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When a multidimensional signal is uniformly sampled, its spectrum is replicated. If the signal is band limited and
the replications (1) contain regions that are identically zero and (2) are not aliased, then the samples are dependent.
Indeed, lost samples can be regained from those remaining. In dimensions greater than one, there are spectral
regions of support for which this is the case even when sampling is performed at the Nyquist (minimum) density
(e.g., a circular spectral region of support in two dimensions). When the known samples are perturbed by additive
noise, lost-sample restoration noise levels in certain cases can be obtained by simple geometrical observations in the
frequency domain, The results are specifically applied to coherent and incoherent optical images of objects of finite
extent obtained from imaging systems with circular pupils,

1. INTRODUCTION

In one dimension, a band-limited signal’s samples are inde-
pendent when sampling is performed at the Nyquist rate.
In higher dimensions, band-limited signal samples obtained
at Nyquist (minimum) densities can display a strong depen-
dence. Indeed, lost samples can be regained from those
remaining. In the one-dimensional case, oversampling is
required for sample dependency.!?

The ability to restore lost samples of a multidimensional
band-limited signal sampled at Nyquist density is deter-
mined solely by the shape of the support of the signal’s
spectrum. If the shape is such that replicated nonoverlap-
ping versions can fill the space with no gaps, then Nyquist
-samples are independent. Otherwise, they are not.

An example of the former in two dimensions is a rectangle.
A circle is an example of the latter. Any coherent or inco-
herent image of an object of finite extent obtained from an
imaging system with a circular pupil has a spectrum with
circular support.? Nyquist samples from such images are
thus dependent, and lost samples can be evaluated from
those remaining.

In this paper, after a brief review of the sampling theorem
in N dimensions, we derive specific formulas for restoring
lost samples in certain Nyqust sampled signals. The sensi-
tivity of the restoration to additive noise is then presented.
The results are fascinating interpretations of noise levels
based on areas of regions of support. (Here and later, area
refers to N-dimensional area; e.g., for N = 3, area refers to a
volume). Applications to optical images are then addressed
specifically.

2. PRELIMINARIES

Before stating the closed-form algorithm for lost-sample
restoration, it is necessary to state the results of the N-
dimensional sampling theorem for nonrectangular sampling
geometry. ‘Details of the theorem are admirably presented

0740-3232/86/020268-06$02.00

by Dudgeon and Mersereau® from Petersen and Middleton’s
initial treatment.’

N-Dimensional Sampling

Let{x(t)|t = (t1, t2, . . . , tn)’'} denote an N-dimensional signal.
(The prime is for vector or matrix transposition.) The cor-
responding spectrum is

X(Q) = f x{t) exp(—;j't)dt, -

t

where Q = (24, Q9,..., On) and

TS

The inverse transform is

1
o)

x(t) = f X(9) exp(t)aQ.
’ (2 i

Let V be an N X N sampling matrix corresponding to the
manner in which x(t) is sampled. In general,
V= {viivel vl

where the v,’s are sampling vectors. For example, in Fig. 1,

N =2and
-1 2 ,
v-[ 5 _2]- . (1)

In general, the sampling density is
1 samples
[det V| (unit length)¥

For a specified v, the sample signal is

D=

x(t) = 2 2(Vn)ép(t — vn), (2)

n

© 1986 Optical Society of America
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Fig. 1. Sampling geometry corresponding to the sampling matrix
in Eq. (1).

Fig. 3. One cell of Fig. 2. The region of integration, B, must
contain the spectral support region, A, and must not infringe onto
adjacent spectra. € isacell region, The areas of the regions A, B,
and @ are A, B, and C, respectively.

where 6p(-) ishthe Dirac delta and n = (ny, ng, ..., ny)’. The
spectrum of x(t) is the replication of the spectrum of x(t):

X@=D Z X(Q - uk), (3)
k

where U, the Fourier periodicity matrix, satisfies

UV = 2rl. 4)
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As we shall see, the geometry of the replication is dictated by
jujn=1,2,..., N}, where

U=[ujug ... luyl

For our example in Eq. (1), |
T 3n/2
U= .
[w 1r/2]

Thus, if X(Qy, Q) were confined to be within the shaded
ellipse at the origin in Fig. 2, then the corresponding X(Q;,
(2) would have the periodic structure shown.

For agiven Vv, there can exist a number of ways to separate
X(Q) into periods. A period cell, when replicated, must fill
the entire Q plane. For a given v, all cells will clearly have

the same area. A possible cell for the example in Fig. 2 is the
rotated rectangle shown in Fig. 3.

The N-Dimensional Sampling Theorem

An N-dimensional signal is band limited in the low-pass
sense if its spectrum is identically zero outside of an N-
dimensional hypersphere of finite radius. Then we can find
a sampling matrix V such that the corresponding sample
spectrum consists of nonoverlapping components. Under
this condition, it is possible to regain X(Q) from X(Q) in Eq.
(3). Wechoose aregion B € @ that contains only the zeroth-
order spectrum. Then

X(Q) = X(Q)F(Q), (5)

where

F(Q) = {ldet\l], Qe B
0, Q¢3
An illustration for our running example is shown in Fig. 3.
Note that B could correspond to a cell region @ or the
spectrum’s region of support A. To regain x(t), we inverse
transform Eq. (5) and obtain

x(t) = x(t) * f(t),

where the asterisk denotes N-dimensional convolution and

f(t) = 1det f exp(jH)dQ. ®)

@emy /3

Substituting Eq. (2) gives the desired interpolation formula:

x(t) = Z x(Vn)f(t — vn). @)

n

3. RESTORING LOST SAMPLES

In this section, we will show that an arbitrarily large but
finite number of lost samples can be regained from those
remaining for certain band-limited signals even when sam-
pling is performed at the minimum density. The problem
addressed is one of well-posed interpolation rather than ill-
posed extrapolation.8-9
" Let M denote a set of M integer vectors corresponding to
the M lost-sample locations in an N-dimensional band-lim-
ited signal sampled in accordance with a sampling matrix, V.
Theorem: If x(t) is a band-limited signal and V is chosen
to ensure that there is no aliasing between adjacent cells,
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then the missing samples can be regained from solution of
the M equations:

Z {8(k — n) — f[V(k — n))}x(Vn) = Z x(vo)f[v(k —n)};

ne M né¢M
ke M (8)

assuming that the solution is not singular. [{The Kronecker
delta function, 4(n), is unity when n = O and is zero other-
wise.] The left-hand side of Eq. (8) contains the unknown
samples. The right-hand side can be found from the known
data.

Corollary: For asingle lost sample at the origin, if f(O) #
1,

2(0) = {1 = AO)]™ > x(va)f(-Vn). (9)

n=0

This follows from Eq. (8) for M = 1 and # containing only
the origin. Note that, by using Eq. (7), the signal’s interpo-
lation can be written directly void of the sample at the origin:

2(t) = " x(v)[f(t = V) + {1~ FONf(-Vm)A(B)].

n#0

Theorem Proof: We can write Eq. (7) as

x(t) = (Z + > ) x(Vn)f(t — Vn).

neM né¢M

This expression can be evaluated at M points, and we can
solve for {x(Vn)in € M}. Let these M points be the t = vk,
where k € JM:

x{Vk) = (Z + 2 ) x(Vn)fiv(k — n)); ke M.

ne M ng¢ M

Rearranging gives Eq. (8).
Corollary: A sufficient condition for Eq. (8) to be singular
is when the integration region, B, is equal to a cell region, @.
Proof: On a cell, the functions {exp(2'Vn)} form an or-
thogonal basis set. From Eq. (6) with B = @ we have

flvn) = ——. det V] [ exp(jQ'vn)dQ.
2mN

= §(n).

The left-hand side of Eq. (8) is thus zero and the resulting set
of equations singular.

The restoration algorithm in this section alternatively
could have been derived by a generalization of the iterative
technique in Ref. 1. The treatment here, however, is more
compact although maybe less intuitive. The results in Ref.
1 are equivalent to the N = 1 case. The same is true of
Section 4 and Ref. 2.

4. NOISE SENSITIVITY

Our purpose here is to investigate the restoration algo-
rithm’s performance when inaccurate data are used.>% In
general, the algorithm becomes more unstable when (1) M
increases and/or (2) the area corresponding to B increases

Robert J. Marks |y

with respect to that of @. Indeed restoration is no longer
possible when B = @,

The restoration algorithm in Eq. (8) is linear. Let £(t)
denote a zero mean stochastic process. If x(t) is uncorrelat.
ed with £(t), then the use of [x(Vn) + £(vn)in ¢ M) in Eq, (®)
instead of {x(vVn){n ¢ M} will result in {x(Vn) + n(Vn)in e ),
where {n(vn)|n & M} is the response to {£(Vn){n ¢ M} alone;

> [k = m) = fiv(k = m)lln(vm) = " E(VR)AV(k = n)),

ne M n¢ M
(10)

The restoration noise, n, depends linearly on the data noise,
£, Thus the cross correlation between these two processes
and the autocorrelation of 1 can be determined from a given
data noise autocorrelation.!!

Out treatment will be limited to the case when a single
sample is lost and the data noise is samplewise white, i.e.,

E[¢(vn)g* (vm)] = £%(n — m), (11)

where £ is the data noise level (variance) and E denotes
expectation. With no loss in generality, we place the lost
sample at the origin, and Eq. (10) becomes

7(0) = [1 = A0~ ' EVm)f(-va).

n=0
Taking the square of the magnitude, expectating, and using
Eq. (11) gives
PO)/E = [1-fO)] Y f-va)%, (1)
n#=0
where the restoration noise level is
7%(0) = E{[n(0)].

The sum in Eq. (12) can be evaluated through Eq. (9) with
= f*(—t) [=f(t) since F(Q) is real]. The result is

fO) -
. ’ 13
1-£(0) (18)
The result has a fascinating geometrical interpretation.

From Eq. (6)
_|det v
(8] dQ.
fo) =12 [ an

But, with an illustration in Fig. 3,

=fd9
B

= area of integration, B

=jd9
@

= area of cell, @
=|det Y|
= (2m)N/|det M,
where we have used Eq. (4). Thus Eq. (13) can be written as

70)/8 =

and
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o O
%Q.g(.g__l)‘. (14)

The restoration noise level is thus directly determined by
the areas-of the integration region for f(t) and the area of a
cell. Equation (14) is a strictly increasing function of B.
Thus, for minimum restoration noise level, we choose B = A
= the region of support of the signal x(¢).

For Nyquist density sampling in one dimension, A = B =
@. In this case oversampling is required to restore lost
samples.! For higher dimensions, the restoration capability
is dependent on the region of support of the signal’s spec-
trum. If the support is the shape of a cell (e.g., rectangular,
hexagonal), then restoration is not possible at the Nyquist
density. -

Filtering

Samplewise white noise has a uniform spectral density and
thus significant high-frequency energy. Once lost data have
been restored, the data noise level can be reduced by filter-
ing the result through B assuming that B < C. The noise
level at the lost sample location remains the same.2 The
noise level at locations far removed from the lost-sample
locations will asymptotically be the same as that for the
filtered noisy samples if no data were lost. If £(Vn) is zero
mean and stationary, then after filtering, the process y(vn)
is also stationary. If the data noise is white as in Eq. (11), its
spectral density is uniform in @. Thus if we filter the noise
through B, the resulting normalized noise level is

V2/e8 = BJC. (15)

(A more rigorous derivation is given in Appendix A.) To
minimize, we clearly would choose B = A.

For a single lost sample in samplewise white noise, the
ratio of the restoration noise level to that of data far removed
is, after filtering through B,

2(0 _
nf)=[1_§] 1, ‘ (16)

where we have used Egs. (14) and (15). To minimize, we
again would choose B = 4. Note that Eq. (16) exceeds both
unity and Eq. (14).

5. APPLICATION TO IMAGING SYSTEMS

An object of finite extent is imaged through a system with a
circular pupil. If the monochromatic illumination is either
coherent or incoherent, the image will have a spectrum with
support inside a circle whose radius W is proportional to that
of the pupil.

Nyquist Sampling of Optical Images

The Nyquist sampling density here is achieved when the
circles in the frequency domain are densely packed as is
shown at the top of Fig. 4. This corresponds to a sampling
matrix

V= T -T
T3 TH3|
where T = w/W. The corresponding optimal sampling ge-
ometry, shown in Fig. 5, is thus hexagonal.*
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Note, as is shown at the bottom of Fig. 4, that the area of A
is less than that of @. Thus, in the absence of noise, an
arbitrary number of lost image samples can be restored from
those (infinite number) remaining. For B = A, the interpo-
lation function here is?

W JI[W(L‘12 + t22)1/2]
orD  (¢2 + )12 '

f(tb tz) =

Noise Effects

Here, we will numerically illustrate the effects of samplewise
white noise on restoring a lost sample from an image that has
a spectrum with circular support. Suboptimal rectangular
sampling is considered first, followed by the optimal hexago-
nal case. Both cases are extended to higher dimensions.

Fig. 4. Top, densely packed circles correspond to Nyquist sam-
pling of images with spectra of circular support. Note the hexago-
nal structure. Bottom, a single hexagonal cell with inscribed circu-
lar spectrum support.

ta

° °

N ¢ o
° °

- — -t

° °

° ° °
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T

Fig. 5. Hexagonal sampling geometry required to pack circles
densely as shown in Fig. 4.
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Rectangular Sampling
If limited to rectangular sampling, minimum density sam-
vling is accomplished by the sampling matrix

T 0
v= [ ’ T] ,
where T = m/W. The corresponding replicated spectra are

shown at the top of Fig. 6. A single cell of this replication is
shown on the bottom. The restoration noise level from Eq.

(14) follows as
‘0'2
Q

/24;\
.

Fig.6. Top, minimum density rectangular sampling of images with
spectra of circular support yields circles packed as shown, Bottom,
a single cell with inscribed circular spectrum support. -

% >
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N
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2 T

Ol (4"
£ )
~ 3.66

an

After filtering through the A circle, the ratio of the resto.
ration noise level to data at points far removed from the

origin is
p -1
Q1]
\02 ’
~ 4,66

=

(18)

where we have used Eq. (16) with B = A = 7 W2 The lost-
sample noise is thus 6.7 dB above the filtered data noise at
infinity.

The results can easily be extended to higher dimensions.
Assume that the spectrum has support within an N-dimen-
sional hypersphere of radius W (Ref, 12):

gN (N=1)/2 (N - 1)! WN

o odd N

A= ' ©(19)
wnN even N

For rectangular sampling, C = {(2W)N. The corresponding
plots of #2(0)/£% and n2(0)/4? are shown as solid lines in Fig. 7.

Hexagonal Sampling
A single hexagonal cell is shown at the bottom of Fig. 7 for
minimum density sampling. The area of the hexagon is

C = 2/3W2,
Thus, from Eq. (14) for B = A = 7 W?

*(0) _ (2\/5 _ 1)‘1

e
~'9.74,

£

[

and, similarly, from Eq. (16)

n2(0)=(1__1r_ -1
= (am)

~ 10.74

N \o\\ . // é( e \)\ar
N ~ . .
Yoo S\\, \\'b 3 one would expect, these values (~10 dB) are greater than

ose of the corresponding rectangular sampling cases in

0= - =0 (/)(/
, 4.// & qs. (17) and (18).

0
8N Q. \&6{ In higher dimensions, Nyquist sampling would corre-
~. uNn \ spond to densely packed hyperspheres in the frequency do-
‘\\%/ main. A table of the cell volume to circumscribed cubic
-5} - volume is given by Dudgeon and Mersereau.* We can use
this table in conjunction with Eq. (19) to generate the resto-
. \ t er e&ration noise level plots in Fig. 7 for Nyquist density sampling
Uﬂ'@ \ when the signal’s spectrum support is a hypersphere. The
-0t redc plots are shown with broken lines and, as we would expect,

Fig. 7. Plots of n%(0)/£ (filled circles) and 150} /Y2 (open circles)
in dB [10logyo(-}]. The solid lines are for minimum density rectan-
gular sampling and the dashed for Nyquist (hexagonal) sampling.

exceed the corresponding rectangular sampling results.

6. CONCLUSIONS

We have shown that, in the absence of noise, an arbitrarily
large but finite number of lost samples can be regained from
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those samples remaining under the conditions that (a) the
data (with the lost samples) are not aliased and (b) there are
sections in the sampled signal’s spectrum that are identically
zero. In dimensions greater than one, these conditions can
apply even at Nyquist densities.

Noise analysis was performed for the case of one lost
sample when the remaining data were corrupted by zero
mean stationary white noise in terms of the sample. The

resulting restoration noise levels are given by simple alge--

braic expressions involving various areas in the frequency
domain. In all cases, minimum restoration noise level was
achieved when the area of the support of the interpolation
function’s spectrum was at its minimum allowable value.

APPENDIX A

Here we derive Eq. (15). Let the samples be subjected to
_noise, £(Vn), with autocorrelation as in Eq. (11). Then if

x{Vn) + £(Vn) is used in Eq. (7) in lieu of x(vn), the result is
x(t) + ¥(t), where

V) = > EV)f(t - V).

Squaring the magnitude of both sides and taking the expect-
ed value gives ;

VR =8It - vn),

This sum can be evaluated using Eq. (7) with x(t) = f* (r —

t):

f*(f—t)=Zf*(r—Vn)f(t—Vn).

For r = t we obtain Eq. (15), recognizing that y2(t) = 2 is
independent of t. ‘

Note that this result is a quantitative mesure of the trade-
off between sampling density and interpolation noise level.
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ABSTRACT

A one-dimensional window 1s chosen from the large catalog of those
available primarily due to {ts leakage-resolution tradeoff (LRT)., Is 1t
possible to generalize a 1-D window to higher dimensions such that the
window's 1-D properties are homogeneously preserved? If we require that
the window be continuous and bounded the answer is usually no. Bounded
(projection window) generalizations do exist for the Parzen and Tukey-
Hanning windows. The resulting windows, however, are very close to that

window obtained by simply rotating the 1-D window into two dimensions,



INTRODUCTION

When choosing from the large catalog of standard one-dimensional
windows [1-2], one is largely motivated by the window's leakage-resolution
tradeoff (LRT). Is {t possible to generalize these windows to two and
higher dimensions such that the 1-D window properties are preserved in each
1-D slice? If we require these multidimensional windows to be bounded and
continuous, the answer is usually negative. In the two cases considered in
this correspondence where bounded two dimensional generalizations do exist,
the resulting windows are close to those obtained by the rotation general-
ization of 1-D windows [3].

A short review of the outer product and rotatfon of 1-D window
general ization methods is given in the next section. In both cases, the
LRT is altered in the transformation. In order to homogeneously maintain
the 1-D window properties, the higher dimension window must be chosen so
that its projection onto one dimension results in the 1-D window.
Unfortunately, this requires unbounded generalizations in many cases of
interest. The Parzen and Tukey-Hamming windows are the exceptions. For
the discrete case, bounded projection windows can be formed such that
desired LRT is preserved inhomogeneously at a number of angular orienta-

tions.



.

PRELIMINARIES
There are a wealth of one-dimensional windows with varfous leakage-

resolution tradeoffs. A one-dimensional window, w;(t) has finite extent:
wi(t) = wy(t) I (t/27)
(where 1 (t) =1 for |t] < 1/2 and {s zero elsewhere), 1s normalized with
w(0) = 1,
and is even function, i.e.,
w1(t) = w1(-t) .
The spectrum of a window is defined by

Witw) = f mibexpl-jutidt .

The area of a window is

A= S:l(t)dt
= Nl?b)

The magnitude of a typical window spectrum is shown in Figure 1. For
good resolution, the main lobe width, A, should be small, and for minimal
spectral leakage, the normalized side lobe magnitude, &, should also be
small. Invariably, however, decreasing one of these parameters increases
the other.

A two dimensional window wo(t;, t,), with spectrum

Wolwy, wy) = j_w frattys t2) exp [-Ju ttupty)1dt dty

is commonly generated from a 1-D counterpart by either the outer product or



window rotation techniques [3]., The outer product window 1s

0
ol (£, t)) = wilt)) wy (&)

and the rotated window, initially suggested by Huang [4],1s
rw _ f}r———z?
Nz (tl' tz)- Vl( tFt+ t )

In efther case, if w; {s a "good" window, then so is w,. For certain
applications, (e.g. Mgood®™ filter design) such dimensional generalizations
are acceptable. In other cases, such as spectral estimation, a small
perturbation in window shape can significantly alter results [5]. Both the
outer product and the rotated window significantly alter the LRT of the
corresponding 1-D window.

To 11lustrate the effects of outer product and rotatjonal dimensional

~ generalization, we choose a boxcar window

v (t) = I (/27

It follows that:
Wl(w) =2 sin (Tw)/ w

for which

A=6,3/ 1; 6=0.22 (1)
For the outer product window, in general:

WoPlops wp) = Wytwy) Wylwy)



The result 1s a window with an 1dentical LRT as the 1-D window 1n the tl

and tz directions. Indeed

Wz (wl, 0) =A wl (U.)l)

However, in other directions, the LRT can be significantly altered. for
example, in the (ty,» t;) plane, the A parameter for the window resolution
in the + 45° directions 1s ¥ 2 ' times that of the 0° and 90° directions.

Consider, specifically, the boxcar window, for which
op ) = 4 ( (
Wolgys wp) = 4 sin (Twy) sin (Twy) / (wywy)
The 1-D slice of this window along the 45 ° diagonal fis:

WoPlw/ VZ 5 w/ VZ )
=4 s1n?C w/ Y2 ) /u?

which 1s the spectrum of a Bartlett (triangular) window. The parameters of

this window with respect to those in (1) are

A45° = V’?A :8- g/T
and
2

2
S45° = 0,047 =(0.22)
Clearly, the LRT is significantly altered,

For the rotated window, the window spectrum can be written as

™
w2 (‘Ul’ wz) = wz( p)

00

= Sg Wp(r)dg (rp)dr (2)



where J'T-_T\
P =2y 1 + mz
and

r= Jt12+ t22

Equation (2) is the familiar Hankel transform [6] which results from
Fourier transforming a circularly symmetric 2-D function. Although the
rotation window does not have the directional inhomogeneity of the outer
product window, the LRT of the original window is also significatnly

altered. Consider the rotated boxcar window with spectrum

Wo¥ (p) =2m T 3y (TP) /0

Here

>
11

7.7 / t = 1.2A

and

O
"

oy = 0.13 = 0.598
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THE PROJECTION OR ROTATED SPECTRUM WINDOW

The 2-D window, vg(r). that preserves the LRT of i{ts corresponding
1-D window in all directions will be referred to as the projection or
rotated spectrum window, The window can be thought of in one of two

equivalent ways:

1. Projection

With reference to Fig. 2, vg(r) 1s the window whose projection is

the 1-D design window:

ity = fuPin dt, (3)

[ 2}

By straightforward manipulation, w; 1s recognized as the Abel transform of

P
Nz#

Iw r vpz (r)dr
'l(tl) = 2 J'—'——Z—\
t; ? -4

Thuss the 2-D window can be obtained from an 1_nverse Abel transform [6]:

1 © d v’ (ty)
wg (r) = T SY‘J tlz -2 —_— [____} 1]

dt, t, dt

1

where the prime denotes differentiation. Since w;(t;) 1is zero for
|ty | > 1, an equivalent expression is [6]:
7/
1 T d wy (ty)
p _ 2 171
vz (1) =— flg2-2 — ]dtl

- r] <1 (4)




2. Rotated Spectrum

The spectrum of the projection window {s the rotation of the

spectrum of the 1-D window. That is

Wy (o) =Wy (p)

The window can thus be obtained by an inverse Hankle transform:
W= (3W (o) I (rp)d
2 fop M1 (o) 3o (roddp

Through this definition of the projection window, one can clearly see that
the LRT of the original window 1s preserved in the 2-D generalization in
all directions.

The equivalence of this and the projection window follows
immediately from the continuous version of the projection - slice theorem
[3] or, for even functions, from the equality of an Abel transform to

Fourier Transform followed by an inverse Hankel transform [6].

EXAMPLES ‘ ‘
1. The Parzen ¥indow 1s obtained by convolving two identical (Barlett

type) triangular windows and normalizing. The result is [71:

, t, 2 t
1 1|3
1-6 (—) +5|T‘ i ty] <1/ 2
t1 4,3
L 0 ; Itl’ZT



Recognizing again that v, (t) = 0, we obtain from (4) after some

variab\o‘ substitutions

;2 (r) = w; (r1)

b 1
9 e
= J’ - [— - r% 2n (2~ b ]
i 2 r
6 gb 3 1 + a 1
+ — [— -—a +clny 130 < r < —
T4 -2 I U 2
2
6 -3a 1+ a
—|— * ¢ &n “—“"] $1/2<r <}
i 2 r =
|

where

v
J

"

r
c = 1 +5

Plots of Qz(r)/wz(O) and wy(ty) (for 1 = 1) are shown in Fig. 3 using
dashed and solid 11ines respectively. The difference between the two plots
is nearly indistinguishable., Thus, the projection and rotation windows for

the Parzen window are nearly identical.



2. Ihe Yukey = Hanning Window 1s defined as

1 nt
wp (t) =—— [1 + cos (—) 3 1 (ts27)
2 T

Recognizing that wy'(1) = 0, we can evaluate the resulting fntegral in (4)

to obtain wg(r). Normalizing gives

Qz(r‘) = wg (rt) /1

1 1 agcos ( wg) - sin (ng)
- !(E- r2) 2 dg
Z 9, g2

A
The integral can be easily evaluated numerically, Plots of wz(r)/vz(O) and
\vl(tl) are shown in Fig. 4. The projection and rotation windows are again

very similar.

BOUNDEDNESS OF THE PROJECTION WINDOW

A problem with certain continuous projection windows is their

unboundedness. For example, the projectfon window corresponding to the

boxcar window is

1

wy (r) = m/z I (r/27)

This result 1s unbounded around the ring r =t. Similarly, for the

Bartlett (triangular ) window we obtain

1

¥ (M = — cosh™ (1/r) T (r/20)
T



This result 4s unbounded at the origin. Sufficient conditfons for w2p (r)

to be bounded are :

d Vl'(t)
— ] <= (5)
dt t
and
dwl (T)
P < o (6)
dt

These conditions follow immediately upon inspection of (4 ), Equation (5),
for example, is violated by the Bartlett window. Equation (6) excludes ali
1-D windows that are discontinuous at t =t (e.g.» Hamming and Kaiser). The
necessity of this can be seen in Figure 2, As in the vertical slice of
wzp' (r) approaches ty = tfrom the left, the circular support requires dimin-
ishingly smaller intervals of integration. The value of wy(1-) 1s deter-
mined by 1integration over an epsilon interval. Thus, {in order for wylt-)
to be nonzero, wg('r-) must be infinite.

For digital signal processing, the boundedness of the projection
window need not be a problem. Here, the 2-D window is set up in some given
periodic grid (e.g. rectangular or hexogonal). The values in the window
are chosen such that their projections [3] are the desired 1-D windows. A
nurﬁber of projection directions can be used. The result is a set of
algebraic equations that can be solved to determine the values of the 2-D
window, A second technique is to form a 2-D inverse FFT on the sampled win-
dows's rotated spectrum. Some preliminary work in such digital extensions

has been done by Wu [8].



EXTENSION TO HIGHER DIMENSIONS
For an N dimensfonal projection window, we wish to find 'S (rN) such

that

W (1)) =St2 th ...;tnwﬁ(rN) dty . . . dtydt, (7)

where wy (r)) is a specified 1-D window and

N
= 2
N k2=:1 k

The integration in equation (7) can be done in stages, the Nth of which is

ey =§e W
N1 TN .ftN n(ry)dty

" §t, i+t )aty

Comparing with (3), we conclude that ¥nN-1 (rN_l) is the Abel transform of
wy(ry). Thus to generate wn(ry)» we simply need to performN - 1 inverse
Abel transforms on wj(t,).

A pedagogical N = 5 closed form example, taken directly from an Abel
transform table [61, is

r]2
)y 11 (rl / 2T’)

w1 (rl) =1 = ( .

2
_ 2 1/2 ,
¥ (r2) -—*ﬂT_Z (1 - ro) i U"Z /21)

1
w3 (r3) = I (ry/21)
T
(r,) ] Inr, /1)
Wy (rp) = ra/ 1
4 4 (WT)Z(TZ-r42)]/2 4
2
Vs (rs) = -——-5(r5 -T)
127

where & is the unit impulse function.




An alternate approach to multidimensional projection windows follows
from the property that the inverse Hankel transform of a Fourier transform
1s equivalent to an Abel transform. Thus, the N - 1 inverse Abel transform
can be performed in the Fourier domain. Bracewell [6] has shown that these
operations can be condensed into the single transform:

N

© N/Z
wy (ry) = ————, W) J on1 Wry) 0’ dw
(21rrN)N/250 1Tzl N

where Jy/ o1 1s the Bessel function of order N/2 -1,

CONCLUSTONS

The projection window preserves the leakage-resolutfon tradeoff (LRT)
of the 1-D window from which it 1s designed. This is not in general true
for the outer product and rotation window generalizations, The Parzen and
Tukey-Hanning windows were shown to have straightforward two dimensional
projecﬂon window equivalents, Many other commonly used windows, however,
were shown to have unbounded projection. Further work in the digital
equivalent of the dimensional generalization is in order. Here,

boundedness need not be an issue.
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Figure Captions

Fig. 1 The normalized spectrum of a typical 1-D window, |N1«ﬂ|/A. The
values of A and & parameterize the window's resolution and leakage
respectively.

Fig. 2: Illustration of the mechanics of forming a 1-D projection, Wy(t,),
from a 2-D cicularly symmetric function Qz(r). (rf = t% + tg). If wy(ty)

fs the projection of w,(r), then w,(r) homogeneously preserves the LRT of

its 1-D counterpart.

Fig, 3: Plots of the Parzen window, (dashed 1ine) and its
corresponding projection window, (solid 1ine).
Fig., 4: Plots of the Tukey-Hamming window, and its corresponding

projection window, (so11d 11ne).
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Fig. 3. Plots of the Parzen window (dashed line), and its corresponding
projection window (solid line).

[ o [+ a3 04 s 08 0.7 o 09 t

/T

Fig. 4. Plots of the Tukey-Hanning window (dashed line), and its corre-
sponding projection window (solid line),

where

a=(1- rz)l/‘l

1 A\
=(3-7)

1+r2
¢ 7"

Plots of w,(r)/w,(0) and w() (for r=1) are shown in Fig, 3

using dashed and solid lines, respectively. The difference between

the two plots is nearly indistinguishable. Thus the projection and
rotation windows for the Parzen window are nearly identical,
2) The Tukey— Hanning Window is defined as

wl(t)-i(ucos( ))n(;/zf)

Recognizing that w{(r) =0, we can evaluate the resulting in-
tegral in (4) to obtain wf(r). Normalizing gives

a(r) = wf(rr) /7

1 4 1,2 mé cos( ) —sin(m§)
e
Jhe integral can be easily evaluated numerically. Plots of

Wy (r)/wy(0) and wy(1,) are shown in Fig. 4. The projection and
rotation windows are again very similar.
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BOUNDEDNESS OF THE PROJECTION WINDOW

A problem with certain continuous projection windows is their
unboundedness. For example, the projection window correSpond-
ing to the boxcar window is

1
wy(r) = ————=T1(r/27).
() 1r(72_r2)1/ (r/27)

This result is unbounded around the ring r = r. Similarly, for the |

Bartlett (triangular) window, we obtain

wy(r) = % cosh~t (r/r)II(r/27).

This result is unbounded at the origin. Sufficient conditions for
wf(r) to be bounded are

Y

d [ wi(t)
=)< ®
and
dw (1)
dt ,_,<°° (©)

These conditions follow immediately upon inspection of (4).
Equation (5), for example, is.violated by the Bartlett window.
Equation (6) excludes all 1-D windows that are discontinuous at
t=r (e.g, Hamming and Kaiser). The necessity of this can be
seen in Fig. 2. As in the vertical slice of w{(r) approaches ¢ =r
from the left, the circular support requires diminishingly smaller
intervals of integration. The value of wy(77) is determined by
integration over an epsilon interval. Thus, in order for wy(7™) to
be nonzero, wf(+~) must be infinite,

For dlg,nal signal processing, the boundedness of the projection
window need not be a problem. Here, the 2-D window is set up
in some given periodic grid (e.g., rectangular or hexagonal). The
values in the window are chosen such that their projections {3}
are the desired 1-D windows. A number of projection directions
can be used. The result is a set of algebraic equations that can be
solved to determine the values of the 2-D window. A second
technique is to form a 2-D inverse FFT on the sampled window’s

rotated spectrum. Some preliminary work in such digital exten-
sions has been done by Wu (8).

EXTENSION TO HIGHER DIMENSIONS

For an N-D projection window, we wish to find wy (ry) such
that

w(n)=[ [ o [ () dy oo dydy (D)
where wy(n) is a specified 1-D window and
N
= Z .

The integration in equation (7) can be done in stages, the N-th of
which is

Wy-1(7v-1) =f‘ wy (ry) dt

=/; wN(‘/rAz,_l+ tf,) dty.
N

Comparing with (3), we conclude that wy_,(ry_1) is the Abel

transform of wy (ry). Thus to generate wy(ry), We simply need
to perform N —1 inverse Abel transforms on wy(#).
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IMuLTIiomMENS IONAL CASE
| Define
Fp = J;ZEXKZ ' > N?”
We wish teo d;é; n an Ndimensional
window Wn(r"’“ﬁ§’ such that

w,(r) = Lg &3...]; Wi (rn) dX d Xy ..dX,

Note that this can be done i1n stages. e

Woet (Faa) = Sy Wa (o) dx,

pﬁ@aegé iﬂg .

e
N
[~ =]

Whai (r‘n--) = j; =i{n(fhn%.*xnz'>dxﬂ

Make the substitvtion:
Y =y 2 ¢
Xn= Yr= -3

£, gﬁm
2 2
- r%n-a
J e I, S
co ndra
2 f Wﬂipﬂ) 2, 2
rnzrn-u \!Fn “Pﬂwl

This is simP!)l an Abel transform.
Thusk for a g“a'veﬂ W, (X,}, we
obtain wn(r,,E b)’ Pﬁﬁﬁowm;mg’

N inverse Abel tramsjeor"m;?.
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Example: Parabola

wi(rye T po(r) Y (e7)
Wiy 2 VT T SR palr) )
W (rs)= 7t P(r) (69)
w, (,@,ﬂ NN s P+ (ry) (70)
We (rs) = may S(%-”i‘) (7

The resouvlts are Lrom Braa@wgi!#zd
Pzéq




264 THE FOURIER TRANSFORM AND ITS APPLICATIONS
Table 12.9 Some Abel transforms

5) e
X

H(r 2a) Disk 2(a? — 2% (2/2a) Semiellipse
(a2 = r)~HI(r/2a) all(z/2a) . Rectangle
(a® ~ %)M (r/2q) Hemisphere  3w(a? — z)0(x/2a) Parabola
(a? — M (r/2a) Paraboloid 4(a® — 20)UM1(x/2q)
(@ — r)II(r/2q) (87/8)(a? — z2)TI(x/2a)
aA(r a) Cone [a(a® ~ z2)* — z? cosh™ (a/z)]I(z/2a)
77" cosh™! (a,/r)II(r/2a) aA(z/a) Triangle
(r — a) Ring impulse 2a(a? — 22)~HI(z/2a)
exp (—r2'2?) Gaussian (2o exp (—x2/20?) Gaussian
r2exp (—r2/20?) (2m) o (22 + 0% exp (—z2/207)
(r? — a?) exp (—r2/202) - (@m)toz? exp (—22/207)
(a? + r3)~? 1r(a2 + 1;2)-!
Jo(2war) (ra)~! cos 2razx
e [r“" for Jo(r) dr sinc? x

~ o) = M)
5(r)/lr| 5()
2a sinc 2ar - Jo(2maz)
ir-3J (2mar) sinc 2ax

Since K is nowhere zero, the solution is unique (except for additive null
functions).

Reverting to f and f4, we may write the solutions as

+ , - ,

or, if the integral is zero beyond = = r,, and allowing for the possibility
that the integrand may behave impulsively at 7o, we have

f(r) - _ % /;r., f;(x) dz + fA("'O)

@ — 7% T xGt — 7P

= — ; /:_ro (z2 — ) % [‘f‘l‘xﬁ] dz ——j—%%"—) (ro? — At

Relatives of the Fourier transform - 265

Useful relations for checking Abel transforms are

[ fa@) dz
and f4(0)

2r /Om f(r)rdr
2 [ () ar.

Another property is that
K«KxF' = —qF;

that is, the operation K * applied twice in succession annuls differentia-
tion; then F4 is the half-order integral of F, and conversely, F is the halif-
order differential coefficient of 4. To prove this, note thatif Fy = K * F

implies that F = —x—'K * F’,, then it follows further that F, = K xF’;
whence

K+K+«F = K+F, = —xF.

In Table 12.9 the first eight examples are to be taken as zero for 7 and «
greater than a. A

Numerical evaluation of Abel transforms is comparatively simple in
view of the possibility of conversion to a convolution integral. One first
makes the change of variable, then evaluates sums of products of K(p)
and f(¢ — p) at discrete intervals of p. The values of K turn out to be
the same, however fine an interval is chosen, save for a normalizing factor;
consequently, a universal table of values (see Table 12.10) can be set up
for permanent reference. The table shows coefficients for immediate
use with values of Fread off at p = 4, 13, . . . , 93, the scale of p being
such that F becomes zero or negligible at p = 10. The table gives mean
values of K over the intervals 0 — 1,1 — 2, .. .. Thusatp=n+ %
the value is

[ K(=9) do = 20+ 1} — 22

Table 12.10 Coefficients for performing or inverting the
Abel transformation

p K P K P K p K
¥ 2.000 5% 0.427 103  0.309 153  0.254
13  0.828 63 0.393 113 0.295 163  0.246
25  0.636 T 0.364 123 0.283 174 0.239
3%  0.536 8% 0.348 183  0.272 - 183  0.288
43 0.472 93 0.325 143  0.263 193  0.226




e asvasworund AND ITS APPLICATIONS

Fi@) = [T foend fO = o [T P dp

Fu@) = [“f@e=tde  f@) = o [ Fue ds

2t Je—i

fn) = %ﬁifrF(z)z“‘l dz  F(z) = /_: oDztdt -

= 3 fy
o

It is clear that the z transform is like the inverse Mellin transform
except that £ must assume real values whereas s may be complex, and
conversely, z is real whereas z may be complex. The contour I' on the
z plane may be understood as follows. It must enclose the poles of the
integrand. If the contour ¢ — 4 to ¢ + 2 for inverting the Laplace
transformation is chosen to the right of all poles, then the circle inte which
it is transformed by the transformation z = exp (—p) will enclose all poles.
In the common case where ¢ = 0 is suitable (all poles of F1(p) in the left
half-plane), the contour T becomes the circle |z] = 1.

The Abel transform

As soon as one goes beyond the one-dimensional applications of Fourier
transforms and into optical-image formation, television-raster display,
mapping by radar or passive detection, and sc on, one encounters phe-
nomena which invite the use of the Abel transform for their neatest
treatment. These phenomena arise when circularly symmetrical dis-
tributions in two dimensions are projected in one dimension. A typical
example is the electrical response of a television camera as it scans across
a narrow line; another is the electrical response of a microdensitometer
whose slit scans over a circularly symmetrical density distribution on a
photographie plate. '

Fractional-order derivatives are also closely connected with the Abel
transform, which therefore also arises in fields, such as conduction of heat
in solids or transmission of electrical signals through cables, where frac-
tional-order derivatives are encountered.

The Abel transform f4(z) of the function f() is commonly defined as

fule) = 2 /: fordr

G

The choice of the symbols z and 7 is suggested by the many applications
in which they represent an abscissa and a radius, respectively, in the same
plane.

Relatives to the Fourier transform 263

The above formula may be written

fa@ = [\ k2 dr,

2r(rt — 2~ >z
where te) = | s

The kernel k(r,z), regarded as a function of rin which z is a parame.ter,
shifts to the right as = increases, and it also changes its .form. A slight
change of variable leads to a kernel which simply shifts without change of
form. Thus putting ¢ = 22 and p = 72 and letting f4(z) = Fa(x?) and
f(r) = F(r*), we have

Fa® = [” K& = 0)F () do,

-5t <0
where K@® = {(() ) £§20;
) _ = Flp)dp
alternatively, Fa®) = |, [y

or again, Fq=Kx+F.

When necessary, F4 will be referred to as the “modified Abel transform of
F.” Having reduced the formula to a convolution integral, we may take
Fourier transforms and write

Fy = KF.
Since R(s) = T:—;Ts?’
if follows that F = (—2is)iFa
| = — % 2y Rmsks
whence F = -—%K*Fg;
that is, Flp) = — 71—r f: %%)—%%

The solution of the modified Abel integral equation enables F to be
-expressed in terms of the derivative of F4. Integrating the solution by
parts, or choosing different factors for the transform of F, we obtain a
solution in terms of the second derivative of Fy:

F =25 «F,
T

— &)}
where 5€(£)={(() o z;g
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——— THIG FOURIER TRANSFORM AND ITS APPLICATIONS

Ry = D j@erd j@) =  Fupe dp

27r’L c—im

Fu(s) = [ f@)ort d f@) = 571; O p (o ds

1 Je—iw

) = o [ F@#=ids  F@) = [ sz de

= Y fmy
4]

It is clear that the z transform is like the inverse Mellin transform
except that { must assume real values whereas s may be complex, and
conversely, « is real whereas z may be complex. The contour I on the
z plane may be understood as follows. It must enclose the poles of the
integrand. If the contour ¢ — 7» to ¢ 4- 2= for inverting the Laplace
transformation is chosen to the right of all poles, then the circle into which
it is transformed by the transformation z = exp (— ) will enclose all poles.
In the common case where ¢ = 0 is suitable (all poles of Fz(p) in the left
half-plane), the contour I" becomes the circle |z = 1.

The Abel transform

As soon as one goes beyond the one-dimensional applications of Fourier
transforms and into optical-image formation, television-raster display,
mapping by radar or passive detection, and so on, one encounters phe-
nomena which invite the use of the Abel transform for their neatest

treatment. These phenomena arise when circularly symmetrical dis-

tributions in two dimensiens are projected in one dimension. A typical
example is the electrical response of a television camera as it scans across

a narrow line; another is the clectrical response of a microdensitometer
whose slit scans over a circularly symmetrical density dlstmbutlon on a
photographic plate.

Fractional-order derivatives are also closely connected with the Abel
transform, which therefore aiso arises in fields, such as conduction of heat
in solids or transmission of electrical signals through cables, where frac-
tional-order derivatives are encountered.

The Abel transform fi(z) of the function f() is commonly defined as

fuld) = 2/’ (f('r)r dr

2 — xz)g

The choice of the symbols z and 7 is suggested by the many applications
in which they represent an abscissa and a radius, respectively, in the same
plane,

Relatives to the Fourier transform 263

/ ’/‘
The above formula may be written e 52/

[

Fa@) = [7 k) f(2) dr,

2r(rt — a2t >z

where k(r,z) = { 0 r<gz

The kernel k(r,x), regarded as a function of r in which z is a parameter,
shifts to the right as « increases, and it also changes its form. A slight
change of variable leads to a kernel wkich simply shifts without change of
form. Thus putting ¢ = a2 and p = 72, and letting fa(z) = F4(2?) and
f(#) = F(r?), we have

Fu®) = [T K — 0F () dp,
- E)—4
where K@) = { (() £ g ; g
alternatively, Fu() = / ® {;Sp:)g—;? |
or again, Fq=K=x«PF.

When necessary, F4 will be referred to as the “modified Abel transform of
F.” Having reduced the formula to a convolution integral, we may take
Fourier transforms and write

F. = KF.
. i = 1
Since K(S‘) = t—:g—i:?)—;’
if follows that F=(- 21'.9)*17' 4
: 1
7r( 2 ), 'LQTF-?I’A
whence F = —;K*FA;
. 1 F,(8) dé
that is, Flp) = — ;f (;i)p)}

The solution of the modified Abel integral equation enables F to be
-expressed in terms of the derivative of F4. Integrating the solution by
parts, or choosing different factors for the transform of F, we obtain a
solution in terms of the second derivative of Fy4:

F=%.’K:*F,'{,

where K¢ = { (—§? §

\V /\
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Table 12.9 Some Abel transforms

70) 74(®)
2 Disk 2(a? — 2%)}(z/2q) Semiellipse
I(Ia(':-/--ﬁ:ar)z)—1’II (r/2a) 7ll(z/2a) Rectanlgle
(a2 — )I(r/2) Hemisphere *-_1‘:_‘77(0,2 — xz‘)H(:c/ 2a) Parabola
(a? — rI(r/2a) Paraboloid 4(a? — ) TI(x/2a) ]
(a — %)TI(r/20) (8r/8)(e* — 9«2)2]21(35/ 113 —
alA(r/a) Cone {a{a? — 22t — z? cosh™* (a/2)[1(z/2a)
7! cosh™! (a/r)I(r/2a) aA(z/a) . Triangle
5(r — a) Ring impulse 2a(a® — x2)‘2H(x/2(i) G .
exp (—7%/20%) Gaussian (211-)*0 exp (—z%/20%) aussian
2 exp (—r%/20?) (@m)io(z? + 0?) exp (—22/20%)
(r* — o) exp (—r?/2?) (2m)toz? exp (—z/207)
(a? + r¥~! r(a + 277}
Jo(@mrar) (ra)™! cos 2maz
2 [7‘3 for Jolr) dr ‘ sinc? ¢
— 2] ()] = M(r)
8(r)/mi _ é(x)
2a sinc Lar Jo(2raz)
x~lar~J (2war) sinc 2ax

Since K is nowhere zero, the solution is unique (except for additive null
functions).
Reverting to f and f1, we may write the solutions as

fa(@)
o= ~2 [ - -1 [ - [E2] e

or, if the integral is zero beyond z = 7o, and allowing for the possibility
that the integrand may behave impulsively at ro, we have

£ b

o fi(z) de fA (r0)

f=—-—_J, m o g

= -—% :' (z? — 2)/ [fA(x)] {.{1?(;? (re® — )1,
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Useful relations for checking Abel transforms are

|7 f4@ o = ox [7 f)r ar
and - fa(0) = 2 [7 56 dr.
Another property is that

K*K «F = —zF;

that is, the operation K * applied twice in succession annuls differentia-
tion; then F, is the half-order integral of ¥, and conversely, F is the half-
order differential coefficient of 4. To prove this,notethatif Fy = K * F

implies that F = —x1K * F’, then it follows further that F, = K * F’;
whence

K+K+F = K*F, = —xF.

In Table 12.9 the first eight examples are to be taken as zero for » and «
greater than a.

Numerical evaluation of Abel transforms is comparatively simple in
view of the possibility of conversion to a convolution integral. One first
makes the change of variable, then evaluates sums of products of K(p)
and f(¢ — p) at discrete intervals of p. The values of K turn out to be
the same, however fine an interval is chosen, save for a normalizing factor;
consequently, a universal table of values (see Table 12.10) can be set up
for permanent reference. The table shows coefficients for immediate
use with values of Fread off at p = %, 14, . , 9%, the scale of p being
such that 7 becomes zero or negligible at p = 10. The table gives mean

values of K over the intervals 0 — 1, 1 — 2, Thusatp=n+ 3%
the value is

[T (=) dp = 2(n + 1) — 2.

Table 12.10 Coefficients for performing or inverting the
Abel transformation

P K P K P K

o K
3 2.000 5% 0.427 105  0.809 153 0.254
13  0.828 6% 0.393 113 0.295 163 0.246
2% 0.636 Ve 0.364 123  0.283 175 0.289
3% 0.536 8L 0.348 134 - 0.272 18%  0.233
4 0,472 9% 0.325 14F  0.263 194 0.226
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window's 1-D properties are homogeneously preserved? If we require that

the window be continuous and bounded the answer is usually no. Bounded

(projection window) generalizations do exist for the Parzen and

Tukey-Hanning windows. The resulting windows, however, are very close

to that window obtained by simply rotating the 1-D window into two
" “ensions. ‘

INTRODUCTION

‘When choosing from the large catalog of standard 1-D windows
[1]-{2], one is largely motivated by the window’s leakage-resolu-
tion tradeoff (LRT). Is it possible to generalize these windows to
two and higher dimensions such that the 1.D window properties
are preserved in each 1-D slice? If we require these multidimen-
sional windows to be bounded and continuous, the answer is
usually negative. In the two cases considered in this correspon-
dence where bounded 2-D generalizations do exist, the resulting
windows are close to those obtained by the rotation generaliza-
tion of 1-D windows (3].

A short review of the outer product and rotation of 1-D
window generalization methods is given in the next section. In
both cases, the LRT is altered in the transformation. In order to
homogeneously maintain the 1-D window properties, the higher
dimension window must be chosen so that its projection onto one
dimension resuits in the 1-D window. Unfortunately, this re-
quires unbounded generalizations in many cases of interest. The
Parzen and Tukey-Hanning windows are exceptions. For the
discrete case, bounded projection windows can be formed such
that desired LRT is preserved inhomogeneously at a number of
angular orientations.

PRELIMINARIES

There are an wealth of 1-D windows with various LRT's. A
window, wy(¢) has finite extent:

wi(1) =w()II(1/27)
(where II(t) =1 for {t|<1/2 and is zero elsewhere), is normal-
ized with
w(0) =1
and is an even function, i.e., '
wi(t) =w(-1).

The spectrum of a window is defined by
-]
Wo(w) = [~ m(t)exp(~ jut) dt.
-
The area of a window is

4 =/_°° wy(2) dt =W, (0).

The magritude of a typical window spectrum is shown in Fig.
1. For good resolution, the main lobe width, A, should be small,
and for minimal spectral leakage, the normalized side lobe mag-
nitude, 8, should also be small. Invariably, however, decreasing
one of these parameters increases the other.

A 2-D window wy(ty, 1), with spectrum

-] -

Wa(wy, @) "f f wy(ty, ) exp = j(wh + wyty)] dty
-~

is commonly generated from a 1-D counterpart by either the

=r product or window rotation techniques [3]. The outer
.. «duct window is

wP(ty,6) = wi () w(t2)
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Ay
~ 5

Fig. 1. The normalized spectrum of a typical 1-D window, |Wj(w)l/A.

The values of A and § parameterize the window's resolution and leakage,
respectively.

and the rotated window, initially suggested by Huang [4], is

W () =+ ).

In either case, if w; is a “good” window, then so is wy:. For
certain applications, (e.g., “good” filter design) such dimensional
generalizations are acceptable. In other cases, such as spectral
estimation, a small perturbation in window shape can signifi-
cantly alter results [5]. Both the outer product and the rotated
window significantly alter the LRT of the corresponding 1-D -
window. | ' : '

To illustrate the effects of outer product and rotational dimen-
sional generalization, we choose a boxcar window

w (1) =TI(¢/27).

It follows that
W (w) =2sin(10) /0
for which
A=63/r; §=0.22.
4For the outer product window, in general,
WP (wy, ) = Wi( ) Wa(w,).

The result is a window with an identical LRT as the 1-D window
in the f; and ¢, directions. Indeed

Wz(“’x»o) =AW1("’1)-
However, in other directions, the LRT can be significantly al-
tered. For example, in the (1, t,) plane, the A parameter for the
window resolution in the +45° directions in v2 times that of the

0° and 90° directions. Consider, specially, the boxcar window,
for which

Wa(wy, wq) = 4sin(rw) sin(1w;) /(@w,).
The 1-D slice of this window along the 45° diagonal is
WP (o V2,0 V2 ) = dsic? (0/V2) fu?

which is the spectrum of a Bartlett (triangular) window. The
parameters of this window with respect to those in (1) are.

Ayge=y2A=89/7

'/‘\‘ (1)

and
4o = 0.047 = (0.22)% = 82,

Clearly, the LRT is significantly altered.
For the rotated window, the window spectrum can be written

Mw(“jlr “’2) = W’Z(P)
= 2m [P () o (r0) o

as

2
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ts

wa ()

ty

W,y (ty)

—t4
Fig. 2. Illustration of the mechanics of forming a I D Zprolecuorx, wi(f),
from a 2-D circularly symmetric function wy(r), (7% = + 3). If wy(,) is

the projection of wy(r), then wy(r) homogeneously preserves the LRT of its
1-D counterpart.

where

o=

Equation (2) is the familiar Hanokel transform [6] which results
from Fourier transforming a circularly symmetric 2-D function.
Although the rotation window does not have the directional
inhomogeneity of the outer product window, the LRT of the

original window is also significantly altered. Consider the rotated
boxcar window with spectrum

W (p) = 2a%/(10) /.

and

Here
4,,=77/r=12A
and
8, =0.13=0.595.
THE PROJECTION OR ROTATED SPECTRUM WINDOW

The 2-D window, wf(r), that preserves the LRT of its corre-
sponding 1-D window in all directions will be referred to as the
projection or rotated spectrum window. The window can be

1

é-—rzlu E—b
2 r

6(-311 (1+a))
- —+chn ,
m\ 2 r

3|

Ao (r) =wf (rr) =

IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS, VOL. 35, NO. 9, SEPTEMBER 1988

thought of in one of two equivalent ways: K
1) Projection

With reference to Fig. 2, wf(r) is the window whose projection
is the 1-D design window,

m(w) = [~ w(r) do. ©

By straightforward manipulation, w; is recognized as the Abel
transform of wy:

m(n) =2[" g ()= ar.

Thus the 2-D window can be obtained from an inverse Abel
transform (6]:

1 d
Wz(’)’;/;m\/’lz"zd_tl(

where the prime denotes differentiation. Since wy(#,) is zero for
|| > 7, an equivalent expression is {6]:

1 d [ wi(e wi(r -
wz(r)a—-'/oc ’__tf—rz.—( 1( l))dtl_ 1( ) ,‘TZ—rz,
T, dfy T

h
for |rig .

wi (1) ) it

L

. (4)
2) Rotated Spectrum

The spectrum of the projection window is the rotation of the
spectrum of the 1-D window, That is,

Wi (p) =W (p).

The window can thus be obtained by an inverse Hankel trans-
form:

e (1) = [T () ) do 2.

Through this definition of projection window, one can clearly see
that the LRT of the original window is preserved in the 2-D
generalization in all directions.

The equivalence of this and the projection wmdow follows
immediately from the continuous version of the projection-slice
theorem (3] or, for even functions, from the equality of an Abel
transform to Fourier Transform followed by an inverse Hankel
transform (6],

Examples

1) The Parzen Window is obtained by convolving two identical
(Bartlett type) triangular windows and normalizing. The result is

(7

3

n\t |n
1-6| = | +6/= bl <7/2
wi(h) = n\’
2 1—-\:‘ , /2yl
09 ' Itd?‘f.

Recognizing that w{(7)=0, we obtain from (4) after some
variable substitution:

6] 9

3a
T 4-7
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" A'pedagogical N =35 closed-form example, taken directly from
an Abel transform table {6], is :

() = [1=(2) |20
w(n) =‘;%i(fz "22)1/21'1(’2/27)

() =—Tl(5,/27)

1.
wy(ry) = ———————z (7, /27
() (m')z(-rz—rf)l/ ( )

ws(75) =‘;2'7‘5("s“") _ o ’

where & is the unit impulse function.

An alternate approach to multidimensional projection windows
follows from the property that the inverse Hankel transform of a
Fourier transform is equivalent to an Abel transform. Thus, the
(N —1) inverse Abel transform can be performed in the Fourier
domain. Bracewell (6] has shown that these operations can be
condensed into the single transform;

N o
wy (7y) =‘"_"_1\//—2]; yVl(“’)JN/Z—I(“’rN)“Nﬂd“’

(2mry) . ) : : '
where Jiy /5 is the Bessel function of order (N/2)-1.

CONCLUSIONS

The projection window preserves the LRT of the 1-D window . o
from which it is designed. This is not in general true for the outer
product and rotation window generalizations. The Parzen and
Tukey—Hanning windows were shown to have straightforward
~D projectional window equivalents. Many other commonly
used windows, however, were shown to have unbounded projec-
tion. Further work in the digital equivalent of the dimensional

generalization is in order. Here, boundedness need not be an
issue.
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Solstion:

F inbal Examination: EE521

‘Robert J. Marks II

Do all of your work in this test booklet.

®

The test begins promptly at 8:30 AM.

The test is closed book and closed notes. Each student is allowed two
8% % 11 sheet of paper with notes. Calculators are allowed.

°

Each problem is worth the same number of points. -

After the test, you may forget about this course for the rest of the year.

1. The first problem is your work on the McClellan transform. Please attach
it to this booklet when you hand in your test. '



2. Provide a detajled sketch of the projection of

(Y [t
i =n(3) (3)
(a) onto the ¢, axis,

(b) perpendicular to the line ¢y =1,,

ta (3)




3. Denote an Abe] transform, fa(?), of a radial function, f(r), by

flr) = fa(0).

You may assume that M > 0.
(b) Given the Abel transform pair

() = (1~ 4s2)? gp),

evaluate the Abe] transform of the annulus

f(r) { 0 ,;t;erwfs:
* f(r)rdr
() —2f Vre-ga7 £(r) (rm)(mdr)
(a) pyr £(7m) £ d —
f( ) <— zf = 2

2 - 2
\/—r\—z _t21 V—-Mr) |

)

2\ % "
) fry= () - T (E) e 4 (1-4 (¥) ) (F)
7wl - a2(t- 4 (EP)ET(E)
| Simplify if

desire



4. Consider the component filter (transformation function)

F(wy,wq) = cos <u')1 —_ w2> .

2

In the 27 x 27 square in the (wi,w;) plane, we desire a two dimensional

filter 1 |
B oy —wa| < 3
H(wli“’?) = { 0 ;otherwise

-Make a detailed sketch of the prototype filter

N

H(w) = Z ay cos(nw).
n=0
(Do not evaluate any values for the an’s.) -
ZZ%7 1 H (@) A7 /| ««-contours
'/% /2 oA 1. |
% i v A L
7 P n"
7 N e

N ai‘_:lf.)z
ononye £ on T [Feoni]: 30 Tl (57

N
N ‘ = QACOO.D&):H(“)>
set wewysew, = H (w0 -w)= 2 80 Tal @] 22,

’T’hus;H(w) maps to w=xw,="wWs2
o Hiw) H(ib) maps to (w:,w?-):(th:Fb)

Clear’7l ) choose

T T . v
e LA
S - T Petepe

ol | H(w)
O‘tl\fr checKs ! o =4 —cooD , '
H(o) maps to H(00) L.ﬂz—-—’

H(xm) * ° H (£17, F 1T )=O&=coer r




5. The IR filter H(w,w2) is iteratively implemented where

1

Blonwn) = g5y

' 1
=1- icosz(wl)cosz(wg).
Evaluate the required number of iterations, I, required to assure the max-

imum error of both the output and the corresponding transfer function
does not exceed g%g.

C=1-R3= Lot w, Coatw,
T+14
Er = lcr T+4

<E1>max: ICL‘”‘

I+14 _ /1 N\F
<E_r>ma>(}: <'2L) s 5152 '"(2) '

=7 | terationsS
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1. Attae o 22 @ =Z. gty
and 4oleTin, 72;;% - ,‘,Zim—vm
M »%M ”d«“ 3.

2.5%/%% . T /‘/-a'(/
10 e 1 p"”'. VY~ 2 e Tice , 8w o e

/’%—»L, W.&MW

Geeegt 2o LR
;74 m/«'m/)‘*’@
ﬁ ?n/@ﬂa;{"%/é Z



[I:s:t_,io[ytc ens.

dw" J-“’ !

1.3, X(d'w,’awzsz fono

_,;~X(t t.) t, ,_ dtdt

ACxH, 8 LT 80 t"wdfdfz

=%/ | t.=t. /B |
I~

x(7. 72) (: A )é (TQB)dwz

x Ad~, Bd?’
d(hn)w,- Thus :

But lﬁ‘;u/ [ e
| A x(%‘,—gé)Hffxchz)’)"’ z‘} J*ral'rJ

= | M xtlt , e2)]| |
y(t,, tz)= ffx( , 72) h(e7, € )dfd"a

I(S.,Sz) f f/ct £2) &, "t ol-L—aIt
= 7 /‘ x(r,rz)[f t;_o"!(‘t,,,tzlz):

‘1;:07";:05 . Se-t
t| ' ‘L'Z d’e d‘t ]JT,O[?’Z
Sttt 32Ft2T2

ds, = 1.d¢, d; = 7,0l ¢,

Z(ss)- /‘ /"’xc—r ,,_)f”/”h(g.,g,_

dt, al?z,

« (3)" (i‘)’"'dadiz F T
= LTk (m7) 777 T A HGs))

(S +1)-1 -(sx+1)-1

= /;’[,'ox(‘r. ) ¥ 7. dtdia
' > HCS, 57_)

:-X(’-S') ”52.) H(S-,sz)




l —

/Lt,f;)# f“/' x (1, T2 e'(t' *t"‘llnl?'
h(tllt-’_): e-&l"t)

oo - > - $'~—l - ;
H(s,52)= f f Ceertn) +, tzs c;t’Flt{

- /;aoc--t‘t‘ . l f-c --(:,_‘Ezs_:;é ,
- [ Ts2) e o I
Note : & S, >O

H(2,2)= (2) r=auh®
HCG, 1 )= [5) = (0.') =1
H(3,3)= [(3)= "h*=
2) = 2! = 2




EE5S9S | N
- Name

Instructions:

e given to the stodent

L. This gxam may Dec 10 (but not

any time on Wed.
be.):f:orc Y.

2. The exam must reach Pref. Marks or Mnr.
Wu ), Fri,, 12-12- 86, at_ 1 P.M, The
recePt-on-st in the EE main of fice
can F ace it 1n a mail bex-or the
exam' can be dehvered rs@nall

No late exams will be a epted, /

3. The statement at the bottom of this

e must be signed. Points w.H be
ghg if an o side human hel
other than ? or Wu) is ose
If- sovch outsid he .s vsed, bot net
listed rocedures for academic mis-

conduvlt daSc;Pllne will be initiated.

4, Each Prob'em 1S worth 2.5' ,::o,nt-s
When 'l:cs}.‘ :lre raded + hey can
be pic e rom ma:in &LPL 3 as

vsval. You can ask for our grade
when /ou Pnc u]o /oor test.

5. Please sovbmit /aon test w:th this 3s
the cover page: Please s-t:-z)o <.

The sovrces I have used for this test
are listed on the back of this pPage.

X

date




| | S

| A 2-D vnilateral Mellin transform can be
defined as:

X(s,,52): A x&,,t,) e
= [TLTxe,, € t, S‘Atdtz;

(3) The F'our-:er transform s invariant
to shift

| & xt,,t 2)] | & x(e,-a, t b))

The Mellin trans:Porm when evaluateo/
at s, é‘d and sz-dq;,_) s nvamantz
to scal

l/% x(t,,t z)l (T, L
5 dw,

dw, 5:'?“!’2.

Prove -tlns important result in pattern

rc C’—Ognu 1on. i

b)) A "Mellin convolut ion  can be written
asSa. i

)’(‘tutz) fuf x(7 ’rz)k(t .)t‘r)drd'r

As conven:tnonal convolut:ons are
s|mPh ed b): Fouvrier ‘trans}orma‘t’ons
Mel m coenve [lvtions are sanh |ec(
b): Iin transforms. how.

(c) The wuni lateral Laplace. transform:

7’(‘:-; £,) f f X (1 ?,z)e (t',?‘ftj'

is @ Mellin convelvtion. What is
the "Mellin transfer fonction H CS.,SQ},

of thl.s OPePatton? Your ansuljer should
contain no nnteg'rals

Hint: ITf /oo have the cerrect answer)>
then |

H(z,2)=H(1,1) and H(sz) H(z,3)

;
i
|




I
| ] |
I
1
,;_.__4‘:__4 S

1
|

2! Choose a Clr‘cu'ar‘lyths m. :Pret);gg,s |

response (other na lo
filtler) and, vusing the McClellan

trans form encrate the corresponding
2 D fitent & F &
(3) Plo't H (“J.) O) ’
(b)) Draw a sig-nal £ ow g-raph :cor/ouv\ |
| filter Us”;g- Flw,, w,) filters.

3 page 106, problem 2.3
q, page '5'7)Fr'ob|em 3.10




Soelutiens

[T %]

. ¢3 :
szzlq] wor‘k.si
A A
B[] R[] )
- <0 = Y -1 !

[0/
"6 ¢

Both ( 7, 'é.)’anc{\ (??,&) worlk , Mote,

A
det P =0,
(C-) This statement is true gn!’Z 3394
Feriod‘ic,'«t)r matrix is minithal. Mote
2M§I: 23
|cdet N | = 23
A

A

and |det N2 92 = ¢4x23

2 . :
éut N contains §aur m;nima/ Ferio&ﬁ‘.‘

't:iioug'l% t!qaf dé,f— 1}? =0 . w/ 3'\)/ ? Becausew

s
(b) P = [é} -:] _@ = NP= [‘552;][;"

!




2.@a) yLnn,1= x[n, n.] x[n,~N, n]= TxEnng
Tax[n,n,)= axln.nJaxln,~n, na]

[n.on,1=axton,] x[n,-~N,n. )
violates homog—eneitf =2> not: [ine

Lmear?

=

hots e7ual—l
Shift-invariant 2

Tx[ﬂ.”kg’ﬂz“kz]a Xﬂnawk.an""kz] XIn'“lfg“N’ ng“!{%

)lEnB !{!,nl 2.] X[nl k,,ﬁz kz]XEﬂ, k,‘“‘N, ”z"’l(J

they re e7ual = shift-invariant
(b) yfn n,J = Z xCn, Iz ] = £ x Enny |

& ye ~wo

Lax =& Lx => Aamog—engit/ olga/y

Linear?
Lx,+ an 'é’?add.‘t'ivity @k&y

L x,+x2%=
=2 Linear

Shift- snvamant‘? j
L X E” k; e "'kz-} Z. XEﬂ,-k., mz l(g

= ;X[ﬂ, l<.,¢£J 1-’”2‘“!(1

Ene kj"" Z_XC'?; Mj

"/

The:/re_ e7ual““"? shift-invariant
Note: A[n,,n,_j« 6[",] (Claec’a ;t—,’)

(c) yEn, Nyl = st x[n, ky) = T x[n,n, ]

K==

linear --%/ye.s
Shift invariant —> ne

hy e L n2d= §0n-t 1§ §Licem+ SLkTw §Lk3




A Patt.e,rnf
For

¢

n,=2,

n‘_’z 3/ 7/

3, -2) uln.-

-
-

=% YEH. n?_'] = (nu*l)(ﬂz" nu\/'t [ﬂz"nlj 5 ?; P
=(n, 1) (n2_~n.\/aCn,_—ﬂ.% E”.]/u L.ny

Same re.g'ion of su,of)ort ads Xx.

e 36— - LS : - —x[h.‘ nz']< — S, e _
N Y = X kR
For M=o G ) Ens]
o] = (N ¥} :a.
X o ) ol
¢ 2
: - 2
0 o0Q&E—> - - ‘
e oo x[ kll kl] Ui 5 ;
H o '
k?_ . .
:: : ° F’-OP nl: l [ 1
n =20, mln,-|
. ot b 20
- k f 2
) 2 y
0~ _x[1-k, "kz} 2 L
& o
cob O }, '5;)

2]
Y (n2~3)/( [”z“3j

e

2.




LT

(a) We know:

xLn, nz] ZZ x[k. k2] &[n,- k, nz_’kz]
No L k] [n-kl]- E‘ I -1
Thﬁf: Sln - ln- ln-l-1

x[n,ny]= %kZ xCk, k] {/u. Cn,-k,]) -/u [ﬂ.-k.-:]i
¥ {/A[nz’"kz]'/“[:nz‘l“z"l;
= Z Z: X[k. kz] /a[n.-k, ) [n,_-kz]

- ZZX[P sz/a [nl F 9 Ny - Pz-']
- % & xLq, qzj/a[n, tf lg N2~ ‘72]
| + Z_z xCrore ] o=ty na-r, -1 ]

Set p=ki, pari=ka
‘1.‘”""0, C'z"'kz

Th rl“.lc'k" rat) = kz
en.

x[n,,n,]= Z%{x[kk] x [k, ko-1]= x [k 1, k,]
+x[k-1, ka- 1]3/[0 kiyng- -, ]

(b)Y yCn, n.]= L x[n,ny’)

=L T S k- x Do, koD -x Tk ko x Dy, 3
/4—["; vy N2~ z]

B, addrt:wt/ ? homog—enert)' Fro,:ertnes

ylnin,]- ZZ{xEk ko] - x [k, ot ]-xCky-1 ke J# x[ k- :,kz-«ﬁ
X 5["- WAL ko]

sCn,ny]= L/u [n,nz]

=unit s'telo r*esPonse-

where




117 Ceont)

(c) Note:

yIninz] ={x£n.nzl - x[n, n-)- xCn,-1, n,J +xIn;
¥k sln,n,])

X x[n,n, ]
note;
wln,-a,n.-bl*xv[n, ny]
= wln, n,] %% vln-3, ny,-b]
. Thus, using the distribvtive law of
| convolution (see Prob l-'-l»C),-l:ke two

ex’)ressions are e7ua ’.

"

?
3 {s [nn,T-s[n,, ny-1]-s[n-1,nJ +s[n-1,njg- '13



2. Quadrants have only or-}g-'m s 3 co

trre /o[ane.

mmon ﬁobnt => En

> Suffort 1S

8 ke o . QUADRANTS |
(8) :::t“?_—o—x[k. kz] o \ﬂz.
k, — n,
°c 2 |
F——-’YE‘{."(Z_]
overlap only when n,z0 and n,zo
* support is only in #-:rst7uaolv"ant
!<z
OVem'q)o on’/ when
Ny <0 anol nzf;, O
=% Support Is in
{ofthind juac,ran"b
c) Let'’s checle them onel a time Lt
cguaggagts Svpport Qua rants
1 1 —> done in & f
k‘z'Q“
i 2 S N =0 i+2 -~
k, 'p,p
o o v
. o o [
% 00 all 14243+ >
Jeo Q\?g‘
ke I\'¢
L
14 2°%.. M20 1+ ﬂ
k, 0
&
22 ~—done in (b) 2 ix
23 ° © N, 40 2+3 g_g
gy
L all I+zezed B
2 ¥
| o : =5
33 2. N,£0,N,%0 3 B
’ e () U-S
34 _a%—*— N0 3+4 oS
o V)
4dq : — 4 2

vnion of the 7ua«=/ramfs

Quadrants have a half-axis bauna’ry

3.



H(o)= Z. 2

and
Let [ = Ve;c:&.ow of cﬂt@g’eﬂ’ﬂs

H(’w«bkz"rr)» s
[p]
= Z

D

T =3
Buvt k n = Kmteger' =

H(o+ k=zm)= H(D)

hL”l e
hgnjﬁdfaj F‘)Jec}zfr‘-i:?nf




1Y In m dimensions

Bracewell shows € hat :

[ #(F)
X

i:(;:zrr ua'x N
e dx

Thus/ for m dimensions [ with @;f ”ﬁ”
21T M. d
s T 2mqr)dr

From table of integ‘ra,s %

f§P+' Jp(g)di _ gf’ﬂ ‘JP.”<§)

In (1) set = 2mwqr

211 2mqW 2-
h[c]]"?g‘--u . T ('23;!'?1—) L_}%’L_,(i)zm:!

R 1 R

_(@m) = Nk m )
-9 J 3= Jm (343 ; pr 2!

" 3% Jp () |7
= mqw)E Ty (amq W
;(g%;)'z J%_ (ZTFW?)

jﬂ:\j’n’z,"'“#nm‘z A

0
dr

(1)




(c) X (e, coytg) = Z

X ew, wa) = Z o

nf’—O ng:." [

= a"b"™ §Lun-n,J alnd
a" b"= §Ln.

qfhjﬁ

L am I i g

5

i

1- abled™r ediws
N=-y M-
=

4]

g

= [a bed” et =]
=G

ete,.

= ulna3™

¢ e

L d4N>

|
2~ @ "3“‘0 xﬁd(w,ﬂ *wz”-aT@3”3§

t

| M-l
| (738 ¢ Wgng
| - E(@ei)" F'einn £ e
| neEe Nyse Ny=o
| P
55:5@“: /+a+...+ap
A 5=
- : P+
5& - . g+.. .+ a Y- Fe)
, Pt L4
(-ays= 1-4a = S = /—-qg
: MW
T hoes | / ﬁdez ’“"@1. >
X, yeen)= | —32d® T. cd@= |-
. W N ] 3
| -39 = a2 e gwﬁmM—g
T (+a % 2a cterw IEF 1 @ Js |- -
| R A
|




.16

)/Eﬂ; n,le=xlan,+bn, , &n a«a@-dnal
Z{%’nwg§ - ;;Z )’E”»”?@j @.’d’ (w'ﬁ"*w@ﬂﬁﬁ
%

% X [.Qﬁn*bﬂglémn*d”zj@
2

e I e

i N N
¢ = Y(0)

”’g;@f/l ey * W‘ig




[
E

w22
(= ;) e:e;_c'@;a nee) lavr

| )

L.

i
|
’...,..m-
l

|
|
!
|
!
!
|
!
?

)
R
I
1

(b) Hex@g@na |

.
§
(]
i
¢
4
. 1 | det Uf
‘ }
¢
—t -4

u,= (4, L1r)
us(-ym, ¢ )




— & ~¢
4w e - T GET
U= |-ur em| ,(UT) = |2 4
- St sy YT
A =l
- [fm‘ BT
PR T
o1
T hus: 0 1
S A &
3. =3
iz 12
Sl =z =
12 12
ta.
r 1- L4 ®
® @ @ @ ®
@ @ e
& & ""% [ ] @ @
® & @ @
D
@ .g\\i i\ [ @ @
& / «—* # - el
p— A
@ 2 ® ® Z @ @
& ) e @
e ® L-L ® @ &

ala =y’




2-4 In M-D
¥[R1= 5 I X[kJe

keRr,,

. - =
J2TR TN 'l

@f eud

_ | - o AT =8 P . L
ey T XRIe I Y R et NTR
keRy MER,,

me R, leeRy
Bot
. N LI R N~ .
> edz:rr(n«m) N k_ & g 2w (n-m) k,
RER, ] kZ-: © "
= Nyt .
oo eéz'r("M”mmka/NM
koFo

= NIMZ”-NM g(ﬁ"m
=detN E(R-m)
Svbstitvte into (1), sift, and Q.E.D
2 V] i




@) o ~ jarm N K
x[n«m]@xfzjevdwmw'k

(b) ”: F" EF: fz-wpij
; De‘Fiﬁ@ P;; EPM PM_,... Pl:]T

Then

xln)< XIE.] .
QC) Y(k)' ZX*[ﬂJ -dzrrn/u'k

T

; [ax[ +ézwrﬁ‘_’/y“’)z]*
; - [z XIRle C R (-kﬂ

Y [k1- Z:Q’Eﬁ]é'"“"” v (R

2.2. In M dimensions |




2 o Ny=S=EN, L
(a) X (k, kz)“ Z Z x[n,Ny ) €

: Pemad _l_{‘g . ‘Zﬁ’.k'.%
| =1+e i J

o4 e(}zvk /5’{__ edsz /5'

2k
= |+ 2Coa 2—;’;}{2 + zcm__""%—"‘l'

. I, + k= . kn"""iz.
- 1] B B 5 A N
(BYXTk k,]= €237 75 + d* e

+ & .
k,+ e
2wk, 21Tk




3-5. HAssome W,(w) has zero crossings:

Wa(w, wz‘) z"W’}T(w.)"W’; (_wz_')

2.

Zere /o
! = PI;&«JS

i
]
-F ”.3.""" “)’Nco,
)
{

1

B, =N in e, E e, c/a'w&c,'bians
CQZ)M@;{ = V2' A (@ "/5’9) V

gz.g” S in wy % o, directions

@ 45@/ r‘"s.ﬂyghlfj -
6, = 5,




(

3.8(a ) H(D) real = h is even ¥ real

hinnz)= hl-n, -n.]

H(w,w.) = H(~w,,e0,)=> hln,n,]= hEn,,

Hw,w, )z Hlw, ~w.)=> hln,n,]=h[n,
of S E

@H of

G e Qg QQ Q‘ﬂ \@G
e ¥
c B o B © S5 #5
- n. = 9 D@.gﬂwg
.G o of @Q © °& e ‘Q»e

o 3 °r

o

I

r0

b)) H(w, w,)= gzi i hin, ns ] eﬂ-‘otf('w.m-e-—wzmz

Iﬂ‘:“z ﬂ‘g‘ =y

hin, nad= A6 [,ﬂ,ﬂz,j + BLSn 1Y+ 6Cn,+1)),

+ngy )
- hal

S
O vy

S [ﬂ?;j

s ¢ [ 6021+ §Tnt27] 61na]

+ D L 8Ce-1y+ 5Czr1)] SLn.]
+E [ S(na-2)+ & (n+2) | SDn ]
+ F [ 6n-1,ne= 1)+ STni+1,na=1)

+ 5Ln+2,n,+17+$ Ln, -2, ny+1 ]
+H[ 6Ln,-1, ne-21+ &Ln,+1, ny-2]

\
-+ S(n'+|' Ny*1)+ Sln,-~1, ny+1 ‘)
+ G Eé[ﬂrZ,nz-lj + $lnt=2,n,-17

+s5ln 41, n,rz] v & Ln-, nz;t-z_jj
+ T Eé[n,«zlnz_wzj-b $ln,-2,n,+ 2"
+6ln+z ny-2 )+ 6[n.+z,nz+z:[)

)




3-% (cont ) S

Thes:
H(w,ew,)= A+ 2B coa.w, + AC coa
+2DCow, +2€ Coa 20,
*2F [m(w,+wz‘) +ecoa(w, -w,) |
+ 26 [eoa(aw+w,)+ coa(2w, -«J%‘)}
+*2H [con (w, +2¢0,) +m(¢u,~2w&ﬁ

(1&)’ 1@24@2\}3

2T Em (2w, +200,\ + Coa
= A’ + 2 @ Coatw 1 + 2 e

2

+20 Corw, ¥y 2ZE Ao 2 o,
+ 4 F aoa w, corcw, +§G eoa 2w, Cod oo,
+HH o o, coa 2w, T Ccoa 2., oy

i
o (w, w)=  coalnw, ) eoa(me)
O=sn,mMs= 2

2,
Hlw, w,)= 2. &_ Qp, €03 Nw, Coamedy

As® MmO




(3-8 ) cont . ) R

(c) Given aln,n,l o
2
E, = Zé’i.f}"fm j:rrJ‘ H(w,wa) - T (w, wav)i cl@,g:!zy&

e [o]s
=G )

Thous:

PR Cod Nnw, Aol Nty

hﬂ: D Ny=O

= I (w,w,) }Zdw,éew%

Z,
S

— A, ¢nm kg, k&

ﬂmo N 52O

Thus:

X cor(nw, ) m(mwl\)c‘w,ciwz_

77,

Ay = (?‘;'“"1;}”‘)& J;] coa(nw,) m@nwzj@eaa,aﬁa}&




3.10.

!
|

|

Qﬂ'a

a
2b ainw, | =@T)*8

H(W,Wz,}: A+23 mw,fzcuawa

E- ff [ 1 @-ne]ds

Wj [l—(w)- A-2B corw,- zc,mcdz}d?u)

%% ff2[1'(w) -A-2Bcorw, -2c e, ] (-

yab _ab

2£‘4ab AGam)*]z0 = A= @m="

=0 = ffl‘(w)mwu dw,dew,

f [A%w,i-aBm » +2cm/é//

2b [, coaw dw'B fff (1+¢oaaw,)dw,

bMa

Ab aina- %“’)213 = B= Tz

R

S - [ atxcren-stmarac el G

o]
U dig




H(S)= S alnl T, [F(w)]

n=o
& 0 -
= 5 aln] ”;Z;Q b,.. F7(Z)
nzo 2

coeflicients
of Chebyahew Pol)'ﬂama

= 2 aln] z:, iy pu [n=m F(S)

N =

N N
- (o alnl £ﬂ“ME bm
«.é F™(@2) 2_ nle

& N3
N )
= 2 Cp, F™(Z) 2., alnl
m=0

F(w) - d F(Q‘)’)g—-
C
C Cp-y N

als

7y

bung




Jterative Linear ﬁr%ra;mx Design

w,{0)
o
- M “D” M

cj%ix)" V(kx)w(~)<kx) "

/\ EI i At

k,

n



!

imM;H‘: i;@ 5y ' mg‘m‘ P@f:{@d 1 g’um @éﬁn@nﬁ =2 CI ﬁ@.aﬂ;—ia r {;{

: convolve their Fouvrier coefficients. Th

™ _

]

u

z

EN@tez: equivalent to & matrix muﬁtipb@aﬁ»wﬂ
ggﬁs"i’“@;;ﬁ%f@ﬁé;ﬂg ﬁ%g@ﬁ» selution .

: A [kl= 2 (] Vinem Ik % =

k
Then: .
0) -
w, | = a, fﬁﬁ«}
! Q
where
(oY _
Egﬁ = Wﬁq

Note that we can write

matriy form :

ugéﬁ _

A, PLE]

'@oing to "t}zﬁ &gg'mritfgﬁm:

()
w, =

5

)




(o)

V 1« Hermetian. We can order :

]

Vo= A == AL,

As N —> oo the Azm term 1s Qo) will
dominate all sthers. Thus:

N+

) N+1
| B d 2m '2M
p

()

[2m 3
Yy L2m ] g
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Our terative resolt maximizes

o
* s f?% V(L) |w
~ hgﬁj’_‘ W (k) gz&g %ﬁx =1

i ]Z?ﬂ
Proof: Let

(k) d ks

Per form +he ‘s ‘

[+ ]

(20)
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g

| SINCE AEM iﬁfﬁ "&'é@@ 5&;@%@5-@50 ?P@m Q!é@}ﬁl

Nete (15) 15 @?mmé@ Nt +o
2 M

k=o

Thus, to maximize &, we c hoose
o ,0%k<2m

0 &;QM

ovr hest ,amﬁ@,g s ﬁ;%@ﬁ

IEL X1 V) Ly

Wﬂ:@

The corresponding

.ﬂﬁ Azﬁé

E'&&g Prolate Functions

“3 0 &



Noise Sensitivity of the Multidimensional |EESAS
lS@mf)E‘ong Th;am@m%
The Samﬁl}ﬂg theorem is 1
xa(E)=s Z_xg(vn T -VnA) (o)
where : ;mvé
O RE): ey g di (=)
and @ is any re }@nfcam%a}ﬂ}ﬁ& t};@,
zeroth orde spett rom (See .
e il
ppose e ha 7 mp
| X@g{@/ﬁ}‘i‘ g(vfz | ‘:
Muﬁaﬁfﬁ.@utm this mm (1) in liev of xa(vR)
gives a %ﬂuf“ﬁ of | |
Xa(Z) + 7(E)
%ﬁé‘:‘aﬁf’“@.’ : | | | |
Nt )= a%fww@ vM
ﬁééﬁ@r%yjf'saﬁ %(?} s Zero m&am} se is A
EA(EY: Z Eig(v:frﬂ F(Z- \M;}
Thos, . B
 var @)= A(E)
= Z Z @me@%ﬁ |
| « $(E-va) F(E-vm) (3)
Wh@zr@ %Mgw“ E’ ?22 «:a?m@f the data's {gtaé‘l@ﬂ@riy)
avtocorrelation is: |
R(E-F )= £ 5E)IS(F)




|

F@r daﬁcr@ftf@ white ?”)03%@
vinl: €2 (nh
9’%@” AY= 3 S(n)

Siuzbﬁt}ﬁu'&?}mg into (3) gtv&i&:

var 28)= 37 Z 4 E{Z‘ -vi)
‘ 73

&%)m {.1.§ For x = £(?’ ‘&}

(wg‘a@. e # 15 & ﬁv%@ f}um er g‘sv&@g

Htm"?’%f Z‘Lﬁ{?’ Vméﬁéémw;%

B

§e~&t;ng t = 7 r‘@dw@&;ﬁ {&f} te

van 7(E) - g H@}

From (2, ) <

w%@rﬁl

8 (ﬁ'ﬁ'}”j dﬂ; | ,f
%“ﬁr@:a of @ { :m,(%%%fg}

and

ce O mMminimize ﬂ@iﬁ@) ﬁlgﬂ@mﬁ@

B =4 = region of soppart

{Bn Gﬁ%)M} |




H@m@mmrk : | ; |

C:haﬁt i iQ (in N dimf@ﬂﬁi@ﬂ\g;
16 | ‘

J4  (in N di;m@ﬂsigng}

|5 ;

17

24 |

20 (in N @iimem&i@ﬁﬁ *
| ‘ Extra p@%é@ lem i

*\Himt‘: Braa@w!@;” shows ﬁf%@“’é

j‘ g?( ) %éﬁﬁ”u Xd% |
e fmf?(MJm {Qﬁaér}ﬁ

v
7 3 -1

é‘“xtr‘a probﬁem Show -ﬁ;?wa*é‘: a function wm%ﬁ no
NONZE Mo a@mponeﬁ'&.ﬁ @uts;:de a circle of radi s
QW’B on the (L4, f2; plane mbe)r'ﬁ the |

N Na W T

foll @wmg samphng theorem ‘
Jigmj@m}«e-@ ;-

x(tm t,)* EZ. x{zajza

ﬁ”“wﬁ\"“




| |

- >T’est solvtiens

by

4 w,"’% il L

o ’
2
-~

LTSI xGg8a) 8L dede
&

) ?g: tz/ﬁ

x Adm, Bd7r,
[ Sd(ﬁmﬂ)&ﬂ =4. Thos:

v, !
X(1,7T2) Tié ?&zd zj?;@i??&

)/(t,) tﬁ)z ff)((?’a,?/z,)})étc?t}tz%)dﬁ

53“!

©
oo (oo s,-1
f(ﬁu, ga} = j:) }; /é'&l fz,} ‘;él - tz ' @f“t’ldt&
= Gz o
= f f 4"(?‘\?&2)[}‘ - j; =0 gaétﬁ:’ t‘z’i?’ﬁ
mofie | sun 0 T, |
%'z t’?“; y %ztt&?’m
ds, =1 dt, /dﬁz" 7aelt,

nXG %)= LT xenwm) [T hG.
T ) s,

m};mﬁwxfﬁ 72 7’,_5" ?;“sz@l?:a/fijz_ HG, s.)

& oo s, +1)-0 -(sat1)-1
=/, [ x(r. ) ¥, T Adt,d7

> Hs, 55,)
=X (1-5 ,1-5,) H(s,,S=)

d

o X(tu, tz> t" ' 2 d‘tadt&

(4

¢

= i
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|

i
|
!
i

hit, £, )= ew@,#t’)

o0 . « = -t
= j;, t“ta Jt f R’t—? dgtz

, 6> f GO -éét,’!’ff’z, s, ="
H(ﬁega}f— j j (e | ) t, te dtﬂt&“

»(‘ti'?' Ly t’:& ’29 d?ﬁ,

o= [{5:) F('gz) /
Note ; |
H(z,2)=
H(i,1)= [%1) =
C*(3)=

2) = 2!

2.
rzYr=uh?
(o!)* =1
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e

::7 P




; name
EE 595 Midterm # 1

‘n/24[86 5 3:30 to 4:25 p.m

'Sc.or'e /IOO

" Information

4. Each Problem 1s worth 25 Points-
2. There is no penalty for guessin
on multiple choice questions.

3. The exam is closed book and closed
- notes. You are allowed L page of
notes, 3 calculator and one
~ book of math tables and e7ua'{:ions.

Y. Do all of 7our~ worlk in this test
. booklet.
|




-q-

f A big dot denotes @8 nonzero value and
' & small dot a =zero valve. Two ﬁunct?ons)

' x(n,y n;) and h(n,,ny) are shown here:

.. h(nyny)

Na

nz n?. o ¢ e
; e o ¢ o o ¢ ¢
‘ ® * [ « 0 0 s o
g EXNE (e - .
; C—-.—-';-' ——
@y ™ ) - '
| n
- M 1) fa.. . .. . (m) none
f P ¢ o o ¢ @ o . e o o O}. the
| . @ ¢ - @ o+ o . ¢ o ¢ aboue
i ] " n L)

e & o o e nl (d) ' P (—e) n.

Match one of the above to the expressions below.
(xx = 2D convelution; % =convolution in the n, direction.)

1 6. h(-ngyn;) .
2. xx,h___ 7. h(-ny;ny) .. ..
3. xx, h 8. x(n,n,)-h(-n,,n,)
4. hxxh____ 9.x-h. . . . .

s.hxh _ jo.xxxXxxxx |

. x xxh

1,
!
|
|
|

| .




-4- .

f A big dot denotes @ nonzero value and
' & small dot a zero valve. Two :punctions)

!x(nl’ n.) and h(nn/hz) are shown here:

i

!

.. h(nyng)

nz nﬂ. o 2 0 n?.
; o o o y - o ¢ o &
‘ e ' « 0 0 L B ]
lf .. . ] . o @ (@ . .
n, ‘—‘_7! 0, ny
(@) $) . (h)
;
. N2 Nz Na N2 | (m) none
J s o o ¢ e o 0 O}'the
' 0 , ., dabove

.‘..‘.‘) DD
. @ ¢ - @ + ¢ . .
| : ! . .n. (d) n, Lk).nl. (_e) n,

Match one of the above to the expressions below.
(*x = 2D convelution; *;=convolution in the n, direction.)

1. x «xh 6. h(-nyyn,) .,
‘2. x %, h 7. h(-nyyny ) oL
3. x %, h B.X(n.,n,)~|n('ﬂ., n,)

4. h x* h 9.x-h. . . . ..
5. hx h IO, X *¥% X %% X |

T




i

Compute and sketch the circuvlanr
convolution of x with h.




i
|
!

Compute and sketch the circuvlanr
convolution of x with h.




-3-

'Comlsute the M-dimensional qumz-t:‘.c:»nJ
W, (n), whose continued prejection to
1-D, gives the function:

- 2
| w,(t) = e’ "

| _ 2
Hint : f_oo v

.2
- € cor(amaud)da:= € T




-l_!_

"BAn RA, notoriocus for gooﬁing‘ op data,
'samples a 2-0 image whose spectrum
is 2zeco cutside of a circle of known
finite radius. Sampling was performed st
the N/ vist density. ~The original image
s on€7) so we can’'t .resaflm,:le. What
would be your reaction £
a) Ever)l .sampleJ except that at the
origrin, is zero. The value for the
5a‘mi>le'a-t the orig-in was Jost,

(b) Same as (3), except that the value
.~ of the sample closest to theorigin

down the positive horizontal axis}‘
was 1, he RA, thovgh says he

isn't sure abovt that partacular
sample valve.

stns ecific aS/olU‘C—an- ‘-’“5“:";7 yeer

wers.




Secr




EES9S

Midterm #1 Solutlcns |
1,352.033,j3 4,£;5,4; ¢,h37b58k39¢g510d
2. Directl|

| ® x 4" h
| e M ,~>I= x@&@®»h f
| l xCmag it h y(o0)= L
) (1,0)= ©
7' o - @ - M | ' _

o oo

3, Since J‘,w ‘

(Use hint with uy= 03 Thus
( ) = "Tr"z

dqa) The sample at the orig-in must
also be zero, This follows from the
restoration formvula’s linearity.
(b)) If we |ogst 2 sam,oles and those
remaining we re z2erc then the
two los-t samples wou/cl be &ero
also. Thus, the valve of 1 s
wrong-. Tt should be zero.
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Information ,

1. Each problem is worth 25 points.
2. There is no penalty for guessing
~on multiple choice questions. |
3. The exam is closed book and closed
notes. You are allowed L page of

notes, a calcvlator and one

book of math tables and equations.
Yy, Do all of your worl in this test

booklet. | | |




..1-?

A bi dot denotes a nonzero value ana(
a small dot a =zero valve. Two ﬁunctnons)

x(n.) nz) and h(n.,nzB are shcwn here. |

¢ L) L4 [

| ).((.n!,ﬂz‘) n?., "\(n|, nz)

M (m) none

... T of the
R ?aboue;
(kY gy ™

Match one of the above to the expressions below,
(xx=2D convalw!;'u:mJ *y=convelution in the n, darectnon.

1. x:k*h;__m 6. h( nigna) o
7. h(- n1,~n2) —_
3. X %, h. 8. x(n,n,)-h(- n.,nz) _
4. hxrh___ 9.x-h. B
5. h¥ h _ uo.x*xxmcx -

2. x %, h




Com vte and sketck the carcuiar
conva{utnon of x with




- 3=

Cbm vte the M-d’amensiona’ acu%nc-t:‘ucm)i
w, (r), whose continued projection to
1-D, g3V€S the :pun;ct'non: | 5‘

: i L - t'z
'\J\/ic‘ti): e w

oo -wa? | Tu®
Hint : [ € 7% coa(amaulda= €

u

ao




. , -4~

By RA‘ notorious )oorﬁ' cofin o d«?ta,

samples a 2-D image whose spectrum

is zero outside of 8 circle of known
finite radivs. °~ Him was Per}‘oﬁmed at
the Ny vist ag'wi'&/.‘ The origina;( image"
is gohe, so we can’'t .Pe.szf?m’:!ee What

would be yovr reaction F

(a) Every sample, except that at the

origrin, is zero. The valve :Fof the
: samPig'at tﬂje orig-in was |est.

(b) Same as (3), except that the value
of the samPle closegt to the,ér-ig'in |
down the positive horigontal axis,
was 1. The RA, thovgh says he
isn't sure abovt that particular
sample valve. ;

B:nsfkleéfl“ﬁ..c as )/ou cdne. JUS t’bfy y:::c/r
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EESIS
Midterm #4 Solutvcns 5 | .
18,2.' )J’qﬁjbae éj"l 7b)8k)98:b'0d
2. D:Pect‘ | |

! ® X an"

| X(n,,7ny) LES 7(0 o)-» ’
" ‘f’ l jae-
% ylor1)=0
d n, _ f = T
o e y(r,1)e= 1
oo
3, S-nce f ‘_Trrdx e""')'z n.

(Use hmt w:th u= 03 Thus:
w,, (7, m) = € AL

‘I{a) The sam/ole at the orig-in musf:

glso be zero, This fellows f-rom the
rest-oratlon form«UIas Icnear‘:t)/ f
(b)) I we |ost =z .samf)/es and those t

r‘emammg we re Zzerg then -(,—A e
tw o los‘t sam les on/cl be %EV‘O
a/.sa. Thus the va/ue of 1 as
wr*ang- It .sl»au/al be = ero.




N

In some cases, [3=C

e EEEYS

R f:?éstw{n_,g_é Lost Samples

Samplmg theorem: XE(E\): Z: x[ﬁ”] _7['(“ A‘s'ffﬁj%{yf

(8]
\N’g.. CAN LSS var\aous JCS De.ﬁeng B a5 A FE?":OC;;&, (“B

cell boundry (c‘i‘g‘ B= hgxagon for hexogonzlly

‘..,>dm led $;§mg[ ) &ﬂc! ectrums regotion O
lpf)@rt o Tlnenj ESSUM3 o B # C,} Two pOSSurc)gQ
hiohices 'For t%e :nter" c)gt-ly)qr fornction'are |

F(e)= sz"rr‘) f e&ﬁrgc!.ﬂj D= RorC | (,9.7

i

Let A denote a set of M N- Axmaﬂsaonaii’
vectors c:arr'es}pondmg to the coordinates o
M lost samlgo els can wmte (1Yas.

xa(t)"(z_ 2. ]x[*ﬁ‘] f(z- Vﬂ\) '(3.)
netd, nEM

Recall x[nl= Xa(\/ n) We sample <3)
at the locations of the M lost samples:

xa( v k)= [Z + Z]X(Vn FQv (- n)))k@/é(

neE A n;ﬁf/&( (q)
Thus: ] |
Z [§(-K)- Fly(k-aN] xa(vA) = g(K) ; ke
F”‘i/‘t[ | &1 (s*j%
where ’ | o | | .
, g(k\-— Z;:fz xa(va) £y (ik-7)) ]:e/‘(_.(é)_

corresponds to M numbers that can be

f'ound Lroem the known samples. The M
‘onknown samples can be evalvated :n(s)'

by solumg- M eciua-.‘:.ons and M uvnknowns?
) A .- . N ', | -
- n S M - - - e "']

L &b

. . 7;—
N

S(R-E)-Flv(E-R)| | xs(v)

I} ]
Q9
. o~
B 9
Nops?

()

=y
-3
]
l .
b
Vo
—



N@”t@’fs*? |

}‘% condition :?C)/" SOSU'f:‘sOV’} 6:5? (53 so %gflci?ﬁ‘

| the MxM matriz in (7)
B CDUr Con

1s not singolar,

jectur@a is the matrix is sin Jarm |
wher B (the ce i Iboundr}/) is vsed in (2 and
t%at 1t 1S net gsmgofar when U# R&eC.

' g For dimensions = 2, there exist cases

where an N d:meﬂszcnai si
Mmin i mem

les that are
A carc_uiar

es hexo

gon amasam;oh ng-

sampled at a
St;“ resuolt in sam
Pandent e
3(‘or~ b= Silectru?n reqolr
for mi um dens:g Yet
can be restored mﬂ ost

3. Our theor
we can réstore them all,

58YyYs ﬂ'ae we !OOSQ

nal can be

Aens't};' mﬁawi

3L owt

M

@ampies

-3
09 583
Nate, however,

sam

the ssompition that we have @n ind;

in l‘fr@

numbgr of 'remzainins szm

recisions In

infin ite prg
‘nomber lof known sam
error) and data neis

will de

u *» in M. "For the 1-D case, see Marks and Radbe
1EEE Trans ASSP , June, 1984,

les each known to
Fr-actuce the fLinite

i?s troncation
e.

q, ?or a sin

Fer be. o le :’os'x‘: 5ampﬂe a't the or;g,n (5

ed

X5 (v ) £(-v ny
- f(c)
'F( )— (QTT)M f d’Q

Thusy for () to be valid:
) A8 2&—1&&2?

This is an e7ual:t7 if D=3, (658E0rate)

* 1078 » number of atoms in theuvniverse

| ;('q)

. rouond of$ error‘)
de resteration, as will an increase

'y

)

(8)

(lo)
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| Dve at beginmﬁg‘ o C_gaﬁsj vy my e

Stapﬂ@ oor work, Use this as cover sheet.
. Neathess countsf

Aﬁy non-hvman source (ex&ept Bob Marks) isokay

1, Work pr‘mb.# .20, P55 in Mdimensions
2. Define hex(t,,t,) as 4 inside 30 @am@@!g;

hex (t,t,) ta
WARNLY
\m <— all sides are eq val

Let the 2-D Fourier transform be %Eﬂ@{f@,iﬂé}

é(ﬁ?@@m ote hinc ({1, {1
(b} Evalvate and gkémﬁ h(£,,0) and h(o,0,)
(c) What other 4-pslices of hinc (£,4L5) are.
@?w'vgﬂent to the slices in(b)? ~

fd? ﬁ 2-0 ;ciﬂter* has a ?Pe?uenc.y reg’mmw%
' H(w,,K wy)=> hex (&4 %3,2

W

Compuvte the corresponing impulse response, hin,n, )

3. The Parzen window is the convolution of two
triangle functions, A triangle is the convolution
of twd identical boxcar windows, The Par zen
window is zero for It)>7T and is unity at
the origin. Extend this window to two
dimensions using- the rotated spectru
technique. (E‘va%l)ate. Wy (r) in glosed '?wm
e anal yt'nc:.aﬂ - not d'eg“italﬁy.), Normalize.
Plot on’the same graph with’/a similarly
normalized W, (&),

q. Work probdt 2.3, p.10¢

e i s e i i ¢ e i

{




)

B

[ 3
1% 1

G

Now:

Fer

O H(w)e=
[N HE) H¥(3) .

[ ) *dw s &

wh@m‘@ f /”" f

Y T
(21)2

= & h(A] hla1 e
> h[ATh*[m] f# ed®

F

= (om)" §[ik ]

“‘ﬁ [n, N ﬂsj } =

fiu Aq, 3

H = b@” this becomes

=,
‘%‘WW ZZZ }him.ﬂzf)gj}

Na "%3

=5

1ons

)

N =

d e

. /A m . k
f @dw [@!ag f éw'kélw, ﬁwﬁaw’" g‘%



3 120 (@cmt) M dimgnsiﬁngi

F#"@m Woaeﬁar‘apt # Jambs Iﬁomvxcuplﬁs OQ'
Communication Engrineering , Pp.355-35 7,

#e voluome of an Md:mgnsaorza! sp here
of radnus/@ V< BN\}N\ where

mzb ()|

By=72" () i s M odd
TrWZ/ (%M iMeu@.m




3.

Eq

vation for Parzen Winéow
(from SPECTRAL ANALYSIS % TiMe sSERIES by

P‘*iwtiyg

Parzen has sugg_ested the follow-
ing lag window:

M? M3 B '
= _Islys M <
2(1 M) g <|s|sM,
=0, |s|>M. (26)

Fof M even, the corresponding spectral window is given by

L M8
w(g) = —° 4 (1- Lsin? ). (27)
nM° sin4—9— ' 3 2 '

2 , . ‘
The Parzen lag window may be derived by taking the Bartlett lag window

- (treated as a continuous function of s) and convolving it with itself.

(The truncated periodogram lag window, the Bartlett lag window, and
the Parzen lag window are related to the probability density functions of
the sum of ,respectively, one, two, and three uniform (-M,M) random
variables.) Parzen sdf estimates, like the Bartlett and Daniell estimates,
are always non-negative.




 ,,_3 PARZEN._ w@ma@w (worked oot the | &

éimmd W@?E
‘Ji & w ¥
arg <
p y f§“§
Z ¢ é o

;é"W.m: f,:a [a+§]t(&~x>+§}d§
; + [F [a-{}i@‘“’x)*i}dg
r fxa[a‘?][(a+x\=§]d3

= J.o Laca-x)+ (aa-x)3 * 37143
""J:_,x [aca-x)+x§ - §Z}d§
*jxa!:a(a’fﬂ* - (23+x)§ + ‘§ZJJ§

[a(a -x)§ + “‘“(za-x‘)ﬁ'z»f 3] a
+[a@-n3+Ex3=- 53 L,
+[a(arx)§- 2(23~+X3‘§ + 3§3]x
= ~ala-y)x-a)et(2a-x)(x-a) "~ S5(x- a)®
+ala-x)x+ Lt x3-%¥x~*

+afa+rx) - L (2a+x)a>+ ¥a’
- acatx)x+ L (A3 exyx2. 4-x° -




- E(x3-3xa+ 3xa%« a?)

+a(a-x)x + ¢ X

| —

+az(a+x)- (a+E)a*+ 3 a3

sy

L.
3

~al(arx)x+ (%'ﬂ'%)xz% .%.X.s

! —
! =
i
i
i
1
]
|
!
i




s [y (aola0es)ds
= fja[a(avxﬁfk Xg‘ - §2-]¢§§

2 L. <3 =
=[a(a=x)§+é'x§ -3 3 ]x-a
a3

= a%*(a-x)+ =xa- %
- a(a-x)x-a) - Ex(x-a)Y+% (x-a)’
= a*a-x)++xa*-5§a’
+a(x1~f2_ax+az)n-§-X(X‘Z;zgx,%gz}
+% (x®-3x*a+ 3xa*-a3)
=a%*[1-% +1-%]
+ 3% [+ "% -2 -%+4]
tax*[1+vi1~+]
+x3[-% +¥]
‘ = e x®tayx®- 232x+§~a3
gN@te:

W’i“%é‘}: -3(23)%+ a(23)*-2a3%*2a)+ +a
=38 sq-y+&]=0
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a.
a ¢ ¥ < 2
;Iqlsal Lor

| 2
- dwta “ZT X%+ 2ax -23
<. dx

fT“huﬁ

e ey a

«-E’g.,. Y - ?_j HZ:Q
G@@c’,’

(e )



;Nob@; From Part [

w,(a") _

= =[%-1+%]a3%*= ¢ a3 (7)
lf:r*gm Pal‘t’ 2
| w,(at)

L We get gontinuia{;)' @ a.

j!n summar)l:

3 2.
Wl(x)=§233[%x3_axz+ ‘5‘333 ; 0LxX£a

3 [-x7 z = 4339
2as| ¢ +a3x*-2a%+ 35 |; acxs2a
é ; x=2a @)
| w,(-x) ; Xx¢o
?gOr* since r=2a
| 3 ,
Xr. =2 1r
W, (x) = 233[ - 2 v3 3 ] o< X< a
‘ (10)
3 [-x32, x*r +* .._,»r3] B
sas| YT x+ 38 ] T exel
- %aSEX - T z 7] o0 xe /o (u)
putl B
933[X3—“3?x2+3ﬁ'2x—-')’31 ;%éxﬁ.T
Ny , -
‘{?33[X2(X“7’)"' /A 133 ;0 xe Ve
} 3 m (12
433 (T",X) )zmxé’?" >

é L
73 [Xz(x“’r)*'_éfl ﬂ J0sxe

i

25 (1-x)° i Esxe T



: - 23
w(E): Fs [F (F-r)e ] (1)
- A —
@D T
;Eﬂa
| 3
w (=33 (r-EY =25 =4 (i)
. . . T
..Coﬂtunuaty@ /2» G@ng?
ZNO“}J From (13)
1 dw, £
Tx = 25 [ax®-29x] Joexe Ve
| -¢ .
| 73 (x-7)° ; FexaT (1)
éCont}nuoUS @ % 7
dw ("6-) _ ¢ 1 37°
fpll - S [ F - Jé(q%) ()
dw, (Ve +) _ ¢ -
dxz B _"‘é(x "’)]*z_ Fxﬁ-: ézag}

ves/t




~ Computing Inverse Abel

1 T 4 1. dw,(x)
wnys e [ ERE TR A% e dx
‘ s
{Fr‘om (lé)
X j‘"““‘“x =3 73 [3 x-29]= 5F [3xw] ;oex

-

X

T3 X

T ¢ -+ & T*
won: [ e o ] dx
! |

Usefoul I'nteg'rags:
| CRC, p.q10 #17% :
\{Xz"’r‘21 \[;(z.,r'z‘

[ - X2-2Tx+T" _¢ 72
& 7«3[){«-2?4“@1}; Z

(1)

e Yo

< xe T
(20)

X <. 71

(1)

(2'2,)

gz dx= T g 4l (xeVXEor

CRC P yoE #H15¢

f\!x2~r~?~‘¢lx=fé~[ xVxZr=' - r24. (x+Jx*




‘Thvs, (22) becomes:

W, (r) = W[ **rzi

A
- Z‘EX\/ X2-r2 - pr

, . - 5T r e TR Z‘>
=2 T T2 g A e dZW ( =

s d

“mrT2L =2 V1

(R
= [ VT et (27% r*)bn s

3 “‘7"+\Fr?2--rf“'3
= w2 [_3’?’{7’7'-?21— T r2) b —



dw.d

dw,
a x

X

wkeﬁ@ W éx) 1S Campuﬁ@d fFrom (2-5) Usmg'

s wy (B - 25 [T
;Uﬁlng’ (24)

Wz.(%) -

18
w3

Wy(r- [X

d X

x
(zc]
(21) %

(27)

. ?gg§g+ x-?ﬁ§]%&

J(%

i
i
¢
i

=w, (£) - 1T' { () *- 21&»

Combomng' (25) % (28)

Wz("“) {Wz( ) - 11*7'3[1'13"7‘ -r*l. (

-
cO<re A/Z,
5
: ‘r - =
E, [srVTor - (roer2) QL5 ) o
| %c; < T
Lzﬁg

Norma li 2} ng:

()< 2 [ - g, (VA

’i’ W, (r4 )=

23V r= - (2+r2) 4 (: -2

1 5 Q<r~<: <
;' _
(i (24r2) L 205 L dra
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Problem 2,3:

a) The easiest way to attack this problem could well be to simply try .

several examples.,

EX: N,=N

17N, =N , PERIOD = N
N,=RN, , PERIOD = N;
Nl’NZ REL PRIME , PERIOD = NlNZ
N.N
: . ~ . 172 where
In general, the period of x(n,n) 1Sgcd(Nl;N2)

gcd(Nl,Nz) is the greatest common divisor of N1 & N2.
b)

%, 1)

il
| DM =
»
N
~
B
=]
<~
=

N,-1 L N-1Np-1 -nk. -nk. nk
LA o S VLG M W

NN, - .
0 172 k=0 k,=0 1 2 172

. Nl—-l N2-l . NlNz—'l
= —= 3 Y Xo(k.,k.) T [W. W W]
MM k=0 Km0 2TE e M T MY

The innermost sum is zero unless k=N_k +N2k

1% Noky
. Ny~ Np-1
SLOX ) = XD X (kg k)8 (kN kMoK, )
k=0 ky=0

S:’ane'Nl & N2 are relatively prime, each value of (kl’kZ) over the range

of summation contributes to only one value of k. The samples in Xl(k) are

simply the samples of X?(kl’kZ) scrambled.
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Problem 2,3:

a) The easiest way to attack this problem could well be to simply try .

several examples,

EX: N, =N =N , PERIOD

) =N
N, =RN, , PERIOD = N
Nl,N2 REL PRIME , PERIOD = NlNZ
N.N
' . ~ . 12 where
In general, the period of x(n,n) 1Sgcd(Nl;N2)

gcd(Nl,Nz) is the greatest common divisor of Nl & NZ'
b)

%, (k) = (n, )Wy nk

|
M=
%

N Ny-1 Nj-1 No-1 -nk. -nk. ok

1 ~ 1 2
= I e 2 T % K (k. k)W W W
n=0 NNy k=0 k=0 27120 Ny TN

N -1 N-L N, N,-1 « -ké K
k2) Lo W W ]

n=0 1 2 12

1 .
= —— I z X2(k

NN, . _ 1
T172 k=0 k,=0

The innermost sum is zero unless k=N_k, +N.k

152725
Jeo X = B X, (k k)8 (k=N k,-Mk, )
k=0 k,=0

SinceNl & N2 are relatively prime, each value of (kl,kz) over the range

of summation contributes to only one value of k., The samples in Xl(k) are

simply the samples of Xz(kl’kZ) scrambled.
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1. Ouvter Product (/4 ’ong the ‘{5°lmeffw“ h
2. Rotated Window
3. Rotated Spectrum Window
,am X T
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2. The Parzen window is obtamed b
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2| Define hex(t,,

hex(t

(b) Evalvate and sgketc

.tz),-:-

t.) as 4 inside ¥ O ovtsidé:

ta2

-

Let the 2-D Fourier tra

C o hi an,n
(8) Compote nc ( :B) h(£,,0) and h(é,2.)

1
t,

/

all sides are eq val

EESS

vns:Porm be hinc(f ,J.Qa')

(c) What other g-pslices of hinc (2,3) ar

.ec,uivalcnt to the slices in(b)?
i (d) A" 2-0 filter has 3 Prec,uency response

H(w,, wy)*= hex (%, wﬁ)
2

ComPvte the corre sponing' imPutse resfonsg hin, n;_\
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EES9S

,W(t)

=% ,,t
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tradeoff For the® Foll meg’ -D
g@n@wah%gﬁte@mﬁ

i @U%@gf& @W@ﬁw&t {ﬁgﬁﬁg ﬁ%@ L{g ifﬁﬁ;a
2. i%mtgd Window

3. {@@tat@d 59@&*&&"*@;% W&md@w
*N@t@) does not have &
W@gﬁ“ﬁawﬁ m@%amum at Xﬁ‘g/ﬁ.

@@nu@ vwmg a tm@m vlar {@QW&!@“&“&)
wind o w with 1t m@d ﬁﬁﬁhmg
Th@ result 15"

wy (t) = 3 ,
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Final Examination: EE521

Robert J. Marks 11

Do all of your work in this test booklet.

L

¢ The test begins promptly at 8:30 AM.

e The test is closed book and closed notes. FEach student is allowed two
8% x 11 sheet of paper with notes. Calculators are allowed.

o Each problem is worth the same number of points.

After the test, you may forget about this course for the rest of the year.

1. The first problem is your work on the McClellan transform. Please attach
it to this booklet when you hand in your test.



2. Provide a detailed sketch of the projection of
_ i1\ [t2
=1 (§)(2)

(b) perpendicular to the line ¢; =5,

(a) onto the ¢, axis,



3. Denote an Abel transform, fa(t), of a radial function, f(r), by
f(r) & fa(t).
(a) What is the scaling theorem for Abel transforms? In other words,

”
L ?
f(M)HI
You may assume that M > 0.

(b) Given the Abel transform pair

0(r) o (1-42)} 1),

evaluate the Abel transform of the annulus

ﬂﬂ:{l 1<r<?

0 ;otherwise



4. Consider the component filter (transformation function)
F(wy,wg) = cos (wl ;wg) .

In the 27 X 27 square in the (w;,wsz) plane, we desire a two dimensional
filter

_ 1 ;|w1—w2|5%
H(wy,wg) = { 0 ;otherwise

Make a detailed sketch of the prototype filter

N
H(w) = Zan cos(nw).

(Do not evaluate é.ny values for the a,’s.)



‘5. The IIR filter H(w;,ws) is iteratively im