

) 

tz r) 
.~ ..x_ For r < ?' 2. 

Use.tu J r,teg-ra Is: 
C.Rc .. p.LfiO #17'8': 

J {xa- ,--a, _ \) x~- r-":2.' ( 
: x--:z.. dx- = ~ +A X+ x -z._r ) 

(Z3) 

CRC f !{Of>' #IS(; 

J Jx"-- r,_ •Jx= 'f[ xf"x 2 -r-z.'- r~ (x-r x-a-r"- ~ 
(z'f) 



----

Thus, (2. corn e.s: 
! 

i Wa ( r) = ~'r3 [ 1'~ t --X- +L(x+ 

i. 

i 

- t { 'T v-r -z. - r 2. '- r 

= -.,;, ... [ V -r'" - r ... ' [- 'T- .!f J 
)] 

= ,;-ya [ ~ Vr ... -r2.'•t (2.1l- r ... )L 1~+~~-~ r-

.,.,. a. ... r/ '<!.. 
== ;1"'2. [ 3 r ~ 1'2..- r 'Z. '- ( T ~ r oz.) k 7

--+__.;,. __ ~ r , 
I 

J 
J 
(_zs) 



C 0 M b if) i "'~ ( 2S ) l ( 2.8 ) : 

W,_(r)=f W,_(f)-;'1 s["i-/F-r21-r%(f+ !"- r?..)] 

Norma I i 

· 0 ~ r <. 71 :z_ 
J I \ 

;;.,
3 

[ 3-r{ ,...__ r ... 1- (2 7-z.H. 2.) L t! + ;:. .._ - ,. ""- ) ""'"''+" · 
"t' , r I 

: (tl) .!L.. [.L !...1.- r 2. (~ + ~- 1

r '2. ·;11 
7f W:z.(r't')- Wz. 2.. ... -rr -z v 41 - r:t - r ~ \ ,_ J 

#:-[3 J 1- r ,._...,- (.2.+ r")k ( t+VJ- r,_ 
1

) 

:oW
4
(r) = W:a(~)- :'}[.L[t-r21-r-"A(f+ r"t- ""- )] 
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Problem 2.3: 

a) The easiest way to attack this problem could well be to simply try 

several examples. 

b) 

EX: N =N =N 1 2 

N1=RN2 

PERIOD N 

PERIOD N1 

. N1N2 where 
In general, the period of i(n,n) 1s ( . ) gcd N1 ,N2 
gcd(N

1
,N2) is the greatest common divisor of N1 & N2 • 

~1 (k) 

N -1 N -1 1 2 
z:: . z:: 

k ,;o k =O 
1 2 

The innermost sum is zero unless k=N
1

k2+N2k
1 N1-l N2-l 

:. X1 (k) = Z:: Z:: X2 (k1 ,k2)o(k-N1k2-Wzk1 ) 
k1=o k2=0 

34-

Since N
1 

& N2 are relatively prime, each value of (k1 ,k2) over th~ range 

of summation contribut~s to only one value of k. The samples in x
1

(k) are 

simply the samples of x
2

(k
1

,k2) scrambled. 
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Problem 2.3: 

a) The easiest way to attack this problem could well be to simply try 

several examples. 

b) 

EX: N1=N 2=N 

N
1

=RN2 

N1 , N2 REL PRIHE. , 

PERIOD N 

PERIOD = N1 

. NlN2 where 
In general, the period of i(n,n) 1s ( . ) gcd N

1
,N

2 
gcd(N

1
,N2) is the greatest c~mmon divisor of N

1 
& N2 • 

The innermost sum is zero unless k=N
1

k
2

+N
2

k
1 N1-l N2-1 

:. X1 (k) = L.: L.: x2 (k1 ,k2)o(k-N
1

k2-Wzk
1

) 
k1=o k2=0 

Since N
1 

& n2 are relatively prime, each value of (k
1

,k2) over th_: range 

of summation contribut_:s to only one value of k. The samples in X
1

(k) are 

simply the samples of x
2

(k
1

,k
2

) scrambled. 
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~~ 
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I
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1
; (b) E'varuat:e and sketc.h h (n.,,o) ancl h(cP,1l.~) 
(c) What other t-O .slices c; hinc. (.n • .lt.a) •~4 
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Final Examination: EE521 

Robert J. Marks II 

• Do all of your work in this test booklet. 

• The test begins promptly at 8:30 AM. 

• The test is closed book and closed notes. Each student is allowed two 
8~ x 11 sheet of paper with notes. Calculators are allowed. 

• Each problem is worth the same number of points. 

• After the test, you may forget about this course for the rest of the year. 

1. The first problem is your work on the McClellan transform. Please attach 
it to this booklet when you hand in your test. 

1 



2. Provide a detailed sketch of the projection of 

(a) onto the t 2 axis, 

(b) perpendicular to the line t1 = t2, 

2 



3. Denote an Abel transform, fA(t), of a radial function, f(r), by 

f(r) <--+ !A(t). 

(a) What is the scaling theorem for Abel transforms? In other words, 

You may assume that M > 0. 

(b) Given the Abel transform pair 

1 

II(r) <--+ (1- 4t2
) 2 II(t), 

evaluate the Abel transform of the annulus 

{ 
1 ;1<r<2 

f( 1') = 0 ; othen~se 

3 



4. Consider the component filter (transformation function) 

In the 271' x 271' square in the (w 1 , w2) plane, we desire a two dimensional 
filter 

;lw1-w2l ~ ~ 
; otherwise 

Make a detailed sketch of the prototype filter 

N 

H(w) = L an cos(nw). 
n=O 

(Do not evaluate any values for the a71 's.) 

4 



5. The IIR filter H(w 1 ,w2 ) is iteratively implemented where 

Evaluate the required number of iterations, I, required to assure the max­
imum error of both the output and the corresponding transfer function 
does not exceed 2 ~6 • 

5 



1. Scratch Paper 

6 



2. Scratch Paper 

7 



3. Scratch Paper 

8 



EE595 ' 

DEPARTMENT OF ELECTRICAL ENGINEERING 
University of Washington 

Take Home Fi na 1 

1. Using the McClellan transform, design a 2-D hexagonal FIR low pass filter 
with near circular symmetry that passes freque~ies I~TI/4. Plot the 
frequency response slices H(w1 ,0) and H(O,w2). 

2. Page 280, #5.3. 

3. An M~l dimensional signal has a spectrum with the support of a hypersphere 
with radius~~ The signal is sampled at minimum density and a sample is lost 
at the orig1n. The known data is perturbed by zero mean stationary sample 
wise white noise with variancef2. Plot the restoration noise level, 
2(0); i2 for l<M:58. 

n 

4. Page 342, #6.8. 

~-------------------------------------------------------------------~---------------
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,. 
Problem 6.8: 

a) 

b) 

c) 

1 N-J,. 
W' (~) = - L:! w(i) exp [-j~' (~1.+~)) N . 0 J.= 

N-1 
= exp[-j~'E_] L: w(i) exp[-jk'x.] 

- -J. 
i=O · 

= \-7(~) exp [-jk 'E_] 

where'd~ (d d d)' 
- x' y~ .z . 

N-1 W' (k) = 1 
N L: w(i) exp[-jD~'·~i] 

i=O. 

= W(~D) 

W' (~) 
N-1 

=l L: · w(i) exp[-jk D x.-jk D y.-jk D z.] 
N i=D X X l. y y l. z z l. 

= W(_R-_) where R, = (k ·D ,k D ,k D ) ' 
- XIX y y Z Z 

146 
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Problem 5.3: 

a) 

b) 

c) 

Y (z) 
z 

-..,..--,-- = ---=-
~z(z) 1-az-l 

1 -1 Y (z)=X (z)+az Y (z) z . z z 

' c(n) = ao(n-1~1 
, 

y.(n)=x(n)+ay. 1 (n-l) 
~ ~-

y
0

(n)=8(n) 

y1 (n)=8 (n)+ao(n-1) 
: 2 

y2(n)=o(n)+ao(n-l)+a o(n-2) 

Yr(n) 
I . 

J.: 
= l: a 8 (n-i) 

i=O 

• . 
n = a u(n) 

OQ 

2n 
a = 

2(I+l) 
a 

2 1-a 

I I [p 



1111 TilE FOIIHIEH TIIANSFOII:\1 .\Ni; ITS AI'I'LICATIONS 

2ti Trro-dir ... ,:.vional impulse. Stale th1• nature of the following impulse sym­
hoJ, in two dimensions Ly gi~·ing (a) the.lo·~~-~ wherl' .. the iri1pulse is locatl'll and 

(h) tlw lill(•ar density at t•:u·h point of the locus: o(r + .1/). o(.ry), o(sin IJ). 
b(r7 + y' - I), o(r' + y'). 

21 f)rriralirc lhrorem.~ for Ilankl'llran4orm. Show that 

(rf)' => - (qF)' 

and that f' => - [qXI r 1fiJ'. 

28 IJI'riralire lht'orem for J/ankl'llran.vform. Show that. 

d 
rf'(r) :::> -q 1 -- [q 2F(q)]. 

dq 

29 llankrl fran.vform throrrm. Show that 

f(r) =X {q- 1 !!_X {,.-t !!._f(r)} }· 
dq dr 

.10 llankel lrawiform aamplr. Establish that the Hankd transform of 
r1 exp ( -n') is (11"- 1 - q') l'Xp ( -1rq2). 

.11 llanl.·rl fran.•form. Show that 

r~ ./l(.r)./u(a.r) d.r = /l(l -a'). 
)o 

.'12 flu,/.·,·1 fra11.vjorm t'.miiiJik Yaify thai ( hrr2) 1 .le(7rr) has Hankel lrans-
forrn ( l ·- r/)11 (q). 

.JJ f'tllu·hy pri11ripal rulw·. \\' .. often use th1• phrase "area under the curve 
f(r)" lo mean the integral from - oo to oo. lntuitivl'ly. from expl'rience with 
arl'a'i, onl' might expect that tlw an•a under f(.r) is thl' sam<' as the area under 
j(r I· I). Can you provp that 

~-~~ 'gn .1· d.r = ~~oo sgn (.1· + I) d.r? 

.'1 I /{udial .vam pliny under rirrular ·'Jimmelry. The light from a star is received 
at two points spaet·d a certain distan<·e q apart and the eomplex correlation 

hd we!' II tlH· two optical wanforms is dl'lermint'«l. It can he shown that this 
('Oillplt·x number is a Yalul' or the Hankel transform U(q) or thl' brightness dis­
lrihulion b(r) on•r the stellnr disk (assuming that tht> brightness distribution has 
c·irndar symmetry). (If r is mc·asun·d in radians. q wiH lw measured in wave­
IPngtlts.) SincT \lw star i, of finite extent. it suffices to sample the transform at 
n•gulad~· spa .. ed clislarwes. Show how to 1lderminc b(r) from valut's of U(q) 
dt•l<-rmincd at q = 0. a, 'la, .... 

.1.1 . f IH-/ lramiform. L<'l f(-) lw subjected to two Abel transformations in suc­
c·t•"ion. Show that the n•sulting funetion f,u(.r) is equal to th~ volume under 

Supplt•mt>rllary problPm.& ·H 

.f() outsidP radius .r. that is . .f.u(.r) = 'l1r ioo rf(r) dr. (This prol>h-m was sUJ 

plied hy S. J. Wernl.'eke.) 

.16 T~t·o-dim.en.vional autororrt•lution. Let f(r) hav<' ,\hd l.ransfonn fA(.r). 
we take the two-dinwnsional autoconelation of f(r). we g<•l anot h1•r <"ireularl 
symnwtrical function. Show that. the Ahd transform of the two-dimension; 
aut.o .. orrelation is the one-dinwnsional lluto<"orrplatiou of tlw .\1.,·1 lnlllsfon 
f,(.r); that is,f(r) uf(r) has .\l>~·llransform.f.,(.r) *f 1 (.r). 

:11 . flwl-Fourii'T-llanl.·cl cycll' ·~( lransformx. Fund ions t'Jlll lw spatially a' 
ranged in groups of four t.o exhibit tht' Ahel-Fourier-llankd !'}'l'k of transforn 
(R. N. Bracewell, A.u.vfral. J. l'h!f.v., vol. !1, p. l!Hl, 1!15G. aud l'rohlem l'i!.W 
Thus tht' relationships 

Jill<' T 

siiH' .r 

ll(q) 

Il(q) 
(I - 'i!u2)!II(u) 

has A hel transform sine .r 

has Fouril'r lransformii(IJ) 

has Hanh·l transform jine r 
has Abel transform (I - 4u. 2)!IJ(u) 

has Fourit'r transform jin<' r, 

where jine r = (2r)·-IJ 1 (1rr). are all compactly summarizPcl hy grouping the fol' 
funcl ions as in the hox. 

.,~""';"jf.{i.J 
JliiC r (1 - -~u 2 )lfi(u) 

Abel Hankel Abel 
Sill!' .1' II ('I) 

The diagram 
relationship. 

LFouri~-f(r) 
on llu· right is tlw kc·y to the· lmns~·ms impli1·d J,y lltl' spati: 
\' erify I hP following i mportanl groups. 

Sill<' r 

.lo(7r.1') 
Il(u) 

7r '(t- q2)-!II(q) 'la(a 2 

M(r) 
sinc2 .r 

(1- u.2)!- u' cosh· 1 u 1 

A(q) 

o(r - a) 

- ;·2) lii (;~;) 

e. 1rr
1 

e -1(.I'l 

2 ('OS 'l1rUU 

'!.rra.l 11 ('l1raq) 

('- 'KtJl 

(' W<i'l 

.18 \'t'rify tlu• composite similarity th<'orem for tlu· Fourier-Alwl-IIankl'l cycl 
of transforms, for a > 0: 

If 
f(r) 
g(x) 

F(u) 
O(q) 

af(ar) 

then 

g(a.r) 

F(~) 
a·

1
0 (!) 
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DEPARTMENT OF ELECTRICAL ENGINEERING 
University of Washington 

Take Home Final 

1. Using the McClellan transform, design a 2-D hexag,:.nrtl FIR lo1t1 pass filter 
wHh near circular symmetry that passes frequent?.·i.:.::; t~rr/4. Plot the 
frequency response slices H(w1 ,0) and H(O,w2). 

2. Page 280, #5.3. 

3. An ~~1>1 dimensional signal has a spectrum with the support of a hypersphere 
with radius/J, The signal is sampled at minimum density and a sample is lost 
at the orig1n. The know'n data is perturbed by zero mean stationary sample 
wi~~e __ ~''h2!e noise 1--lith variance D. Plot the restoration noise level, 

2(o/ t; 2 for l< M5 8. 
n 

~ 4. Page 342, #6.8. 
"i,\, 

--------------------------------------------------------------------~---------------1 
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" Prob.lern 6.8: 

a) · H1 (k) 1 N-1 
== ;.:.... L: ! w ( i) exp [ 1 ( ' N i==O -jk ~i+E_)] 

b) 

c) 

== exp[-j.!s:_'..Q_] 
N-1. 

E H(i) e .. ,1[-jk 1 x.] 
- -:L 

==H(k) exp[-jk'i] 

Hhere d ~ (dx,dy ,d)' 

H .. ' (k) = 1 N-l 
N E w(i) ex\-/l-jD~' •xi] 

i=Q. 

= H(~D) 

N.:...l · ·. 
H'(k) == !-

1 
r..·.H(i) exp[-jk D x.-jk D y.-jk D z.] 

l i=O X X :L y y :L z z 1. 

== H(>!. __ ) where >!. == (k ·D ,k D r,. D ) ' 
- - x· x y y' z z 
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Problem 5.3: 

n) 

b) y:l (n)=x(n)+ayi-l (n-1) 

c) y
0

(n)=o(n) 

y1 (n)~(n)+ao(n-1) 

Y (z)=X (z)+az-lY (z) z . z z 

: 2 
y2(n)=o(n)+ao(n-l)+a o(n-2) 

Yr (n) 
I . 

1 = r a 0 (n-i) 
i=O 

• . 
n yro(n) = a u(n) 

"2n " a
2t

2
+1) ] . e 2 (n) "' E u 

n=I+l 1-a 
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EE521 nrune ____________ _ 

examination #1 

closed book, no scratch paper (there's some at the end of the booklet). 
one sheet of notes, a calculator and a math table are okay. 
please do all of your work in the test booklet. 

all problems are worth 25 points. 

************************************************************ 

PROBLEM 1: 

Consider the following periodicity matrix: 

Which of the following matrices produce the same periodic replication? Choose all that 
apply. 

(b) [ 
1 

_(] 

-1 1 [

2 -1 ] 
(c) 

-1 -1 

(f) [2 -1 ] 
2 1/2 

Circle the equivalent matrices clearly. Ambiguous answers will be graded as incorrect. 



PROBLEM2: 

Consider the two three dimensional signals shown below. The value of both functions at 
all points is either one or zero. The value of the function is ~hown at its location. If a 
value is not shown, it is zero. In both cases, the origin is the lower left front corner of the 
cube. Let y = x *h. Compute y(l,l,O). 

n o o 
./l~~n3 
/)f7~ 

· o >n 
1 

I 



PROBLEMS: 

The half order derivative of a function is obtained by multiplying the spectrum of a signal 
by the square root of j omega and inverse transforming. Using this insight, derive the 
function that, when convolved with x(t), will result in its half derivative. 
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266.' Til~; FOlliiiEil Tll:\NSFOill\1 .... Nil ITS Al'l. iJONS 

\\'hen .\'puiuls of suhtln,·isiun nrc used, the scale~ of pis urrangcci so I hal 
F becomes zero ut p = .\". The coelficicuts may theuull he mulliplictl by 
(10/1\')1, or lhe coctlicicnls may be ldt uuclumgccl und the answers 
multiplied Ly (1 0/ J\')1. 

As an example consider f'(p) = (10 - p) 1, for wlaida tlae naocliliccl Ahd 
Lrunsformisknowntobel'&(t) =~ ... (lo-t). Weworkaluniliulcrvuls 
and copy Lhe coeflicienls om n movahle strip. The culculat ion in progress 
is sho'wn in Fig. 12.7. The movable strip is in posilioma for culeulnling 
f'..t(U as the surn of products of corrcsponclirag vulues of F au.! K: 

7.78 = 2.12 X 2.000 + _1.87 X O.H'i8 + ... -1- 0.71 X IU7~. 

The inverse problem, Lluat of caleuluting F from FA, cnn he handled hy 
means of the rclution F = -.,..-•]{ • F~ if F .• is first diffcrt•nlintcd. How­
ever, it will he JWrceivccl Lhnt Lhc culeulat ion just ·cleserihc~cl can be done 
in reverse, using the values of PA, anti working l he mova ltle ,;lril, upward 
from the holt om. The strip is shown in posit ion for t~nleulut ing F(5 -
!), let us sny by me:ans of a puck('! c·a leu Ia lor. Form lilt' prod ut'l s 0. 71 X 
0.47~ •... , 1.87 X 0.828, allowing llu·u• lu ac·c·umulate in tile memory. 
Subtrnct this sum of J~rocluds frnm 7.7H and diviclt• hy ~.o·uo to ohauin 
the next wnntecl vnlaw, F(5 - ~) = ~.1 !l. Tilt• tll\'t·rs•• I ransfonuaiion 

'cnn· be.periormctl quil'kly iu I his wa.r. 

,, F K I;. 
-
IS c;~ 

3.U6 
U.UII 

2.91 
2 12 52 

2.74 
3 10.94 

2.55 .. ---- 9.37 
2.35 

5 1.16 
2.12 2.0!)0 

6 6 20 
1.67 0.626 

7 4.6:.! 
1.58 0030 

8 3.1~1 
1.22 0.536 

9 

""' ~ 0.71 
10 

0.427 ° 
- ~..,__._......-• 

Pig. 11.1 Calculating modified Abel tran3jorms. 
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EE521 name 5o lui:; on.$ 
Friday, December 9, 1994 
10:30AM 

INSTRUCTIONS: 
* Do all of your work in this test booklet. 
* This test is closed book and closed note. 
* You are allowed two legal sized sheets of notes & a calculator. 
* Each problem is worth 25 points. 

////////l////l////////////lll//l/////////////lll///////////////l//////////////////ll/////////l///////ll/////////////// 

1. A half order derivative, (dfdt)l/2 x(t), can be written in integral form as 

(dtdt)l/2 x(t) = J x{t) k(t;'t) d't 

where integration is over all 't. Evaluate the kernel, k(t;'t) . 
..L ..L 

(ft) ~ X(t)< ./p-(Jw) 'K_(w) 
- )l(-t:) . 

l<ecall: "F-f1 ~> {¥J 1 

. 

J. i : _L f:iE I ) 

Thus; (Jw J' X(1£) = "Jrj? Jw ~ ft[;) · lf.(w 

The inverse t-rans Form,~ . 
J_ 

( cLJ3~) ;J~-) Y, X(f.) ;: Jlrr" it (1-~~t} ) * X (t) 

_ _k .J_, ~·(-t} * X ( t) 
- JTf a -r \It' 

Since A Ll&.-t-)=- 6(-t) . . 
/ /1 {t} J 

( ~eL.) t { . ) - - ; [ _f!(t.l. + ;:-t:. 3/i I >t X (t J . . 
. cl-t X i -./if" tft1 2 . . . . 

;-rsrJ · . . I QO [ G ( -t- - 1" J ~ (1·- -t L J J 1' . 
- = J;f -""' x(rl . ft: -1'' + z (i -1') 

3
/

2 

and: 



2. 

a. Evaluate the circular convolution of the following 2-D signal with itself: 

x[O,O] = -1 
x[1,0] = 0 
x[0,1] = 1 
x[1,1] = 1 

b. Can a circular convolution of a function, other than one identically zero, with itself 
result in a function that is identically zero? If so, give an example. 

n 
~ ~x[;fJ0:-1 

• - 0 
(), .'::.- ' 

10 ,_ 
y['l\a n-z.J::. X* X 

(!) y[o~ oJ:: I' I +f)'~~· 
® y(t,o] __ 

y [ ', 0 J:; 
(;> y[o, t] 

<11 

• 

. ( ) (o) T (_-I) (I ) + l 0) (I ) ::. ~ z . 
;: (_ I ) ( - l ) t- I . . ( ) 1 ) ( 1 ) (~I ) .f. (-1 )( J ) ~ { o. I J 

0 r· [J,I].; ~ ~ •tO + _,. 
- z . 



4. 

4. A two dimensional signal has a Fourier transform that is identically zero outside of a 
half circle with radius W. Evaluate the corresponding Nyquist density. 

,, 
• 

tP .CI+.~ )W~J 
J_.ltJ 
2 



5. 

(a) Consider the operation of transposing a function. That is, from x(t), we make x( -t) 
where t is a vector. Is this operation linear? Is is shift invariant? Explain your reasoning 
in each case. 

(b). Give an example of a system that is additive but not homogeneous. 

e__a) Linear.--:-> res 
. y Lt > -;:_ s x r -t 1 =- x c- t: J 

A .t d ; t i v; t 7 : v:'~ 4 't { _,) "' a ~ ( -t) 
H-o t'Yl o : ,./ ~ .5 x ~.(-t-) + X 7.-l c) :::. X 1 (_-t ) t- X zl-·i:) 

L ;·n ea Y" 

t 

I~ 
--1\<!~~--t:, 

(b) How about 
y=-sx~gx* 

.5 x,-rx'-=-x:+-)<1::::. 5x,r5Xz 
s ll x ::. et * :x '* # a .S x = a x.* 

0Clefd~t;,l/e 

cvH-owt 0: 



6. 

A three dimensional signal, x(nt.n2,n3), is zero everywhere except the first octant (where 
all three variables are not negative). In the first octant, the function is 

x(nt.n2,n3) = (l12)A(nt+n2+n3) 

If x(nt.n2,n3) = h(nt.n2,n3) and 

where * denotes convolution, what is y(O,O,O)? 

JlrNT: CONSIDER THE CONVOLUTION MECHANICS; 

Tret n s fc:>S .in 3-0' 
On J y 0 n Y1 011- er"'o f o ~11 r 
o v er J C( f jl /1 r; (" r ; 6; 1\ ) 

K{o
1 

o, 6}:::: 

~> f(~CjC>)~ I 



Elementary Finance Analysis Using Difference 
Equations and z-Transforms 

Robert J. Marks II 

1 Introduction 

Many common problems involving interest in personal finance can be solved by 

1. writting, by inspection, a describing difference equation, and 

2. solving the difference equation using a unil~teral z-transform. 

Examples given in this monograph include analysis of 

• compound interest on a simple deposit, 

• compound interest on periodic deposits 

• payment scheduling of loans, such as morgages, where premiums are paid 
periodically, and 

• effects of taxes and inflation. 

1.1 Some Preliminary Math 

1.1.1 Unilateral z-Transforms 

The unilateral z-transform of a sequence x[n] is 1 

00 

X(z) = L x[n] z-n 
n=O 

The transform pair can be written in short hand' as 

x[n] f-+ X(z) 

For example 
1 

an J.L[n] f-+ 1- az-1 (1) 

1 When the summation over n is over the interval (-oo, oo), the z transform is said to be 
bilateral. 

1 



2 Compound Interest on a One Time Deposit. 

Interest quotes have two components. 

• annual interest and 

• the frequency of compounding. 

Let r be the annual interest and N the number of times per year compounding 
occurs. If N = 12, as is the case with most passbook savings, compounding is 
performed monthly. 

A one time deposite of d is made in an account that yields an interest of r 
compounded N times per year. Let b[n] be the balance at the end of the nth 
period. The difference equation describing the accumulating interest is 

b[n + 1] = ( 1 + ~) b[n] (6) 

with the initial condition b[O] = d. This is a special case of the difference 
equation in Equation 3 with 

x[n] --> b[n] 

~ 
r 

--> 1+ N 

TJ --> 0 

xo --> d 

Making these substitutions in Equation 4 gives the balance at the end of the 
nth compounding period as 

, ( r )n b[n] = d 1 + N 

The balance at the end of a year is 

b[N] = d ( 1 + ~) N (7) 

and at the end of M years is 

(8) 

This is a "zero over zero" situation to which we can apply L'Hopital's rule. a 

( r)N ..A...m(l+..!:.) 
lim ln 1 +- = lim dN d ( ) N = r. 

N-oo N N-oo _ l 
dN N 

This completes the proof. 
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Thus 

1 + r < b[N] < er. 
- d -

Note that for modest interest rates, the spread is very small since, for r < 1, 

(15) 

2.5 Effect of annual taxes. 

Consider the same problem of evaluating the balance of a one time deposit 
of d, except that the interest each year is taxed at a rate, t. Let f[M] be the 
balance after year M before taxation and c[M] be the balance after year M after 
taxation. The before taxation balance at year M + 1 is given by Equation 7 
with d -r c[M]. 

f[M + 1] = c[M] ( 1 + ~ )N 
The taxable interest earned in year M is new balance minus the initial balance. 

i[M] = f[M + 1] - c[M] 

The amount payed in taxes is t x i[M]. The after tax balance is 

c[M + 1] = f[M + 1]- t X c[M] 

Substituting the previous two equations results in the difference equation 

This is a special case of the difference equation in Equation 3 with 

n --7 M 
a;[n] --7 c[M] 

e --7 (1- t) ( 1 + ~) N + t 
'fl --7 0 

xo --7 c[O] = d 

Making these substitutions in Equation 4 gives the desired result. 

(16) 

2.5.1 Continuous Compounding. 

Imposing the limit in Equation 5 onto Equation 16 gives the continuous com­
pounding solution 

lim c[M] = d [(1 - t)er + t]M 
N--1-oo 

(17) 

6 



2.5.2 Extrema. 

As a function of N, Equation 16 is minimum for N = 1 and maximum for 
N = oo. Thus, from Equation 17, the following extrema of yield results. 

[(1- t)(1 + r) + t]M :::; c[~] :::; [(1 - t)er + t]M 

From Equation 15, for modest interest rates (r ~ 1) and moderate M, these 
bounds are tight. 

2.5.3 Combining the tax and interest rates into an equivalent inter­
est rate. 

For a given tax rate, t, and compounding frequency, N, an equivalent (smaller) 
interest rate, rt, exists. Equating Equations 16 and 8 gives 

(18) 

Solving for rt gives 

(19) 

The equivalent instantaneous compounding interest rate from a taxed in­
stantaneous interest rate follows from application of Equation 5 to Equation 19. 

lim rt = (1-t) (er -1) 
N--+oo 

2.6 Effect of inflation. 

A constant inflation rate can be viewed as a negative interest rate. If u is the 
rate of inflation, the effect of inflation on d dollars over one year is given by 
Equation 10 making the replacement r---> -u. 

Over M years, the balance has reduced to 

[de-u]M = de-Mu. 

For example, if you stuffed d = $100 in your matress for M = 3 years, its 
purchasing value, at an annual inflation rate of 12%, is diminished to 

$100 X e-3 x0·12 = $69.77 

in terms of the purchasing value of money at the time of the initial deposit. 
Adjustment for inflation can be assessed after yield is evaluated. Two ex­

amples follow. 

7 



the end of n periods5 , the describing difference equation is 

(22) 

Assume the account starts with a balance of b[O] = 0. Equation 22 is then a 
special special case of Equation 3 with 

x[n] -+ b[n] 

~ 
r 

-+ 1+-
N 

'fl -+ s 

xa -+ 0 (23) 

Substituting thes parameters into Equation 4 gives 

A Ns{( r)n } b[n] = ---:;:- 1 + N - 1 . 

The balance after one year is thus 

A Ns{( 1')N } b[N] = ---:;:- 1 + N - 1 . (24) 

and the balance after M years is 

A Ns{( r)MN } b[M N] ~ ---:;:- 1 + N - 1 . (25) 

3.1 Continuous time solution. 

For the continuous time solution to this problem, assume y is invested yearly in 
equal installments. Thus 

s = .!!... 
N 

For M years, the balance in Equation 25 therefore becomes 

Using Equation 5, the balance using continuous time compounding is 

A y M 
lim b[M N] = - ( er - 1) . 

N-+oo r 

5 The notation b will be used for the case of constant periodic deposits as opposed to b[n] 
which denotes the accumulated balance on a single deposit. 
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