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Abstract  —  A method is presented which synthesizes a 
radar waveform with desirable ambiguity function 
properties, while simultaneously meeting user-specified 
requirements on the waveform’s peak-to-average power ratio 
(PAPR) and spectrum. The result is a radar waveform 
optimization providing desired range-Doppler resolution, 
spectral compliance, and power efficiency capability. The 
waveforms are generated via projection and are not 
constrained to any set of basis functions. A brief overview of 
the projection process is given, as well as the outline for the 
methodology to ensuring PAPR and spectral compliance. 
Simulation and measurement results show successful 
operation of the approach. 

Index Terms  —  Ambiguity function, radar waveform 
design, alternating projections. 

I. INTRODUCTION 

Woodward [1] defines the narrowband ambiguity 
function (AF) as. 

  (1) 

Other literature further describes the AF [2], [3]. The 
topic of synthesizing a waveform optimized for its AF is a 
subject which has been extensively studied, notably in 
early work by Wilcox [4], Sussman [5], and Wolf et al. 
[6]. All of these approaches utilize a set of orthonormal 
basis functions and attempt to minimize the difference 
between the synthesized and desired AFs. However, there 
may be scenarios where the designer cannot easily derive 
a desired AF and instead only knows a very general 
desired shape. 

An extension valuable for improving the practicality of 
Wilcox’s method is presented by Gladkova and Chebanov 
[7], who solve the minimization problem for the cross-
ambiguity function in specific regions using Hermite 
waveforms. In practice, the generation of Hermite 
waveforms might not be the most straightforward process 
[8], [9]. 

Noteworthy AF synthesis research considering the 
waveform’s peak-to-average power ratio (PAPR) includes 
work by Sebt et al. [8], a technique based on Sussman’s 

work that optimizes the AF using a set of OFDM basis 
functions with lowered PAPR, greatly improving the 
usefulness of OFDM in radar applications. 

Examples of research using alternating projections for 
waveform design include fascinating work by Blunt et al. 
[10] in radar embedded communications, Selesnick and 
Pillai [11] for notched chirp-like radar waveform, and 
Kassab  et al. [12], which focuses on the autocorrelation 
properties of the waveforms rather than the AF.  

This paper is an extension of our earlier work [13], 
which details the principles for a technique for AF 
synthesis using alternating projections.  Rather than trying 
to find the best combination of basis functions, an 
“organic” solution is produced. In the present paper, we 
describe how PAPR and spectral requirements can be 
enforced on the synthesized waveform.  The end result is a 
waveform providing desired range-Doppler resolution 
characteristics while meeting spectral requirements and 
maintaining PAPR commensurate with desired power 
efficiency of the system. The results will be useful in real-
time radar waveform optimization, allowing radar 
transmitters to perform their critical functions in crowded 
spectral environments. 

II. SYNTHESIS TECHNIQUE 

Consider a monostatic radar system utilizing a possibly 
complex baseband waveform  with pulse duration  
seconds and bandwidth  Hz. 

A. Ambiguity minimization function 

We introduce the minimization function, denoted by 
, which serves as the goal for AF optimization. A 

waveform  is desired with AF  having 
normalized magnitude less than  for all nearby 
range-Doppler combinations, or 

 
 

 
 

(2) 

Consider a set of two-dimensional minimized functions  
which satisfy (2) for a given  and a set of 
ambiguity functions   satisfy all the properties of AF. 
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Fig. 1. The minimization function (top-left) and the 
normalized magnitude of the synthesized AF (top-right) in dB
and the spectrum (middle) and time (bottom) domains of the
synthesized waveform for trial I. 

Note that the optimum is reached for AF optimization 
when . 

B. Review of projections for AF minimization 

The projection of  onto  is given by 

 

 

 
(3) 

where  is the set of range-Doppler combinations where 
(2) is not satisfied. 

Let the set of temporal waveforms with pulse duration  
seconds and bandwidth  Hz be . The projection from  
onto  is given by 

  (4) 

  (5) 

A weighted combination of  and  is then used to 
form . 

C. PAPR and spectral compliance projections 

Once  has been found, the nearest waveform which 
also meets energy, PAPR, and spectral requirements must 
be found before projecting back to . Let  be the set of 
waveforms with greater than minimum desired energy , 

 be the set of waveforms with less than maximum 
desired PAPR, and  be the set of waveforms whose 
spectrum fit inside the desired spectral mask. We wish to 
find  such that 

  (6) 

Starting with , we project onto  via 

  (7) 

We then project from  onto  with 

 

 

 
(8) 

where . 

 is the linear PAPR desired and  is the root 
mean square of . Finally, the projection from  to  
is done via 

 
 

 
(9) 

where  is the user-defined spectral mask. 
Projections from  are iterated until (6) is 
satisfied, at which point .  

So, to recap, the projections process iterates from 
 until an optimum is found. 

III. MEASUREMENT RESULTS 
This technique is tested using a Keysight Technologies 

signal generator and oscilloscope. The quality of  is 
given by the least-squares and minimax distance functions 
[13]. Results from two trials are shown in Figs. 1 and 2, 
with each trial using a different minization function.  

The required PAPR and energy for both trials was  dB 
and , respectively. A 1080 sample waveform is 
generated in a maximum of 100 iterations. Results are 
summarized in Table I. The baseband signal is created 
digitally and sent to the signal generator, where it is 
synthesized and modulated to 3.3 GHz. The resulting 
physical waveform is then sampled by the oscilloscope 
and sent back to the PC, where it is demodulated and 
quantified with the distance functions. 
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Fig. 2. The minimization function (top-left) and the
normalized measured magnitude of the synthesized AF (top-
right) in dB and the measured spectrum (middle) and time
(bottom) domains of the synthesized waveform for trial II.

Fig. 2. The minimization function (top-left) and the
normalized measured magnitude of the synthesized AF (top-
right) in dB and the measured spectrum (middle) and time
(bottom) domains of the synthesized waveform for trial II.
 

TABLE I 
NUMERICAL MEASUREMENT RESULTS FROM                   

TRIALS I AND II 
 I II 
Optimum Iteration 
 
PAPR (dB) 
 
Least-Squares 
(Simulation) 
Minimax 
(Simulation) 
Least-Squares 
(Measured) 
Minimax 
(Measured) 

IV. CONCLUSIONS 

A alternating projections method has been introduced 
which synthesizes a waveform with an optimized AF 
magnitude, while also meeting PAPR and spectral 
requirements. Future work is expected to incorporate the 
design of notched signals and adaptation to nonlinear 
amplifier distortion, as well as developing a simultaneous 
joint circuit optimization. 

ACKNOWLEDGEMENT 

This work has been funded by the National Science 
Foundation (Grant No. ECCS-1343316). 

REFERENCES 

[1] P. M. Woodward, Probability, Information Theory and 
Radar, Pergamon, 1953.  

[2] D. Eustice, C. Baylis and R. Marks II, "Woodward's 
Ambiguity Function: From Foundations to Applications," in 
Texas Symposium, Waco, 2015.  

[3] M. I. Skolnik, Introduction to Radar Systems, 2nd ed., New 
York: McGraw-Hill, 1980.  

[4] C. H. Wilcox, "The Synthesis Problem for Radar Ambiguity 
Functions," Tech. Summary Report No. 157, Mathematics 
Research Center, University of Wisconsin, Madison, 
Wisconsin, 1960. 

[5] S. M. Sussman, "Least-square synthesis of radar ambiguity 
functions," Information Theory, IRE Transactions, vol. 8, 
pp. 246-254, 1962.  

[6] J. D. Wolf, G. M. Lee and C. E. Suyo, "Radar Waveform 
Synthesis by Mean-Square Optimization Techniques," IEEE 
Transactions on Aerospace and Electronic Systems, Vols. 
AES-5, No. 4, pp. 611-619, 1968.  

[7] D. C. I. Gladkova, "On a New Extension of Wilcox's 
Method," WSEAS Transactions on Mathematics, vol. 3, no. 
1, 2004.  

[8] M. A. Sebt, A. Sheikhi and M. M. Nayebi, "Orthogonal 
Frequency-Division Multiplexing Radar Signal Design with 
Optimised Ambiguity Function and Low Peak-to-Average 
Power Ratio," IET Radar, Sonar, and Navigation, vol. 3, 
no. 2, pp. 122-132, 2008.  

[9] J. a. G. O. Byrnes, Computational Noncommutative 
Algebra and Applications: Proceedings of the NATO 
Advanced Study Institute, on Computatoinal 
Noncommutative Algebra and Applications (pp. 351), 
Ciocco, Italy: Springer Science & Business Media, 2006.  

[10] S. D. B. a. P. Yantham, "Waveform Design for Radar-
Embedded Communications," in Waveform Diversity and 
Design, Pisa, Italy, 2007.  

[11] I. W. Selesnick and S. U. Pillai, "Chirp-Line Transmit 
Waveforms with Multiple Frequency-Notches," in IEEE 
Radar Conference, Kansas City, MO, 2011.  

[12] R. Kassab, P. F. Onera Palaiseau, M. Lesturgie and J. 
Fiorina, "Alternate Projections Technique for Radar 
Waveform Design," in Radar Conference - Surveillance for 
a Safer World, Bordeaux, France, 2009.  

[13] D. Eustice, C. Baylis, L. Cohen, C. Latham and R. J. Marks 
II, "Optimizing Radar Waveforms Using Generalized 
Alternating Projections," in Texas Symposium, Waco, 2015. 

[14] S. S. a. A. Nehorai, "Adaptive Design of ODFM Radar 
Signal With Improved Wideband Ambiguity Function," 
IEEE Transactions on Signal Processing, vol. 58, no. 2, pp. 
928-933, 2010.  

 

192



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.01)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice




