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Noise sensitivity of interpolation and extrapolation
matrices
Dmitry Kaplan and Robert J. Marks 11

The noise sensitivity of interpolation and extrapolation matrices is investigated. For certain bandwidth
and truncation parameters, the interpolation matrix is shown to yield results at a lower noise level than the
input data. The input noise level, however, can be lowered by filtering the result. The noise level in the interpolated interval is shown to be lower near where the image is known. The extrapolation matrix is shown

to be ill-conditioned,thus demonstrating severe sensitivity to input noise.

1.

Introduction

the sense that a small amount of noise on g, (.) can cause

Various closed-form discrete extrapolation algorithms have been proposed.1-5 With a slight modification, these algorithms can also be applied to interpolation problems.
In this paper, we numerically explore noise sensitivity

of both the interpolation and extrapolation matrices.
Both are shown to be less sensitive near where the object

is known. The interpolation matrix is shownto perform
well, while the extrapolation matrix is ill-conditioned.
1.

Preliminaries

zero elsewhere. Then Eq. (3a) can be written as g
[I - RTBW]f. Inverting gives

Define the bandlimiting operator -Bwby
fBws(x) = s(x) * 2W sinc2Wx,

where since = sin(7rt)/(7r).

dlimited with a bandwidth <2W if

g (x) = f(x) [1 - rect(x/T)],

(3a)

ge(x) = f(x) rect(x/T),

(3b)

f = 5gi,

(4)

Y = [I - RTBwI-l

(5)

where we shall refer to

(2)

Consider the object degradations

as the interpolation matrix
A parallel development can be applied to extrapolation. Specifically,ge(x) = 11- [1 - rect(x/T)]3wBf(x).
Thus,

where T is a duration, and
=r;

_W

f=
I

1/2

rect~)~10;l xI > 1/2-

Regaining f(.) from g, (-) is extrapolation and from gi (.)
is interpolation. The former is an ill-posed problem in
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ge,

(6)

RT)BW>-l

(7)

where

6'= [I -

(I

-

is the extrapolation matrix.'
Ill.
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=

(1)

We say that f (x) is ban-

wf(x) = f(x).

large error.6 -9 Interpolation, on the other hand, is
well-posed.6 9 The ratio of output to input error energy
can be bound.
Note that, from Eqs. (2) and (3a), we can write gi (x)
= [1-rect(x/T)I3w]f(x).
Inversion of the operator in
square brackets would result in closed-form interpolation. If the problem is treated digitally, the sample
values of g () and f (-) are placed in the vectors gi and
f. The fM6w
operator becomes a low-pass matrix Bw
which, for example, can be formed as in Ref. 10. The
rect function is replaced by a square matrix, RT, with
is and Osplaced appropriately along the diagonal and

Matrix Structure

The analysis of the structure of the interpolation and
extrapolation matrices is in order. Since the input
vector is zero over the interval to be interpolated, a
portion of the interpolation matrix picture in Fig. 1 is
not used. This portion is shown shaded and is titled
Don't Care. Furthermore, the output vector must be
15 December 1982 / Vol. 21, No. 24 / APPLIED OPTICS

4489

. f,

HE n . .<.

0
f2

0

.,,,

If gi +

, ,, ,, ... A.. .. g,

..... :: . - , . iLEXE.,

.,.,,.,...,.,.,'.,...."."'''-g;'.0.gg,.E'ligiT.E
0
0
N Don't t: ;::
- Care t; g

Li

0

' ':,,:.......n
. B.
0 0 .:.R.,,,
,.,: .. , .,,.:.
i,.:::'S;:!

ON

i;
.-.i.:.E.:.-, ....'.'.'.'',.,',.:iES,':E

I

':''.,:,,.-','.'''".,'.'.",'..,.:',:',i.E:ESESt
i
':'..,'.'.--,'.'.'.',',:,,...,:,

0

!:i.i;TE

1

.,'''''',''.-,'.'.,",',-.'.''.S',.'.M'..''''''S'Sl',','.:''ti fN-1
0
.: .Sl .iLiE;
':'.:E.E.t,''.'.E.E.EE,,,

VNI

ll'''g'''','.,'l.,',','',.0.l'l.',,,"'',','g',',;i$.|.0.

_fN

Interpolation Matrix
Fig. 1.

(e(x) = rect(x/T)t(x).
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fn

(i(x) = [1- rect(x/T)](x),

f2

.......................................
0

matrix J.

Structure of the interpolation

i is used in lieu of gi in Eq. (4), the corre-

sponding result is f + Pi, where
Similarly, the error for extrapolation isqi = 6'~,e If 4i
is zero mean, so is i. That is, E[qi] = .E[ti] = 0, where

E denotes the expected value operator, and 0 is the zero
vector. Similarly, E[te] = 0 - E[tie] = 0.
Of greater interest is the output's variance, which is
a measure of the noise sensitivity of the restoration algorithm. With attention to the interpolation matrix
structure shown in Fig. 1, we can write Eq. (8) as
(?ii)m =

-0 '

fI

i

0
.......

;,,

.. . .. i . . . ... ..
i.. . ........
i . I E.f
iSEE
.i.E~EE
.i.......

Dont

sum.
fn

0- Xar

where (i)m and (i)m are the mth elements of Xiand
i, and imndenotes the mnth elements of S. Since the
the Don't Care portion of the matrix is excluded in the

~EEE

.

E
imn(i)n,
n Don't Care

input vector is zero over an interval, the summation over

0

.liiE
.R.. ..iLDddSEiS
. ...

0

(8)

vi = 1i.

-,

Since var(ti)n = U2 for all nand all (Qi)nare statistically
independent, it follows that"

......
t. . ,,. . g.
0E

CU
Ut
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var(m)_ = 2

E
imn
nd Don't Care

or, in normalized form,
(i)r2-

Extrapolation Matrix
Fig. 2.

var(fl)m

Structure of the extrapolation matrix 6.
=

imn,

E

nd Don'tCare

The normalized variance of mth element of Xi can thus

equal to the input vector at those points where the input
vector is nonzero. The interpolation matrix performs
this operation by mimicking an identity matrix in the
four corners as shown in Fig. 1. The submatrices Li and
Ri thus completely suffice to specify 7. As the problem

is presented, the interpolation matrix is symmetric. It
is not if the time and frequency intervals are asymmetric.
A similar structure describes the extrapolation matrix. As is shown in Fig. 2, there are now two Don't Care

strips. The subidentity matrix is centered. As shown,
the matrix is solely determined by the submatrices Ue
and Le
IV.

Noise Sensitivity

The restoration schemes in both Eqs. (4) and (6) are
linear. Thus, for the case of additive noise, the corresponding output noise is also additive and signal independent.
Let t(x) denote a zero mean stationary random process so that the corresponding sample vector t consists
of statistically independent identically distributed el-

be obtained by summing the squares of the elements in
the mth row of Y outside the Don't Care region. As
expected, the variance of the output where the signal
is known is the same as the input. It is the variance of
the elements of Pi corresponding to zero element inputs
which is of interest.

A similar analysis applied to the extrapolation matrix
in Fig. 2 yields

(EI) var(le)m
n
=

E
emn
nd Don't Care

where emn is the mnth element of 6, etc.
Once interpolation or extrapolation is performed, we

may wish to low-pass filter the result to rid ourselves of
high-frequency noise components. Equivalently, we
can define revised interpolation and extrapolation
matrices by f = Bw J and 6 = Bw 6. The corresponding revised normalized output variances are
n

for example, if t(x) were a Gaussian random process
with sufficiently short duration autocorrelation. Denote the corresponding interpolation and extrapolation
input noise by, respectively,
4490
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mn

n d Don't Care

ements, each with variance a2. Such would be the case,
=

nd Don'tCare

mn

where mn and 6mn are the mnth elements of i and &,
respectively.

II
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Fig. 3.
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Fig. 4.
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Normalized noise level of Fig. 3 after high-frequency

Normalized noise level for interpolation, 3 = 3. The standard

noise

components have been filtered.

deviation for the ten interpolated points (within arrow) is lower than
that of the data.

V.

Numerical Results

For the examples to follow, we use Sabri and Steenaart's low-pass matrix.1 0 The matrix is parametrized
by the filter cutoff frequency : (the digital equivalent
of W) expressed as the number of sample points in the
frequency domain. All vectors are of length 50. For
interpolation, ten centered elements corresponding to
the T interval are filled from knowledge of the tails.
For extrapolation, the ten centered elements are used
to approximate the tails. Additive noise is white and
Gaussian, with zero mean and a standard deviation of
= 0.1.

Example 1: For interpolation with: = 3, the normalized output standard deviation (Li)m is shown in
Fig. 3. Interestingly, the SNR for the interpolated
portion is superior to the data. This bothersome observation is resolved when we recall the high-frequency

10

0

Fig. 5.

Interpolation

20

30

m-

40

50

of ten points of a sinc, , = 3: (a) object; (b)

noiseless interpolation; (c) interpolation in the presence of additive
noise; and (d) filtered result.

noise has not yet been smoothed. The revised normalized standard deviation (Li)m reveals that, after
filtering, the noise level is reduced by a factor of 2 (see
Fig. 4).
Example interpolation results are shown in Fig. 5.
The original sinc signal is shown in Fig. 5(a). Using the

tails as data, the interpolation matrix restoration of the
ten inner data points is shown in Fig. 5(b). The result
is graphically indistinguishable from the original but
does peak at 1.04 instead of 1.00 due to truncation and
quantization error.

2.

Figure 5(c) shows interpolation when additive noise

is added to the tail data. As predicted by Fig. 3, the
interpolation is smoother than the data, peaking at 1.13.
The result of filtering is shown in Fig. 5(d). The tails
are smoothed and the interpolation remains unchanged.
Example 2: The interpolated noise level is not always

an improvement of the data noise level as witnessed by
the = 5 plot for (i)m shown in Fig. 6. Since the
bandwidth is larger, the omitted data can have more

10
Fig. 6.
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Normalized noise level for interpolation,

= 5.
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Normalized noise level of Fig. 6 after high-frequency
components have been filtered.

noise

10
Fig. 9.
.
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m.

Normalized and filtered noise level for the extrapolation
matrix, / = 3.

on the input will yield enormous output values. This
is in addition to error due to sampling.
Matrices demonstrating such noise sensitivity
properties are labeled ill-conditioned.1 2 Examples of
application of extrapolation matrices in two dimensions,
including effects of noise, can be found in Ref. 13.
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Fig. 8.
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of ten points of a sinc,

/3=

l
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5: (a) object; (b)

noiseless interpolation; (c) interpolation in the presence of additive
noise; and (d) filtered results.

structure within the interpolation interval. We would
thus expect greater noise sensitivity. The normalized
output variance after filtering is shown in Fig. 7. As

before, the noise level in the tails is reduced.
An example of interpolation with this matrix is shown
in Fig. 8. The original sine object is shown in Fig. 8(a)

and the corresponding interpolation in Fig. 8(b). For
comparison purposes, the peak values are, respectively,
unity and 1.09. Noise was added to the tails. The
corresponding

interpolation

shown in Fig. 8(c) is

smoother in the interpolation region but, in accordance
with our prediction of greater noise sensitivity, has a
peak value of 1.52. This same peak value occurs in Fig.

5(d), where the result has been filtered.
Example 3: For extrapolation with : = 3, the normalized standard deviation curves are illustrated in Fig.

9. The two curves are indistinguishable outside the
interval where the data are known. Note that the vertical scale is logarithmic.
4492

Clearly, small levels of noise

APPLIED OPTICS/ Vol. 21, No. 24 / 15 December 1982

References
1. M. S. Sabri and W. Steenaart, IEEE Trans. Circuits Syst. CAS-25
74 (1978).
2. S. J. Howard, J. Opt. Soc. Am. 71, 95, 614 (1981).
3. J. A. Cadzow, IEEE Trans. Acoust. Speech Signal Process.
ASSP-27, 4 (1979).
4. M. S. Sabri and W. Steenaart, IEEE Trans. Acoust. Speech Signal
Process. ASSP-28, 254 (1980).
5. R. J. Marks, II, Appl. Opt. 20, 1815 (1981).
6. D. C. Youla, IEEE Trans. Circuits Syst. CAS-25, 694 (1978).
7. G. A. Viano, J. Math Phys. 17, 1160 (1976).
8. R. G. Wiley, IEEE Trans. Commun. COM-27, 251 (1979).
9. H. Stark, D. Cahana, and H. Webb, J. Opt. Soc. Am. 71, 635
(1981).
10. M. S. Sabri and W. S. Steenaart, IEEE Trans. Acoust. Speech
Signal Process. ASSP-25, 452 (1977).
11. R. B. Hogg and A. T. Craig, Introduction to Mathematical Statistics (Macmillan, New York, 1970), p. 168.
12. T. K. Sarkar, D. D. Wiener, and V. K. Jain, IEEE Trans. Antennas
Propag. AP-29, 373 (1981).
13. D. K. Smith and R. J. Marks II, Appl. Opt. 20, 2476 (1981).

